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Introduct ion .  

This paper continues and concludes the solution of ~he general 
enumeration problem of hypercomplex number-systems which are asso- 
ciative and have a modulus. The enumeration of non-quaternion systems 
is given in Mathematische Annalen ~ol. 58. The problem consists in finding 
all non-equivalent, non-reciprocal, irreducible number-systems with moduli, 
where the terms used are defined as follows. 

Def. 1. Two systems having the units 
# ] / 

el, e~,.-. ,e~ and el, e ~ , . . . , %  

respectively are equivalent if linear relations exist of the type 

e k" = ~ a k ,  e , (k=i ,2 , . . -~n)  
i--~- i 

where the determinant 
§ o 

The a's are assumed to be ordinary complex numbers. 
Def. 2. A system is reduc/b/e if its units may be divided into two 

or more subsystems such that the product of t~vo units in the same 
subsystem is in that subsystem, while t~he product of units in different 
subsystems vanishes. 

Def. 3. Two systems are reciprocal to each other when ~he multipli- 
cation t~ble of one can be obt~ned from that of a system which~ is 
equivalent to the other by an interchange of rows and columns. 

Def. 4. The modub~ of a system is a number ~ such ~ for an 
arbitrary number x of ~he system, 
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The division of number-systems into quaternion and non-quaternion 
classes is due to Scheffers*)  who defines a quaternion system as one in 
which three numbers independent of the modulus and of each other exist 
which satisfy the following equations: 

e l  e ~ - -  e~ e 1 = 2 es  , 

(1) e ,  e3 - -  e3 e ,  = 2 e l  , 

e3 e x - -  e l  e~ = 2 e~ . 

The simplest quaternion system is Hamilton's quaternions which is 
symbolized by (H). The necessary and sufficient condition tha~ a given 
system is quaternion, is that (/ /)  oceurs in it as a subsystem, that is~ 
that four independent numbers of the system may be so chosen that their 
multiplication table is identical with that of (H). That this condition is 
suffieient is evident~ since the three units of (H) that are distinct from 
the modulus fulfil equations (1) when the multiplication table for (H) is 
taken in the form 

2 

3 

4 

where k is written for e~. 

1 2 3 4 

4 

3 4~ 

2 1 

1 2 

1 

4 

3 

1 

2 

3 

4 

That this condition is necessary was proved 
by Scheffers  for n ~ 8, and appears for general n from a memoir by 
Molien.**) 

w 

Normal Forms. 

In order ~o enumerate the various systems of distinct types it is 
necessary to find a normal form into which any quaternion system may be 
thrown and from an inspection of which its characteristic properties appear. 
Normal forms for any system, whether quaternion or not, have been given 
by Molien***) and the writer'S) and will be symbolized by (M) and (P) 
respec~vely. A normal form for the multiplication table of non-quaternion 

*) ~ h e ~ f i s c h e  knn~en~ Vol. 39. 
~*) M~t~hem~fisehe Anaalen, Vol. 41. 

***3 loc. cir. 
t) Transactions of t~ae Amerieau Mathematical Society, Vol. 3. 
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systems has been given by S c h e f f e r s * ) ,  which will be symbolized 
by (S). The features of these normal forms will now be given, followed 
by proofs thag these three forms are compatible, that  is, the mttl~iplication 
table of a given system may be thrown into all three forms s'unultmleously , 
~hus affording a form which comprises the advantages of all. This 
generalized normal form is called (2V). 

1. Normal Form (M). 

Def. 5. & p r i m i t i v e  system is one in m s units, 

e**, q~, - �9 e,,,, e~ ,  e~., �9 � 9  e2,~, � 9  e== 

such tha~ the units obey the multiplicative law 

e~ h e~k = 0 when h =~= 1, 

e~h ez~ -~ e~ when h = l. 

For m = 1 we have the system 

e12= e 1. 

For m = 2 we have the system which is equivalent to (H) ,  

where 

1 

0 0 t l  ' 
t 

0 0 3 4 

0 

2 

0 

ca, = e,, e,~ ---- e~, e~, = e,, e~2 = ea. 

When m = 3 we have the multiplication ~bles  of nonians. Molten**) 
shows that  if a system S contains several primitive sub~s~ems 

i~ 2% . . . ,  P ,  
the units of S may be so chosen that  all these subsystems appear in the 
multiplication table, showing tlmt the units which comprise 

are inde_pendent of each other. The product of units one or more of 
which is not a unit of a primitive system can contain no unit  of a 
primi/~ive sysf~m. 

*~ lor cir. 
**) loo. cir. 
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These theorems w e m a y  display in a table as follows. 

el 
Q 

e, 

er+l 

e, 

Q 

e~ 

O 

(1, . . . , , )  

where (1 , . . - ,  r) indicates a number involving the units e l , . . - ,  e~ and all 
the subsystems/)1,...,  P~ contain a square number of units whose multipli- 
cation table is given on page 439. 

The order of ~ese primitive systems along the principal diagonal 
is immaterial. It is convenient to assume that the primitive systems in 
one unit appear first, followed by those of higher order. When a system 
is ~hrown in any way i.u~ normal form (M) the same set of primitive 
systems appears, showing that they are an invariant of the system. We 
can now see thai the necessary and sufficient condition that a system is 
a quaternion system is that at leasl one of its primilive systems is of 
order ~ 2. The necessity of the condition follows since any four traits 
e~a, e~, e,~, e~ of a primitive system have (H) for a multiplication table. 

2. Normal form (P). 

Def. 6. A number a is called ~/em~te~t if a ~  a. 
Def. 7. A number a is called nilpotenS if a ~  0. 
If a system contains an idempotent number, this number may be 

taken as the mlit e~ and the other units of the system so chosen as to 
fall into the following groups: - -  

Group I contains only units e~ such that 
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Group II contains only units e~ such that 

e~e,, = O; e,~ek ~ e~. 

Group HI contains only units e~ such that 

eke,~ = e~; e,,e~ = O. 

Group IV contains only units e~ such that 

e e. ---- = 0 . * )  

When the transformation bringing the system into this form has been 
performed, the system is called regular with respect to e,. The four groups 
are symbolized respectively by (rid), (dn), (rid), (nn). Evidently e. itself 
is in group I. The following multiplication table shows the group to 
which the non-vanishing product of units of any two groups must belong. 

(dd) (dn) (rid) (nn) 

(dd) t (cld) l (dn) 0 0 

l o (dd) 

o 

If an idempotent number independent of e~ remains in any group it may 
be t~ken as a unit, say e~_i, and the system made regn~]_ar with respect 
to it without disturbing the regularity with respect to e~. This process 
may be continued until no two idempotent numbers occur in the same 
group with respect to any unit. A system in which every unit is in one 
of the four groups with respect to each and every idempotent.unit is called 
regular, or in normal form (/9). The modulus of a system in form (JP) 
is the sum of its idempotent units. 

T h e o r e m  I. Normal forms (M) and (t ~) are comlpat~le. 
Assume ~ a t  the system S is in form (M). We must show flaat 

without destroying form (M) the system may be thrown simultaneously 
int~) form (P).  The idempotent units in the primitive systems of (M) 
are all in group IV with respect tm each other, and no idempo~nt unit 
independent of these units exists else it would appear as a primitive 
systean of order 1. The ni_lpotent nr6"~s of the primitfive subsystems are 
already in either group 11, m or IV wikh respect to e ~ h  idempoten~ 
nuit. It only remains to regularize the units e~ , . - . ,  e r wtdch ~re ~ . i n  

~) For proofs of this and the following fl~eore~ms see my l ~ p e r - ~ = T ~ o n s ~  
loc. cir. 
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any primitive subsystem. That this can be accomplished without affecting 
the form (M), but by linear transformations involving only the units 
e l , . . .  , e,. appears from the method of regularizing a system.*) 

3. :Normal Form (S). 

For a non-quaternion system which, as we have seen, is a system 
containing no primitive subsystem of order greater than 1, Schef fe rs  has 
given a normal form, and i~he explicit enumeration of distinct systems for 
n ~ 5 has been given by him. The enumeration of systems in one idem- 
potent unit has been carried out for the genera] case by S tarkweather .**)  
Explicit enumeration for the case where the system contains more than one 
idempotent unit will be found for n = 6 in vol. 58 of these Annalen, 
page 370, and for n = 7 in the American Journal of Mathematics vol. 26. 

Theorem II. Normal form (M) and normal form (S) are compatible. 
If in any quaternion system the nflpotent units of the primitive 

sub-systems are deleted we have an associative non-quaternion system 
which may by a transformation T which involves only the remaining 
nilpotent units, be thrown into normal form (S), all the distinct types 
of which for a given order are known. Since such a transformation does 
not involve the idempotent units it might properly have been applied to 
the undeleted system thus throwing the non primitive portion of the 
system together with the corresponding idempotent units into form (S). 
Since a non quaternion system in form (S) is also in form (P)  this 
transformation does not affect the regularity. 

We can now restate the results as follows: 
I f  a system is in form (M) it may be transformed so as to fall 

simultaneously in form (P). The units exclusive of the nil~otent units in the 
trrimitive subsystems form a non-quaternion system and may be assumed 
in form (S). A system in this form is said to be in form (N). 

w  

Principles  of Classification. 

1. Equiva lence .  

Theorem !U. I f  two systems in form (N) have different numbers 
of idemlaotent units they are inequivalent. 

This is evident from the invariance of the pri_'mitive sub-systems. 
The significance of this theorem is that when we are seeking all 

~ypes of 4nequivalent systems of order n~ we may make our enumeration 

*) T~sac~ons,  loc. cir.+page 314. 
**) America~ Journal of Mathematics, Vols. 21, 23. 
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for different numbers of idempotent units separately without possibility 
of repetition. 

L e m m a. If the systems S and S'  are in form (N) and are equivalent, 
and if  ~ is an idempotent unit in S'  then the equation of transformation 

(1) e"- - - -~a ie  i 
i = l  

redue~ to 
e'-~ e 

where e is an idempotent unit of S. 
Symbolize by s any nilpotent units of S not contained in a primitive 

sub-system, and by p nilpotent units that are contained in some primitive 
sub-system. The number e'~- s + p is then not idempotent. For products 
of the form s 2, sp, ps involve only units s by the table on page 440, 
while an idempotent number of the primitive subsystems consisting of 
nilpotent units does not exist. Thus the transformation equation (1) 
must contain at least one idempotent unit of S in its right hand member. 
Since the primitive sub-systems are an invariant of the system there are 
the same number of idempotent units in S as in S'. If then two or more 
idempotent units of S occur in the right hand member of (1), one of them 
must appear in the equation of transformation of a second idempotent nnit 
of S', say e". But since e '~ = e', e '''2 ~ e" and e'e" -~ 0 the right hand members 
of the equations in question cannot contain the same idempotent unit of S. 
Thus each idempot~nt equation contains one and only one idempotent 
unit of S. It remains to 
in its right hand member. 

where e i is an idempotent 
those units in p which are in groups 
respect to e i. Thus 

Squaring we get 

prove that (1) can contain no hi|potent unit 
The equation (1) is then in form 

e ' = s + ~ + e  i 

unit of S. Let now P~i, Pik, l~m, represent 
HI, II and IV respectively with 

But by the table on page 441 this reduces to 

One observes that ~.~ is idempotent, which is however impossible s~nce 
it is expressed in terms of nl]potent units. Thus (1) is reduced to the form 

e '=  s + + p,, + (A k + 0  
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Let now e~ be t~he idempotent unit of S with respect to which some units 
of p~ are in group III,  and let 

(3) = s + + + (1, § k) 

be the equation of transformation containing e L. Since e 'g '=  0 we have 
! f ! 

I 

Since k • m, ~ k P ~  = 0; since ] ~= i, P~iPz~ ~-- 0 i. e. i =~ l; since i ~- t, 
P e~pz~ 0. Thus pikek = 0 which is contrary to the hypothesis. Conse- 

quently P~k-~ 0. We can show similarly that p~----0, and our equation 
(1) is reduced to the form 

e'-~ s -]- e. 

Since all units s are in normal form (S), there can be no s units in 
the right hand member of (1)*), and our equation (1) is reduced to 
the form 

T h e o r e m  IV. It" S and S" are equivalent there is a one to one correspon- 
dance between the idemlootent units of the two systems such that the number of 
units in the groups I ,  I I ,  l I I~ I ~  with respect to corresl~onding units is the 
8a4~e. 

The preceding lemma shows the existence of the one to one corre- 
spondence bet~veen the idempotent units of S and S'. That the theorem 
is true so far as the units of the primitive subsystems are concerned follows 
from the invariance of these subsystems in equivalent systems. The 
remainiug units are in normal form (S) and the complete validity of the 
present theorem is established by the corresponding theorem on non- 
quaternion systems.**) This theorem puts us in a position to write down 
�9 all possible combinations of groups with respect to idempotent units into 
which the remaining non-idempotent units may fall, and assures us that 
no two systems in different combinations can be equivalent. 

2. R e d u c i b i l i t y .  

Evidently any system all of whose units fall in primitive subsystems 
is reducible. This is a special case of the theorem proved in general 
in my paper in the Annalen***), that the necessary and sufficient 
condition that a system is reducible is that its modulus falls into parts, 
each of which is the modulus of a certain subsystem. Thus if we star~ 
with an idempotent nnlt and find it connected with every other idem- 

*) Scheffars, loc. cir., page 329. 
**) Math. h~nalen, vol..58, page 365. 

***) loc. cir. page 366. 
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potent unit by a chain of non-vanishing multiplicative ~elations with 
other units, then the whole modulus lies wholly in one subsystem and 
the system is irreducible. If on the other 'hand not all idempotent units 
are thus connected the modulus falls apart and the system is reducible. 

3. Rec ip roc i ty .  

Reciprocal systems evidently have the same number of idempotent 
units. Let S and S -~ be systems with their units so chosen that the 
table for S passes into that of S -~ by an interchange of rows and 
columns. We may assume that both systems are in normal form (N). 

As we pass in this way from S to S-1 we note that the same units 
constitute the various groups I and IV in each system. The units of II 
with respect to a given unit pass into units of HI with respect tm the 
same unit and conversely, thus leaving the primitive subsystems unchanged. 
If then, from the totality of combinations of units into groups, we erase 
every combination which differs from another merely by an interchange of 
the number of units in the group II and HI with respect to the various 
idempotent units, we shall erase all combinations which lead to systems 
reciprocal to those tha~ remain, and only such. 

4. Remova l  of Pa rame te r s .  

The only paramebers in normal form that remain to be removed are 
those found in the products of the non idempotent units in the primitive 
subsystems and those not in the subsystems. Application of the table 
on page 441 serves to remove most of them, while the remaining ones 
may be fixed by direct application of the associative law or by the 
principle of deletion.*) 

w 
Il lustration;  n__~ 7. 

In the,following tables of combinations of nnits into groups the 
primitive subsystem (H) contains the units e~, es, es, e~ of which e~ and 
e 7 are idempotent, while e 5 and e 6 are in groups II and m respectively 
with respect to e~, and in groups HI and II respectively with regard 
to e 7. In the following tables the indices of the i dempo~en t -~s  are 
in the upper line of the table, while the indices of the non~idempotent 
numbers are in the left hand column. The group of e~ with respect to e k 
is found at the intersection of ~he ~ row and k ~ cblum~ 

*) Ma~ Annalen, vol. 58, page 3~/~. 
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1 

2 

3 

4 

5 

4 7 4 7 4 7 4 7 4 7 4 7 

It appears that none of the six distinct tables of combination given yield 
associative systems. By the table on page 441 we see that for the first 
four combinations given 

e~ = elese 6 = e, 

where the arrow indicates She order of multiplication. That is 

e ~ = e  le 5 . e  6 while e 1-e~e G = q .  

For the last ~wo systems 

e ~ - - - - - e l e 6 e s = e  1. 

Thus where (H) is the only primitive subsystem we get no quaternion 
system for n ~ 7. 

Suppose now we have in addition to the primitive subsystem (H) a 
primitive subsys~m os order one; that is an idempotent unit ca. We 
have then ~ e  following tables of combination. 

3 4 7 3 4 7 3 4 7 3 4 7 3 4 7 

1 

2 

5 

6 

II l m 
IV II 

IV m 

Iv 
IV 

HI 

II 

IV t I 
Illm 
IV-~ ii 
IV ;. ] iI 

i v  

1i 

i v  

i v  

IV,  
m 

n ~ u !  ; IV l  

i f - m -  - 

iV--~-i II--Z 

II 

h-- 

iV 

m~iv 
IVlI I  

I I I  II 

3 4 7 3 4 7 3 4 7 3 4 7 

I I - m  
IvlmIiv I ~ ztK I H IH) IUZjmL~_ 

Of these nine combinations the first four are seen to be non-associative 
by the product e~e~e6, while the last four are also non-associative by 
the produe~ e 1 e 5 e~. The remaining combination affords the system 
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1 2 3 4 5 6 7  

1 0 0 0 
o o 

3 1  2 3  
4 0 0 0  

I 

5 0 0 0  

6 0 0 i O  
7 O 0 O  

1 2 
0 0 
0 0 

4 5 

0 0 
6 7 

ojo 

0 0 

1 2 

0 0 

0 0 
4 5 
0 0 

6 7 

which is the only quaternion system in seven units, as additional idem- 
potent units would yield reducible systems. 

Yale Un ive r s i t y ,  May 21, 1904. 


