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ON THE CONVERGENCE OF CERTAIN MULTIPLE SERIES

By G. H. Harov.

[Received February 27th, 1903.—Read March 12th, 1903.—Revised April, 1903.]

1. The most important of the few known tests for the conditional
convergence of simple series are derived from an elementary theorem
generally known as Abel’s lemma. In this paper I propose to extend this
theorem in such a way as to derive similar tests for the conditional con-
vergence of multiple series. So far as I am aware, no one has yet proved
the convergence of any general class of multiple series whose terms are
not all positive, though the general theory of such series has been worked
out in considerable detail by Pringsheim.*

2. Abel’s lemma may be written in the form
P p=1-" 7
2 ai; = 2 (a—ai4) 2 k+ap 2 i
i=1 i=1 k

This is an almost obvious identity. Hence

P " q p=1
2 3 asus =5 [T Bysvostans) (1
i=1j=1 Jj=1kLi=1
where Bi; = ai,j— i, js

v, = 3 U, j

k=1
q q=1 J a

But 2 Biyvi; = Z (Bi;—Bij+) 2 vi,1+Bi0 T vi @

j=1 i=1 1=1 l=1

IA q—1 o
and .Z Ay, jVp,j = Z 'y],,lzz vy, 1+, ,,lzlul,,z, 3)
J=1

where Vi,j = Q=i j+1e
It is convenient to put A=ua,,,

B8; = Big = ayg—aisn,g B85 = ¥y = G0 j+1s

A= Bi,j_Bi,jH = Vi Vit ai,j—ai+1,j_ai,j+l+ai+l,j+1~

* Sitzungsberichte d. Ak, d. Wiss. zu Miinchen, Vol. xgvir, See also later papers by Pringsheim
and London in the Math, dnnalen.
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Then, from (1), (2), and (8),

P iy p=~1 y~1 =1

Z Eal,u”—z ZAME Zu,;+ZA¢2 Zzl,z

=1j=1 i=1 j=1 k=1 i=1 k=1 l=1

y=1 ) J d Y
+ 12 Aj 12 ZI Uy, L+A é 2 U, 1. (A)
i= =1 1=1

1 IN =1 1=1

8. The corresponding equation for n-ple series may be written in the

form

1 n n .

2 2 . 2 Ay i, oy in Wiy, day Ly i ™ ZLEA (22 e Euh, 12y 0y l:..)]- (A’)

f1=1 f=1 in=1

To form the right-hand side we proceed as follows. We take any selection
of the suffixes 4, 7, ..., 7, as a suffix for A. If ¢, does not occur in this
selection, we put 7, = p, in a;,, ., «. If it does, we substitute

Qiy, 3, ...y in Qg +1, 42, ..., in fOl' Ay, iz, oy ine

We repeat this for each suffix, and the result is the corresponding A;
thus, e.g.,

Ai,,_p By = Qpy, i, g e 2y Gt L i T G,y 04

T Qp, pay iy g+ 041

In the summation in round brackets the limits for %, are 1 and ¢, if ¢, is a
suffix of A; 1and p, otherwise. The summation within the square brackets
applies to every ¢, which is a suffix of A, and the limits are 1 and p,—1.
The outside summation applies to all selections of the suffixes, including
that in which no suffix is selected. In this case A = ap, ., p0-

It is easy to prove (2) by induction. We assume it for » indices, and
suppose each a and » affected with a new suffix ¢,4,. We then sum from
Tue1 =1 0 %p41 = P41, and apply Abel’s lemma to each of the terms on
the right. Then it is almost obvious that we obtain

Z [EA (22 N 2’[%' 2, oey by & )]. (A”)

win+k

For the term of (A’) whose characteristic suftixes are 1, 74, ..., ¢, gives the
two terms of (A'") whose characteristic suffixes are g, %, ..., ¥y %41 and
gy Bgy -+ Tw respectively.

The theorem expressed by the equation (A’) is therefore true generally.

4. Now suppose that Aj i i is the quantity formed in the same
way as A; i, except that the suffixes 4, which are not suffixes of A’

iy, Tgs s T
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are not put equal to p,. And suppose that the quantities a, u satisfy the
following conditions :—

(1.) All the quaﬁtities A’ are positive ;

(i) Lim a;, 4, .., =0 @ = 1,2, ...,m) uniformly for all

i,=oc0
values of 25, ..., r1y Traly ooy T}
ia in

i
(i) | ZZ ... Z w0y 1| 18 less than a constant C for all
11 1

values of 2, 4y, ..., s

@ o; -]
Then the series £ 2 ... Z ayy, 4, ..., in Wiy, ia, .., in 15 CONVErgent.
1 1 1

It is evident that (ii.) implies that the s-ple limit obtained by keeping
any n—s suffixes constant and making the remaining s tend simul-
taneously to infinity is zero.

5. To prove the convergence of the series we have to show that how-
ever small be o we can so choose M that

m+p1 mi+p My +Pn

. 2 . E et E aily i, . iy u'il, 1, .0 O
i1=1 =1 iy =1

my my %y,

- E 2 R z ai), 9y oy T ui), i, ...,ia < o (4)
1

i1=1dg=1 =

for any values of m,, my, ..., m, all >M and all positive values of
D P2 o5 P :

Now let us take any selection of the ¢’s (including at least one) and
form the sum 22 ... Zay, 4, . 4 %y, 4., 14, 10 which the limits for 7, are
m,+1 to m,+p, if ¢, is selected, 1 to m, if not. We can form 2"—1 such
sums, and their sum is the quantity whose modulus figures in (4).

Consider, for example, the sum for which the selected <’s are
1, Tay «--y ey DA put

h=vn—m, @=1,2 ...,u),

jv—_“iv (V=,U-+1, ey 'n),
q =P v=12, ..., u),

gy =My (V=#+1, ey ’Ib),

Yy goy conin — &

NHM, Fo+9g, o Jut M. cy G002
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and similarly for the «’s. Then the sum is

1n Ve In
2 I ... Z a.;'l.je. s dn 1"}1,1’2, e dn?
1=1 ja=1 Ju=1
which, by (A"), =Z[ZACZZ... 2w, 1, 1)),

the A’s being now formed from o instead of a. The modulus of this
< CZ[ZA]. But to find Z[ZA] we have only to suppose that » =1 if
all its suffixes are = 1, and = O otherwise. This gives

0'1, 1,.,1— Z[ZA]

Thus the modulus-of our sum is < Cay ; 4 %€, < Clmsr, . mers,1, 1
and can therefore be made < o/2" by choice of M.

Exactly the same argument applies to the other 2"—2 partial sums;
and (4) follows. Therefore the series is convergent.

6. The most interesting case is that in which
Ay, iy, ..., 4y — 95 ( ?1 a,,'i,) ,

where a,, ..., @, are positive, and ¢ () is a function which has 0 as its
limit for » = @ and has continuous derivates ¢'(w), ¢" (), ..., " (1),
such that ¢'(u) <0, ¢" () >0, ¢"'(w) <O, ..., and

n

Wiy, 4, ..., i, — €XP {( ?1 iv 6,,) ‘\/(—1)},
where 0,, ..., 6, are any real quantities other than multiples of 2. Then

o i+1 (ia+1 i1
(=YD ity = WGyt || oz, + ... Fass

% i iy

a1+ ... Fan i) de, dz, . .. dz.,
which has the sign of (—)’, so that A; ;. > 0, and similarly for each A’.

1, 12, ...,

Thus (i.) of § 4 is satisfied. Evidently (ii.) is satisfied. Finally,

4 in
§$ S exp {601+ +i 00 v(= D)} '

0y v (—1) {1_ 1'..9'\/(—1)}
¢ €
II TPy . < cosec 36, cosec 36, ... cosec 36.;

go that (iii.) is satisfied.
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In particular we may suppose
=1
pu) = 7 (p > 0).
©08 (30,4150, + ...+, 6)

o0 ] 3
s

2.2

1 1

(a2 F agtgt...+a,in)?

Hence the series

.-Ms

are convergent if p > 0.

It was with the object of proving the convergence of these series,
which form the natural generalization of some of the simplest single series
considered in the books, that I undertook the preceding investigation.

[Note added October 4th, 1908.— A very interesting question is
whether the multiple series written above is also convergent for all
complex values of p whose real part is positive. The argument of §§ 4-6
fails when p 1s complex, but it can be proved directly from (A’) that the
series 1s convergent if the right values of the complex powers are taken.
A further question 1s how far the restriction that the a’s are to be real
and positive is necessary.

These questions, however, belong rather to the theory of zeta and
allied functions than to the elementary theory of series, and would prob-
ably be answered most easily by totally different methods depending on
Cauchy’s theorem.]



