
3. NORMAL AND INVERTED POLES AND ZEROS

How to choose the gain at any frequency as the Reference Gain
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This format is commonly considered to be ʺthe answer.ʺ

However, it is much better to extract the constant term from
both the numerator and denominator polynomials in  :s
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This   the polynomials, and exposes a 
zero‐frequency gain and a corner frequency.

normalizes



2 3
0 1 2 3

2 3
0 1 2 3

This is a special case of the general result as a ratio of
polynomials in complex frequency s:
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Extraction of the constant term from numerator and 
denominator defines the zero‐frequency reference
gain A  and normalizes the polynomials :

1 s s s ...
A A

1 s s s ...

+ + + +
=

+ + + +

v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

5



( ) ( ) ( )z1 z2 z3

p1 p2 p3

s s s

ref
s s s

Factorization of the polynomials defines the poles and
zeros, and hence the final (preferred) ʺfactored 
pole‐zeroʺ form:

1 1 1 ...
A A

1 1 1 ...

ω ω ω

ω ω ω
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The reference gain and the poles and zeros should,
of course, be low entropy expressions in terms of the
circuit elements.
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Return to the example:
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Exercise 3.1
Write factored pole‐zero forms from asymptotes
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Exercise 3.1 ‐ Solution
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Exercise 3.1 ‐ Solution
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Exercise 3.1 ‐ Solution
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Exercise 3.2
Write factored pole‐zero forms for different Reference Gains,

2 3 1.and write   and   in terms of A A A
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Exercise 3.2 ‐ Solution
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Exercise 3.2 ‐ Solution
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Exercise 3.2 ‐ Solution



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

48



If you donʹt use inverted poles and zeros, you are stuck 
with the zero‐frequency gain as the reference gain.

The principal benefit of using inverted poles and zeros
is that you can choose the gain at   frequency as the
reference gain.

any
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Write input and output impedances   and   in factored pole‐zero forms.i oZ Z
Exercise 3.3



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

53

Exercise 3.3 ‐ Solution



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

54

Exercise 3.3 ‐ Solution



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

55

Exercise 3.3 ‐ Solution



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

56

Exercise 3.3 ‐ Solution



v.0.1 3/07 http://www.RDMiddlebrook.com  
3. Norm & Inv Ps & Zs 

57

Exercise 3.3 ‐ Solution


