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highest value of r for which the congruence X'o> = 0, (mod pr), is
satisfied.

Whenjp is a prime of the socond category, so that p = PiP3p8, the
criteria for the divisibility of x+yd + zO2 by pt, p,, p8, respectively,
may be written

x—axy—blz ~ 0,'

x—a2yr-b2z== 0, • (raodp),

x—a^y—b^z = 0,„

and as a verification it may ho ohserved that if all these conditions
are satisfied, it follows that

x = y = z = 0, (mod p),

that is, (B-f yO + zd* is divisiblo hyp.
Finsilly, if pis a prime of the third category, x + yd + zd1 is divisible

by v only if , .
it = ?j = j = 0, (mod p).

These congruontial rolations are atialogous to those employed by
Kuramor in his papers on ideal primes.

On fhe Algehraical Integers derived from an Irreducible Cubic

Equation. By G. J3. MATHBWS. Received May 29th, 1893.

Koad Juno 8th, 1893.

1. Let 6, 6\ 0" be the roots of the irreducible cubic

where a, ft, y are ordinary intcgors. Then there will be associated
with it three conjugate corpora O (6), O (0')> 12 (0"), the corpus fl (9)
boing made up of the aggregate of all quantities such as

x + yO + zG1

x, y, z, I^ being ordinary integers; and similarly for O (6'), O {&").
(The conjugato corpora may or may not bo distinct.)
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In order that to may bo an algebraical integer it is necessary and
sufficient that, u/, u>" being conjugate to w, the quantities

shall be rational integers; and this leads to three congruences whion
must bo satisfied by «!, y, e, namely,

z == 0, (mod <) (t),
9-2ya) s2-.(a/3-3y)ys+2(aa-2/3)«c-2aa:y ==0, (modt2)

(2),

«8 -2/3) zJz+/3,V+(/38-2ya) 0zs-(a/3-3y) rw/2
8 = O, (mod*8) (3).

2. It will be supposed, in tho first instance, that t is prime to 3.
Thon the second and third congruences aro not affected if they are
multiplied by 3 and 27 respectively, and tho moduli left unaltered;
a? may then bo eliminated by putting

In order to oxpress the results in the most convenient form* tho
following abbreviations will bo used :—

n = y—a.2

A-'6ft-a\ J? = 9y-a/3, 0 =

P = 2as-i)n/3 + 27y, Q = a
a/3+ 9ay—G/31

B = 6a2y-a/J2-9/3y, 8 = 9a/?y-2/33-27y2

D — \(1?-±AG) = 27y2 + 4/33-f 4-a8y-a2/32-18a/3y t

(4).

.7) may bo cillod tho discriminant of/(fl), and it will bo obsorvnd
that (yi, B,Or£0,iy is tho Hessian, and (P, Q, 72, ,S£fl, 1)" tho
cubioovariant o f / (0 ) , each with its coefficients absolutely dotor-
mincd.

Tho congruence (1) znny now be written

3«-aB-2j8*5O( (mod t) (5),

and if wo stib.stitufco an + 2fiz-{-£b for 'i-c in (2), after multiplying by
3, it will be found that tho term in t on tho left hand vanishes
identically, and that (2) is replaced by the equivalent congruence

+ Cffi's0, (mod t2) (G).
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When the same substitution is made in (3), aftor multiplying by
27, the coefficient of t% vanishes identically; the coefficient of t may
be rednced to the form 3& (Aif+Bus + Gz*), which, on'account of
the congruence last written, ia a multiple of t3, and may therefore bo
omitted; and finally, after some algebraical reductions, it is found
that (3) may be replaced by

Pu*+3Qu*e+SRu* + 8*ssOt (mod*8) (7).

3. It is now necessary to discuss the simultaneous congruences (6)
and (7). Unfortunately, this ia a matter of considerable difficulty,
because the algebraical theory of elimination cannot bo applied
except under certain limitations. I3y following the analogy of
Sylvester's dialytio method of elimination, we may establish the
theorem that, if 11 in the algebraical resultant of two binary q nan tics
F (*"> 2/)> Q (*» y)i then, in ordor that the simultaneous congruences

F (.T, y) == 0, 0 (x, y) = 0, (mod m),

may admit of solutions such that no common factor of x and y may
divide mt it is necessary that It = 0, (mod in).

Now in the congruences (G) and (7), we may suppose that u and z
have no common factor which divides t; for, if they had, it would
follow from (5) and (4) that x, ?/, z, t would all have a common
factor, and hence (x+yO + zd^/t would not bo in its lowest tovms.
Therefore- supposing, as we may do, that««» is in its lowest terms, and

observing that the resultant of (A, B, 6*1%, zf and (P, Q R, SQu, s)s

is 27D\ wo infer from (G) and (7) that

27D8 = 0, (mod*2) (8).

If t ia not prime to 3, we must write instead of (6) and (7),

— O, (mod 3 0 (9),

+ 8zs == 0, (mod 2 7 0 (W)>

and consequently, instead of (8),

27D8==0, (mod3O-

Both cases aro included in

9D" 3 0, (modi*) (11),

and the conclusion ia that the investigation may be confined to those
integers t the squares of which divide y.R\
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4. There are so many different cases to consider, according to tho
distribution of tho prime factors of A, B, 0, P, Q, R> 8> aid D, that
it seems best not to attempt a complete enumeration. The con-
grnences (6) and (7) or (9) and (10) must, of course, be fully dis-
cnsned in any particular case that may arise ; there is no difficulty
in doing this when the function f(0) has once been chosen.

There are one or two specially interesting cases which deserve
attention, and will serve to illustrate the theory.

The first of these is when tho congruences (6) and (7) are satisfied
identically; that is to say, when

A = B== 0 = 0, (modi2) (12),

P = = Q = .Zi5 = ,S = 0, (mod *8).

Theso are equivalent to two distinct conditions, which may be
expressed by

A = 0, (mod*2),

P = 0, (mod is) (13);

and it will be found that D is divisible by ta. The integers « and z
may be ehoson at pleasure, and then y = w + oz, and as, y, z are con-
nected by the singlo relation

Bx—ay + (aJ-2/3) z = 0, (mod t);

or, say, «j==\y + /^s, (mod t)

whore X, ft are determinate to modulus t. Suppose they have their
least positive values, then the general form of w for this value of t is

t

•where 7t, h are rational integers. The essentially now integers thns
introduced are

and it may be observed that, since

0 = t<ol—X, 0 2 = ttai — fi)

the modulus [1, w,, w2] includes all the elements of tho modulus
[1, 0, 02j, and besides these a portion of the remaining integers
in
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In order to construct a case of this kind, suppose a = 1, t = 5 ;
then the congruences A = 0, (mod 25), P = 0, (mod 125), give

3/3-1 = 0, (mod 25),

27y-9/3 + 2 = O, (mod 125).

If we take ft = 17, tho first congruence is satisfied, and the second
leads to y s 38, (mod 125). It will be found that y = 38 leads to a
reducible equation in 0; but if wo take y = 163, we have the
irreducible equation . /l8 , ai , 1 na , 1flQ _

V,

for which 4 = 2.5% B = 58 . 5a, O = 8.5s,

P = 34.58, Q = - 2 . 5 8 , JB = - 1 9 4 . 5 8 , S = -5618 . 58,

D = l l . 2s. 58.

The congruence (5) reduces to

a5 = 2y-fz, (mod 5),

so that w(±t?)±

is an integer when y, z are rational integers ; and, as a verification,
it will be found that if wo pat

__2 + fl _ l + e 3

these quantities satisfy the equations

w;+6«;-4w,-212 = 0.

It is noticeable that u, is an algebraical unit; and also that wa is
an integral function of w,, because

and hence ws = 5(o{ — 4w, - |-1.

5. Tho lattor circumstance is not accidental; for if, as above, we

"i = — » «» = - - • — ,
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we have

and

now

and therefore

Mr. Gr. B. Mathows on

(ta»j—X)3 = tuj^—ft,

v - tu-2\w + - i ^ •
4 1 1 ^

3X == a, (mod t),

9(X'+W^(6/3~2as)

= 24 ~ 0, (mod t) i

[June 8,

that is, (X"-|-/i)/< is an integer, and w, is an integral function of w,,.
Hence it may be inforred that the corpora 0 (0) and SI (w,) are
identical in contout; but the discriminant of U (wj is D/t° instead
ofD.

Thus, for tho equation

e»-o*+o+i - o (15).

(where $ has been written instead of w,),

A = 2, 2? = 1 0 , 0 = - 4 ,

Since D is divisible by the square of 2, we might expect to find
integers of the form (x+yQ+zO*)/'^; however, such integora do not
exist, for tho auxiliary congruences (G), (7) in thin case are, on ro-
d u c t i 0 1 1 ' 3 . — A / l O\

M +?tz ~ 0, (mod 2),
« 8 -M S 3 + «S!I + 28 = 0, (mod 4),

and these can only bo stitisfiod simuUanuously if « = 3 = 0, (mod 2),
leading to a; = ?/ = 2!~0, (mod 2).

It may bo proved without difliculty that there are no integers of
the form (x + yd+zff*)/11, and henco that tho equation (15) definos
what may bo called a primitive corpus ii (0), that is, one which con-
tains no integers except thoao of the form x + yO+zO1 with x,y,z
integral.

It may be worth Avhilo to observe that, since

4 ( A y

= 27D (a?+<u?+px+yy.... (16)
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identically, it follows that, whenever A, Bt 0 are divisible by f, and
D is divisible by f,

zz 0, (mod ts),

identically; so that it is unnecessary to calculate the values of P, Q,
R,8.

6. Another interesting case is when the congruence (6) is satisfied
identically, but not (7). It follows from tho identities

R = ~/3B + 2aO, fil = — 3y2?+2/3Cf,

that P, Q, R, S are all divisible by £\ but not by P. Now multiply
(7) by P1, and change tho modulus to t7; then tho new congruence,
equivalent to the old one, is

(Pu + Qz)*-3 (Qt-PB)(Pu + Qz) #

+ (PiS-3PQR+2Qi) 28 = 0, (mod f).

But Q9—PR is a multiple of DA, and therefore of ^ ; hence the
second torm is divisible by t*. Also PlS—3PQR+2Q* is divisible by
JD3, and therefore by Is, so that the congruence reduces to

whence / P 0 \8

( - ^«+ -% ») = 0 , (mod

and, if ( is not divisible by any cube, this leads to

Pu + Qs — 0, (modi3)-

[If tf is divisible by a oube, some modification is necessary ; but, as
already said, it seems beBt to omit these discussions of detail.]

The solution of this congruence will bo of tho form

u = hzy (mod t),

where h is determinate to modulus t; and therefore it will follow that

y = qzt x = pz, (mod t),

where p, q may be taken to be determinate numbers between 0 and t;
so that, instead of obtaining, as in tho last case, two integers u>, and ut

(or w, and w'f), of which tho form is fractional, we shall have only
one, namely,
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Of the conditions A — 3/3—a* == 0, (mod <s),

£ = 9y-a)8 = 0 ,

0 = 3«y-/33 = O,

pnly two are independent, because

identically, so that if A = 0 and B = 0, it follows that 0 = 0,
always supposing that t is prime to 3.

If t and a are assigned, suitable values of /3 and y may be found

f f O m 3/3 = a*, (mod*3), 27y==a8, (mod P).

For instanco, if a = 1, t = 5, it will bo found that ft ~ 17, y = 13,
(mod 25) ; and, if we take 6 to bo a root of

which is irreducible,

4 = 50, 5 = 1 0 0 , 0 = -25O, 2) = 32.54,

P = 8.25, Q = - 6 4 . 2 5 , 22 = - 8 8 . 2 5 , £ = - 4 9 6 . 2 5 ;

and the congruence (7) is

8 (U 8 -24M 1 2-33«2 1 -622 1 1 ) = 0, (mod 5),

that is, 8 (w-3*)8 = 0, (mod 5) ;

therefore u = 3z, y = 4a, x = 4at (mod 5),

and all the integers of the set here considered are rational multiples

°f ^ 4 + 40+0*
Wl 5

It will be found that OJ, satisfies the equation
8 , K a , 1 1 e o

The relation between 0 and w, may be expressed in the forms

5w, = 4+40+0', J 40 =

For the equation satisfied by u,, we havo

A = 20, B — — 120, O = — 300, B = 2°. 53;
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and, since A, B, 0 aro divisible by 2a, and D by 2°, wo shall havo
intogors o£ tho foivm

11-"""Is
Proceeding as already explained, it will bo found that

aro intogors ; that rii = 2i?i—2»/i + 1 ;

and that »;, is a root of tho equation

for which A = 5, I? = - 2 0 , 0 = —10,

D = 200 = 23 .5a ;

P = - 7 0 , ^ = - 4 0 , 72 = 20, /S'=-1GO.

On examining tho auxiliary congruences (6) and (7) for t = 2,3, 5,
respectively, it will bo found that they do not admit of solutions dis-
tinct from u ~ z = 0 ; hence 12 (»;) is a primitivo corpus.

It will bo found that, writing JJ for »?,,

and these may bo rogardod as TchirnhauHon transformations by
which tho equations in w, and 0 may be derived from the equation
in r\. It may, I think, bo informed that ovcry corpus that is not
primitivo may bo derived from a primitivo corpus by a transforma-
tion of this kind.

7. Thoro is ono other special case of the general theory which is
of some practical importance. It may happon that D is divisible by
t\ while A and P are prime to t. In this caso tho congruences (0)
and (7) aro satisfied by putting

2Au + Bz==0, (mod t),

PM + QS = 0, (mod 0 I

which aro consistent, because

'MQ-BP = - 9D == 0, (mod t2).
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(It is aupposod that t is odd and primo to 3.)

As an example of this case, take

08+5503 + 670+77 = 0,

which occurs in connexion with complox multiplication of elliptic
functions for A = 53 (Proc. Lond. Math. Soc, Vol. xxi., p. 217).

Here ^ = - 8 . 3 5 3 , JB = - 8 . 3 7 4 , 0 = 8.1027,

D = 2I0.5*.53,

whilo P is prime to 5. Honco, putting t = 25, wo find, aftor some
reductions, that the auxiliary congruences give

as — 13z, y = «, (mod 25),

and the quantity ij = •—•„?" —

satisfies the equation JJ8 —115»/34-107»| — 25 = 0.

For this equation

4 = - 8 . 1 6 1 3 , B = 8.1510, O = - 8 . 3 5 3 ,

D = 210.53.

Now A, By 0 are all divisible by 23, and D is divisible by 28;
hence we find that

is integral if a> — y+z, (mod 2).

Putting, then, K —

wo find that ?-59?+85f-31 = 0,

an equation with

^ = -2.1613, 2 = 4.1184, 0 = - 2 . 8 6 9 ,

D = 2*.53.

It will bo found on trial that the corpus (2 ({) is primitive, and that

U = 2 £ - l ,

6 = 4^-234^+169.




