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On Eliminants, and Associated Roots. By E. B. ELLIOTT, M.A.

[Bead April 2nd, 1885.]

1. The object of the following paper is to obtain some more general
results akin to and including the well-known simple and elegant
theorems due to Professor Sylvester and others, which connect the
common root of two quantics with the differential coefficients of
their resultant, the repeated root of a single quantic with those of the
discriminant whose vanishing expresses its existence, &c. The
method adopted is that of Salmon's Higher Algebra, § 92.

Let us = a, \pi («)+a»</'i (») + . . . +amuVm (a?),

and v, = 6lXl 0/)+&iX« (y) + - + &»X» (y).
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and let the condition in the coefficients, which expresses that a value
of x satisfying u = 0, and one of y which makes v = 0, are connected

by a given relation 0 (as, y) = 0,

be F(a,, a,, ... am, &„ 6,, ... 6,,) = 0.

Also let $x, By, Salt... Sbu be infinitesimal increments given to the
variables and coefficients, restricted only by the conditions that the
equations u= 0, v = 0, 0 = 0 still hold. I t is a consequence that
the relation F= 0 still holds equally. In other words, retainiug only
first powers of the increments, the three limitations of arbitrariness,

... +}m (as) to*+^S fa = 0,
ax

-+x» (y)».+ jjjh = 0,

dy

must produce as a consequence

aa, aam «&! dbn

Consequently, for certain values of three undetermined multipliers
X, /i, v, we must have simultaneously

dF
dax

dbi

xAy)

dF
da2

dF
db.t

• Xs(2/)

V — — i

dF
da,,,

dbu

x»(y)

^|^ = o,
dx

dy dy '

altogether tu+n-f 2 relations, of which the last two tell us that tho
value of the ratio X : /i of tho common values of tho first and second
sets of equal fractions is

<i£ dvj, , d<f> djit
dx ' dy ' dy ' dx '
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2. It becomes desirable to interpret special cases of these general
results. Firstly, then, let us take the case of direct elimination of a
single variable x between two equations

**, = %»//! (a) +0,1//, (aj) + . . . +ao,i/<m (») = 0,

and * » ^ X i ( » ) + &jXs(») + ... + &«Xn(«) = O;

that is to say, let ns take

^ (», y) = » - y ,

and let ns now write the result of eliminating

E (a,, ai}... amt blt 6,, ... &„) = 0.

Our conclusion is that the common as which satisfies M X =0 and vx=0
satisfies also the m+n—1 equations

do* & («) _ dv* \j/t (x) _ __ du« ^M (#)
dx ' dE dx ' dE '" dx ' dE

dttj da% dam

^.^du, Xi («) dua x» («) - = _ ^ » X»(^)
dx ' dE dx ' dE '" dx ' dE

dbt dbt dbn

To particularise still further, let ^ (a?),... i/*m (a$), Xi (®)» ••• X<* (a) t e
powers of x. The two lines of equalities then give m—1 and n -r 1, imme-
diate expressions for the common value of xt as ratios of differential
coefficients of the eliminant or as roots of such ratios. When the
powers of x are two sets of successive powers, so that ux and vx are
complete binary quantics expressed in their natural form, the values
thus given are those of Salmon's Higher Algebra, § 92.

3. Another course that may be taken by way of deducing more
special results from the general ones of § 1 will be, keeping <p (x, y)
general, to restrict the forms of the m+n functions ^(») and x(y).
For instance, we obtain immediately that, if

is the condition in the coefficients that 2, a root of

U.= a,a5" + a,ajr'+... +amxrm = 0,

and y, one of Vv = bt y'>+bty'' + ... + K y'n = 0,

are connected by a relation

t (*, y) = 0,
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then equivalent values of these roots are given by pairs of the m+n

equations ~ = Aa>% ~=\xr; , —- = Aa>rm,

dK , dK , dK «„=sii«', —— = uy ", , , — = fiy ,

* x d<f> dUm d<t> dVv

where \ -^-. -— = u - i . -r-^.
dy dx dx dy

For the case expressed by

r1 = r , + l = r 8 + 2 = . . . = i

this, again, is another immediate generalisation of Salmon, § 92.

4. Returning to the general theorems of § 1, a case of special
interest and exceptional nature is that in which the two sets of
coefficients a,, a,, ..., bu bif... are identical. In such a case the num-
bers of functions \f/ (x) and x (y) will generally be equal; but other
cases will be included.

Suppose, in § 1, that n is equal to m. "We are told that, for all
positive integral values of r not exceeding m,

where x * . k = ^ ^ . f i .
dy dx dx dy

Now suppose that, on replacing bl} bv ... 6OT by o^ a,, ... aIW respectively,

the function Ffa, a,, ... am, 6,, &„ ... 6m),

becomes / (a , , a,, ... am),

then, for each value of r,
dF . dF , rf/
— + 37- becomes ^ .
aar dbr dar

Consequently, we obtain that, if

/ ( a , , o 8 , ... oH,) = 0

be the condition in the coefficients that
«« = ax ̂ , (a?) + a,^, (a?) + . . . + a,,, $m (x) = 0,

Q 2
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and n'v = o,Xi (?/) + a2Xa (</) + . . . + a>m \m (y) = 0

are satisfied by an x and a y connected by -

<j> (x, y) = 0 ,

it follows that —i- = \tyx (x) +f*Xi (y)>

where X and /* are fn the ratio

d<£ dv^ , d^ dux
dx ' dy ' dy ' dx '

No modification is necessary if in and n be unequal. If, for in-
stance, m>n we have only to consider in these results that
X-.+1 (2/)> ••• X». (if) a r e identically zero.

5. Let now, in this last, M, and n'v be the same functions of x and y
respectively. We conclude at once that, if x and y be two roots of
the equation

ux = a, ypt (x) + a2 yp3 (x) + . . . + am $>,» (») = 0,

which are connected by ^ (a;, t/) = 0,

and, if F (an a2, ... a,,,) = 0

be the condition in the coefficients expressive of the fact, then
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where

which ratio may be written — j - 2 .

dux

In particular, give ux the form

Ux = alx
r> + a3x

r*+ ...+amx'n;

and write L for the form then assumed by P (a,, a2, ... a,,,).

We deduce m equations, of which the first

dax

is representative, and conclude that, if only rv r2,... rn are com-
mensurable quantities, 3—, —-, ... — are terms of a recurring series.

dax dai dam

In particular, if rv r8> ... ?•„, be positive integers, the scale of relation
of this recurring series is 1 —(a? + r/)+tcJ/; and the vai'ious differential
coefficients of L, arranged in order as above, are the rth, r*h, ... r"1 terms
of the series. More particularly still, if XJX be the ordinary complete

binary (m—l)-ic, alx
m~i + aix

m~'i+... + am,

those differential coefficients are the first vi terms of a recurring
series whose scale of relation is

Since the ratio \ : p is given, ono known term will determine our
recurring series completely in terms of x and y.

6. Desiring to proceed to the case of two equal roots of tho same
equation ux—Q, two coui'ses ai'e open to us. Wo may take the results
of the last article, specialise them by assuming

and proceed to the limit by making <5 infinitesimal. [Merely to replace
^ (x, y) by x—y would, for several apparent reasons, IK* nugatory.]
Or, remembering that equal roots of ux = 0 are roots also of

—2 = 0, we may apply § 4, taking n'v = —*•, and <[> (:r, y) — x — y.

The results obtained by the two processes are, as they should be,
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identical. The latter is the one here chosen for exhibition. Briefly

stated, it tells us that, A (a,, as,... ani) = 0

being the condition that an x simultaneously satisfies

ux = axh (») +at\pt (a?) + . . . +aw\J/ro (a?) = 0,

and f^Sa,#
ax

then

rtaw

simultaneously, where A and /i satisfy

which last expresses, since for the particular value x in question

-~ = 0, that, in general, -— = 0. We can neglect, therefore, u in
ax A

comparison with X, and so arrive at the equalities

<?g da da,,, »

Of this general theorem with regard to equal roots, the case in
which the functions \p (x) are successive powers of x is, of course, a
familiar one. (Salmon's Higher Algebra, § 109.)

7. Similar theories to all the above, though more cumbrous in
form, can be developed with regard to functions of higher numbers of
variables. Let it suffice here to state the results corresponding to the
comprehensive ones of the first article for the case when u and v
involve each two variables.

Snppose u = ^ ^, (a?, x') + a%h (x, x') + . . . + am $m (a?, a>'),

and v=blXl (
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and let the condition in the coefficients, which expresses that certain
values of a, x, y, y\ which make u = 0 and v = 0, are connected by

three given relations ft (a;, as', y, y') = 0,

ft (*. »', V, V') = 0»

ft («> «'i y> y) = °i

be 2^(0,, a,, ... am, &x, bit ... 6n) = 0 ;

W dF dF

then shall -r^-rr = T-^-T, = - = , t"" „ = \

and dhl — db* = . = dhn , — u
xi(y.y) xAy>y) '" x»(y»y) '

where X and n are connected by the result of eliminating vu vv
from the four equations

da> da? da» da?

» du __ d0! , dQi . d<f>n
dx dx dx' dx

dv=dj>1+d43p
r dy ldy dy *dy'

dv d<f>, , d<b, , d<b.
dy ldy' dy 'dy"

that is to say, by the relation

x ( §u # d (+„ 0a> f3) _ du^ d (ft, 0jt 08) ")
Idx* d («', y, y') dx ' d (x, yt y) )

§2 dfa« ^«»»») ) — 0.— . __§2.
dy' d (aj, »', y') dy ' d (x, x\ y)


