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mathematicians, we like to tell or to hear some new thing. Philoso-
phers may excusably hesitate, when the cry is " new lamps for old."
Fortunately, we are all agreed that the old Geometry is accurate
enough for all practical purposes. Lobatchewsky calculated that, at
the time he wrote, in a right-angled isosceles triangle, whose sides
equalled in length the distance from the earth to the sun, the sum of
the angles could not differ from two right angles by more than 0".0003
of a sexagesimal second. Euclid could not have had that satisfaction.
Probably he never measured the angles of a triangle whose sides had
the dimension of one foot. We may be sure he and his contem-
poraries could not measure a pai*asang without grievous error. He
has, therefore, additional claims to our sympathy and admiration,
since his ideal determinations bear the latest tests of science.

Note on Quartie Curves in Space. By WILLIAM

SPOTTISWOODE, P.R.S.

[Read Nov. 9th, 1882.]

If we represent ax+(iy + yz + $t by aar-f-..., and put

u —̂ ax T" ..•• v) **"" QnX"t*...

then any quartio curves formed by the pomplete intersection of two
quadric surfaces, viz., a quartie curve of the species (2, 2) of Cayley,
may be represented by the equations

uy—vx = 0, wt—sz = 0 (2) ;

or, if X, /i be two indeterminate quantities, the equations (2) may be
replaced by the following system:

u = Xa5, iv = uz") ,q\
. . \ W»

V = \y, 8 = fit )

From these we may eliminate a>, y, z, t, and obtain the resultant

o-X fi y S
" i

by means of which /i may be determined in terms of X. This having
been done, we may, from any three of the equations (3), obtain values
of the ratios x : y : z : tin terms (not, however, generally rational)
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of one parameter X. And to every value of X there will correspond a
point, or points, real or imaginary, on the curve.

A solution of the equation (3), in a symbolical form at least, may
be thus obtained. If we write,

(0) = «, (1) = ft, (2) = y» (3) = *, (5),

£0,1) = a, /3, (0, 2) = a, y, ... (2, 3) = y,, K .»
ai» &> «i» y»» y»» s»>

(0,1, 2) = a, 0, y, . . . ;
«i> ft. Yi
a»P*7t

and if it be understood that the symbols 0,1, 2, 3 are to be com-
bined in the following way,

(0) . (1) = (0,1), (0). (1) . (2) = (0,1, 2) ..(6),
it will be found that (4) may be written thus

( X_0)(x_l ) ( / 1 _2) ( / i -3 ) = 0 (7);
and further, if we put (X—0) (X—1) = A,
the equation (7) may be developed in terms of p in the following
form [A]/i t-[A(2 + 3)]/i + [A(23)] = 0 (8),
in which the terms within brackets may be treated as ordinary alge-
braical quantities. The solution of (8) will then be

2 [A]|/, = [A (2+3)] ± y/\ [A (2+3)]'-4 [A] [A (2, 3)]} ...(9).
The terms in this expression, when fully developed, are
A (2+3) = X'^+S)

- A{(0,2)+(0,3) + (l,
+ (o; 1,2)+ (0,1,8)

J = X«(2+3)«

X'{(0,2)+(0,3) + (l,
' +2(2+3) [(0,l,2) + (0,1,3)]}

4[A] [A (2, 3)] = -4{X»-(0+l) X+(0,1)}
x jX'(2>3)-X[(0,

= -4X«(2, 3)
+ 4X»{(0, 2, 3) + (l, 2, 3)+(0+l) (2, 3)}
~4X» 1(0,1,2, 3)+ (0,1) (2, 3)

- 4 (0,1) (0,1, 2, 3).
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.Hence the discriminant under the sign J in (9)

= X«{(2 + 3)'-4(2,3)}
+2X» {2 (0, 2, 3) + 2 (1, 2, 3) + 2 (0+l)'(2, 3)

- (2 + 3) [(0, 2) + (0, 3) +<1, 2) + (1, 3)] \

+ 2X

.+ {[(0,1,2) +(0,1, B)]1-* (0,1) (0,l,2,3)[ (10).
If we then take for the determination of the ratios x ly l z : t, the
first two and the fourth equations of the system (3), we shall find

-4(0 +1)[(0,2, 3) + (l, 2, 3)]-4 (0,1,2,3)}
,l,2,3) + 2(0,l)[(0.2,3) + (l,2,3)]

x : y : s : t = •X, &

A-X,

and writing

and

we shall find

«—X, (3, y,
«i. A - X , 7lt

a~X,

= wl, JB, 0,

y 1 = a, 6, c,

0: y : z:«= (4 -a /0 : (B-bfi): (0-c/ i) : D (11).

Bnt, according to equation ($), /x is of the form p ± \/g ; hence (11)
may be written also in the following form

x y:z: t=z(A—ap±a</q) :{B—bp±b</q) : (0—cp±c/g) :D...(12);

and consequently, for every value of X, there are in general two valnea
for each of the coordinates a : y : z : t; in other words, each value, of
X in general determines two points on the curve. In fact, to each
value of X there correspond two values of fi, say ftu /J, ; and then to
X, px there corresponds one point, and to X, ft, one point; two in all.

If the discriminant has a pair of equal roots, then, as Prof. Cay ley
suggests, its square root will be of the form

and, assuming P\+Q = ^

the foregoing expression becomes
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that is, X and ft may be expressed rationally in terms of 0, and conse-
quently the curve is unicursal.

If the discriminant either has two pairs of equal roots, or vanishes,
it is clear that /i can be expressed as the ratio of two rational quad-
ratio functions of X, and that the curve is unicursal; but I am not at
present able to make further statement of the peculiarities of these
cases.

On the Explicit Integration of certain Differential Resolvents.
By Sir JAMES COCKLE, M.A., F.K.S.

[Read Nov. 9<A, 1882.]

1. Let y be any root of

yn-xy+x = 0 (1),

and let x be any root of xz'"1—n83+w8== 0 (2).

2. Then, if n = 3 or 4, we can so determine two numbers X and p

as that x~xy and «"

shall satisfy the same linear differential equation of the order n—1.

3. Put xyn-ya + l=0 (3),

then, y being any root of (3), ym satisfies the n-ordinal*

for all values of m and for all integral values of n and a, provided
that a<n,

4. In (3) and (4), substitute x'1 for x and 1 for a. Then (3) re-

* I have elsewhere (Trans. Royal Society, Victoria, Vol. vii., pp. 192, 193 ; 1866)
shown this. I do not repeat the proof here because means of verifying the result
have already been printed in the Proceedings. And if, at pp. 216 and 218 of Mr.
Harley's Addendum to Mr. Bawson's paper [Froc. Lond. Math. Soc, Vol. ix., 1878),
we make the substitution ''"'

/y-i, n-a, - 1 , 1, n, 1, -i»\
\ V, r, b, a, m, e, n ) *

wherein the lower line refers to Mr. Harley's formulas (i.) and (x.), we get
(3) and (4) of the text. . The results may moreover be transformed into, and con-
firmed by, a generalization of a theorem of Booln's, simultaneously and indepen-
dently arrived at by Mr. Harley in England, and by me in Queensland (see Report
of Britiih Atsociation, Meeting of 1866, pp. 2, 3 of "Notices and Abstracts").


