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if we take Uj so as to coincide with 2. Thus we have 3 + du = 0;
but we have Sdu = 0 ; hence we obtain

%, + %, = o0, a constant,

Ugt U= 0—=0 corrvrrrinreeniniiiinneeien e (17),
where w = Su. This is evidently true of three such relations corres-

ponding to the three conics of the system which can be described to
touch a given line.

Third Paper on Multiple Frullanian Integrals.
By E. B. Erumorr.

[Read November 8th, 1883.]

The two previous papers, implied in the title of this one, are to be
found in the volume of the Society’s Proceedings for the Session
1876—77. Their main subject was the evaluation, when possible, of
the multiple definite integral
]' r I {S (a2, @525, .., @u2,)—8 (b2, byay, ... b,,a:,,)} day d SN

M P By %5 ... Ty
the function S being a symmetric one in its arguments. The results
arrived at in them were rendered at once simpler and more complete
in a subsequent paper by Mr. Leudesdorf, which paper, together with
a method of arrival at the same conclusions obtained quite indepen-
dently and given me by Mr. Alfred Lodge, has materially aided me
in the following more general investigation.

The object before me now is to replace in the denominator of the
expression under the signs of integration the first power of the product
by any power whatever which will make the result finite, be that
power positive, negative, or vanishing. Thus in any particular sub-
class of results, such, for instance, as the one below specially con.
sidered, in which S(z, 2, ...2.) =f(2,) f (23) ... f(,), the few
isolated forms of function f, for which the result with the first power
is finite, may be expected to have corresponding to them a like num-
ber of isolated series of forms, each particular form giving a finite
result with some other power, integral or fractional, positive or nega-
tive, in place of that first power.

The theorem as to single integrals which has to be made funda-
mental, the first case of a more general one which I gave in the
Messenger of Mathematics for January last, is readily obtained as
follows. Let r be such a real constant and f (#) such & function of

tha [ £ (2) Ez’l’ is finite. This being so, f;@ must vanish both for
]

z=0 and 2= oo; and consequently, by the theorem known as
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Frullani’s, [ (L@ _reo 2=

P 1 (ax)"

1.6, .rf (aw) az _ a.-)j' I (m) da 4

0
Hence, integrating between hnuts with regard to a,

[ () —f o)} 2, “"’[f() (L),

the theorem desired. It must never be forgotten that, in proving it,
the integral on its right-hand side has been assumed not infinite.
Were it 80, the equality could have little meaning, and would be abso-

lutely untrue, unless the difference of limits [f;—f?] vanished.
0

Before proceeding from this to the general theorem, it seems well
first to investigate that sub.class of results which is of greatest
simplicity and apparent utility, especially as the application to it of
(1) is more entirely free from anything unintélligible or unsatisfac-
tory than may possibly seem to be the case with the use of that
equality in the derivation of the more comprehensive result ; viz.,

I. The sub-class

" e e de, da, ... da,
L L N jol{'llf @) 'I'I'f(b‘w‘)} @ o @)

* The remark seems worth making, that in general it is or is not lawful to apply

tho transformation # = ay to the integral j F(z)dz or ] F(z) dz according as,

when x becomes in turn positive infinity a.nd Z6ro, Or zero und negative infinity, as
the case may be, aSz) does or does not approach limits whose difference is zero.
In particular, it is always lawful when the integral is of finite value, since both
limiting values in that case vanish.

In like manner, = y +a is a lawful substitution to apply to r F(z) dz, wheb,

and only when, the difference of limits F (e )—F(~c) vanishes, as is always the
case when the value of the integral is finite, since then each limit is equal to zero.

And, once more, according as the difference of limits
[z log 2F (2)]; or [zlogzF (z)];
vanishes, a8 will in particular be the case when the value ofthe integral is finits, or
not, go is it allowable or not to transform J F(x)dz, or j F(z)dz, asthe casemay
bo, by a substitution like z = g2,
These and other like results are immediate from inspection of Frullani's theorem

in the forms j{np(az) ¢ (2) —={¢(oo)—¢(0)}loga,
.j {o(@+a)—9 (@)} dz = {$(=)=9(==)} 4,

[{oE-e@} o = s -0 @} 10gs,

and others obtained by simple transformations.
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The functions, and constants r, dealt with are exactly those for
which result (1) has been arrived at.
The double integral of the class,

] j {7 @2 f @) —F (By2) f (Byz)} ﬂf—*—

may be wntten 88 the sum of two double integrals, namely,

j f @) "‘?:,[ (@)1 ()} 23

+[ 70 B8 17 (07 (im0}

and this sum is, by (1), equal to
—b d. —b N d:
{58 [ r ) By 4 5[ 708 = RCE

If then we have satisfied the one condition

a,;—b;-i-a'l’—b; =0,
1.8, R L PPN ¢) A
the double integral is equal to

-SSR s o B [r @,

which, by (1), =- i‘h:—bx)_(ﬂ:_bx-”f'(z)d”} )Y

Now the symmetrical forms of the double integral and of the con-
dition (2) tell us that there are three other forms in which the
coefficient of the integral factor in this result might with equal
accuracy have been obtained, viz.,

-5 @@=, + & =B @b,
and + 5 =0 -8
It can, in fact, be immediately seen that the condition (2) is merely
the one, and the only one, necessitated by the equality of these four
expressions.  Calling, in fact, either of them ?1,- k,, their equality may
be expressed by saying that, if ¢ (z) = 0 be the quadratic of which

b;, b; are the roots, then aj, a; are the roots of ¢ (z) =—k;, or, in other
words, that for all values of z

(=) (=) = (2= (—1}) ks
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Hence, equating coefficients, we have
oy +ay = bi+b),
- the sole condition, and ayag = b b+ ky,

which determines the most symmetrical value for k, when it is satis-
fied. Thus we have, under the condition (2),

f f {f(@2) f (8:2) —f (b2s) f (By)} _(if;f;r—’n =4 (@a-53)

TN 7))

where 4 denotes ]' () i.—?."
. [}
A theorem has then been established for the cases n=1 and 2=3,

which may now be stated in general, and proved to hold for all cases
by the method of mathematical induction ; viz. :

If f (z) be such a function and r such a constant that j @ %?- s
[

of finite or vanishing value A, and if the constants a,, ag, ... @y by, by, o0 by
be connected, and k, determined in terms of them by the n conditions
which express the identity ’

(z—a))(x—aj) ... (a—a}) = (z=b))(z=b]) ... (z=bw) +(=1)" ku...(5) ;

wn other words, if a, ay, ... a, and b], by, ... b, be the roots of two equa-
tions of the n™ degree which differ only in their constant terms, and if k,
be the difference with proper sign of these constant terms, then

”' r {F @) f (@) o f (@) —F (Bi) S By ... f (Buzi)}

“duydeg ... de, ‘-'1—“1,
x (—————mlm’ oy R () B

* The reasoning above is inapplicable to the limiting case when r=0. Indeed,
in that case, tho equation (2) is nothing more than an obvious identity, and must,
it i8 clear, be replaced by the one obtained by taking the limit when » vanishes of

r r r r )
4.1:_61.,.5:6.2 = 0, e, by loga,+loga, = log b,+log b;.
r r

Similar independent processes would have to be gone through at all subsequent
steps. For this reason results (), (6), (12), (13), &c., though correct for all non-
vanishing values of #, do not stand the test of proceeding to the limit.

The necessary modifications of the work for the limiting case are, however, with
ease developed. The results are already known (see Mr. Leudesdorf’s paper), and
are, that tho coeflicient of 4" in (6), or of the multiple integral on the right in (12),
has to be replaced by

log a, log ag ... log a, — log b, log &;... log bu,
which call %, the connecting conditions being those which express the identity of
(s—1log a,) (s—log a3) ... (2—1og ay)
with (s—log b)) (s~10g by) ... (s=1og bu) +(—1)" &y,
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The method to be followed is the usual one of assuming this for the
value # and deducing it for n+1. Having succeeded in this, since it
has been shown true for =2, it will have been proved universally.

Take then the (n+1)-tuple integral

[f [ 1 @02) £ (@y23) o f urnar) = (By2) f(Bys) e f (Baniaen)}

° x o, da, ... dow
(3133, ‘”Ml) rer

Introducing n —1 constants, at present arbitrary, ¢, ... c,, we write it

rf(“l”l) r#IJ J- J‘ {f(a’!z!) f(a’ﬂm")f(anﬂ”u*l)
_.f(o!ml) f(allwn)f(bvulwu’\)}
da:! .dz,dz, .
(z, R

[ f(b"””"*’) r’::lf I e {f(a.lx,)f(c,m,) -"f(cn‘”n) .
Pt dode Jo —f (&y21) f (Bs2y) ... f (Buwa)}
dm,das . da,
(zla’i a’n)”p

which, on the supposition that the theorem holds for the value %,
VS PR aPPRY "R da
- prs {kn ]‘Df(a’lz) mr01+k" [0 f(b”’lm) mrol} ’
provided the 2n conditions be satisfied which express the identities
(z—ay) ... (s=a2) (2= 0n.1) = (¢~0;) ... (3—C) (=Dl 1)) + (—1)* K,

(z—a) (3—c) ... (z—cr) = (2=b])(5=Db}) ... (z=b2) +(—=1)"K,...(8),

and which becomes, if the one additional relation

Ky = O rereeeeransenseeeenens oo (9),
holds, [ {f (@a)— e} 2,
i.e, by (1), f—,",}’ Ty (@ =B2) weererereerersereecreneenns (10).

On the whole, the conditions (7, 8, 9) under which this has been
arrived at are in number 2241 in the 3n+8 constants a,, ... a,,,
byy «vv Basly €3y oo Gy kiny . The result of removing n of these, %, -and the
¢'s, a8 we wish to do, must be to leave 7 41 conditions in the remaining
2n+3. Now, these n+1 are easily exhibited by multiplying identi-
ties (V) and (8) by s—a; and z—bj,, respectively, and adding, so as
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toget (z—a)(z—ay) ... (z—an,) = (=) (E—b)) ... 6—bu.)
' +(=1)"{k. (7'—”';) +k, (Z—b,’;,l)}
= (=b)(z—b)) ... (2=bnn) +(=1)""ku (= b00),
by the use of (9). '

The form of result (10) for the n+1-tuple integral, and the n+1
conditions expressing this identity found as necessary for its accuracy
on the supposition of the soundness of the theorem for n-tuple in-
tograls, are then exactly the form and the n+1 conditions which
suffico as above to express the theorem for the case of n+1. = of the
conditions are relations proper-in the a's and b's, the (n+1)* deter-
mining the %, (a;—b5,1), or, to use our earlier notation, the %,,;, in

terms.of them, viz., k,,;=a;a;... an.—b;b; ... o bl

The theorem is then, by the usnal rea.sonmg of mathematical induc-
tion, completely established.

The following is the transformation of the theorem first proved to
which we are led by the substitution = ¢¥, a = ¢%, &c. The inde-
pendent development of it is possibly even less cambrous than that

gone through above. If the integral j e~ ¢’ (y) dy, where r is a real

constant, have a finite value 4, and, if the conditions be satisfied which
express the identity

(=) (=) S =P (=) DK
dhen ]'Q [0 see Jo —1'(1/|+Uz+ +”"){ lI ¢ (‘!l-+ (l.) H ¢ (Ju+ﬁt)}

e xdydyy . dy,
= 7 Ia,. = -—{e’ (ux+uaf.--+a")_cr ErtbatetBY | (11),

From the sub-class we now proceed to

IL. The General Integral _

I j j {S(a‘ml, A3Byy oo “uwn) -8 (b2, b “m o bu‘”n)} M'Ld:%»

do o (@2 ... 2,)
'where § is any suitable symmetric function. ‘

" The double integral

r jo{s (a2, a32) =8 (b, a.,, bya,) }- (d"'ld”

)rol
® (&
I j {8 (a2, ay2,)—8 (a,2,, ﬂs) +8 (a,m,, byry) =8 (b, l’r"z)}
’ . o dwda,
(1 @ )nl'

and this, by two uses of (1), the ml)})licdbility of which would secem
VOL: Xv.—No. 216: c
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to require that S (z, ¢) be, for all values of ¢, a function of 2 such as
the f (z) of that equality,

=(h:92[ _[ —d—s("“la’u z,) dm,dw,+ r rr—S(mh 3 n)dx,dz,
0

r ) dmy a:'.'“ A 0 )¢ A
ar_br ' d d
=~ SB[ [" L 15 (arm 20— 5 (B ) s,
0Jod @,

provided the condition a;+a; = b;+b; be satisfied,

(al—bQ)(al—-b )r r d S( 2,) e dz, da,

o dx,dz, T % (=, )"
by a farther application of (1) which, since the operation a_o_l_ may be
ry
considered subsequent to the integration with respect to z, appears
to necessitate no further limitation of the forms of function 8. The
work of modifying the factor multiplying the integral in this result
proceeds exactly as the corresponding reduction which produced (4),
and need not be repeated.

The general theorem to which we are led may now be stated : viz.,
If 8 (=, 2, ... @,) be a symmetric function of its n arguments, restricted
in form by a condition, which would seem to be that for all values of n—1
of these arguments, it is such a function 8 of the n'* argument x that for
*dS dr

a certain value of r J. im 18 finite, then, r having that value,
2
0

[]

dx,de, ... dz,

@25 ... @)™

="L’:§ [ “-I -—-_L S(xu Lgy ooe ib',,) M'"(lz)’
f 0J0

o dz dz, ... dz, (225 ... 2,)"

I I I {8 (a2, a2y, ... a,2,)—8 (b,2), by, ... bu2,) }
0

0 JO

if a, ... @, by, by, ... b, be constants connected, and k, one determined
in terms of them, by the n conditions which ewpress the identity

(=) (=) ... (=) = (= b)=1}) ... (= B0) (= 1) Fnn. (5).

The derivation of this from the case of » = 2 by mathematical in.
duction proceeds exactly as in the case of the sub-theorem already
demonstrated, as far as conditions are concerned. It will be well,
however, to exhibit in outline the deduction of the integral form for
case n+1 from that for case n. The method is, as before, to intro.
duce n—1 new constants ¢, ¢, ... ¢,, We thus have

I J‘ een I {S(a'lmu ces Ay a':nlwnol)_s (blmh eos buzm bnuznol)}

0Jo 0
da,, dzy ... de, dz,,,l
(zx « Tnlyy l)
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= I { I {8 (a,2y 0,25, ... Quiy Gor1®ns)
. 0 J0 0 ~ 8 (@, Cagy +vv CaTuy bys1Tnsr) }
da,,d:c, LAz,

© o " (wlzﬂ wun) rt
+[ j J' {8 (0,2, cs2, ... €20y D1 ®0sn)
’ —8 (b2, byy, ... by bn+lmn+])}
dzld:c, da:,.“ '
(a:l:c,  Za) !

o o © n d d: »
- k".!. j e 5 d . S (a,l'ul’ Ty, ... m"”) _l?_’bl{b,—'l“_
0 Y0 0 dw’

" dwm, 1 ro ! (x, o Bpy ‘)r

’ fo (o ® J» de.d d »
+ "'&“j J’ j d_ml—_d——s (mli s mﬂ, b'l'imilfl) M’——TE,_T:)

™" [} ( voe n) Zpal

by two applications of the theorem for the case » under the proper

conditions; and, further, by cyclical interchange of the suffixes of the

variables, and an application of (1) under the last condition k,+k,=0,

=k @t [ [ - [ g 5 ot Sty
0J0

o Az dy ... Aoy (=25 ... Znyy)

the limitation of S (x,, @y ... Z,.1) implied being, it would seem, that

stated above, since the operation may be considered sub-

d
dzg... dz,.
sequent to the integration with regard to z,. The remainder of the
reasoning is exactly that by which (6) was established.

The companion theorem, derived from the form of (1) which gave
us (11), may be stated :—If S (4, ¥s, ... Yu) be such a symmetric func-
tion of tts n arguments as to be, whatever be any n—1 of them, a function
of the n' of the nature of the ¢ (y) introduced in (11), then, under condt-
tions which express the identity

(r—e"™) (z—6") ... (z—=e"n) = (2—6™) (2 =) ... (z—&Pn) + (—1)" k,.,
the equality holds— '
I j’ . I e—-" (y1+yz+...+y,,) {S (2/1+a1; y,+ﬂ’, e y"+a”)

- —8 (1:+Bus Ya+Bsy o+ '.‘Iu‘*'ﬁu)}
X dy,dy, ... dyn

’ B n
] =r (n1+ya+..+y,) ___;'z__
T J’_n]’-¢.-.1‘-’:e dyldy, . dy,,S(yl’ ?/h-.. yn)
X dy,dyg ... Wy eevvnrviriiniriennennanne (18

?r‘

The apparent stringency of the limitations to the forms of syms

metric function in these two companion forms of result is great, and
c2
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may probably be modified. It will indeed be strange if in each case
what is necessary for the result arrived at to be true is not in reality
exactly what is required for the integral on the right-hand side to be
intelligible and finite. It may be remarked that the general results
give correctly the first obtained ones (5) and (11), and also, with the
proper modification of the factor L, or , according to the note on
_page 15, the special ones for the case r =0 treated of in my own and
Mr. Leudesdorf’s foi‘niefpapers

- A new point of view of the whole subject of Frullanian integrals,

which may possibly indicate its real extensiveness, is suggested by
the forms of the general results (12) and (13). Taking the former,

. du

. dayday ... da,
arTive at a result which expresses that the mtegral on ‘the right is one
to which it is lawful to apply tlie transformation which replaces
Ty, By .. T, DY 012, Ay2y, @,,. From this starting-point the results
obtained might possibly have been arrived at with greater elegance
than has here been done. The all-including result wounld be obtained
by starting from the most general equality of tra.nsforma.tlon which
¢ould ba proved of the form

o S G . gy ,) 02y . A2
” I Tanday o da, T (1 B ) o)

: 2 .y dz,dzy ... dz,
=baea) [ [ | g P Gun ) (o

and proceeding by integration with regard to the constants.

and applymcr to it the successive differentiation , We

On Symmetric Functions, and in particular on certain Inverse
Operators in connection therewith. By Captam P. A. Mao.
Magon, R.A. '

' [Read Nov. 8th, 1883.]

1. The present paper is more especially concerned with theé non:
unitary symmetric functions (that is, with those whose partitions
contain no unit), their calculation and the development of their pro-
perties; for the reason that it has bcen recently shown (vide the
author’s paper in Vol. vi.,, No. 2, American Journal of Mathematics)
that they are, in'fact, seminvariants of an allied quantic, and the whole
series contains potentially the complete solution of the syzygies which
exist between the sources of covariants of binary quantics,



