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On the Functions associated ivith the Parabolic Cylinder in

Harmonic Analysis. By E. T. WHITTAKBR. Received and

Read December 11th, 1902.

1. Introduction.

The following paper is a study of the functions defined by the
differential equation

•where Z is a quadratic function of z.. To these functions the name
functions of the parabolic cylinder may be given, as it was shown by
Weber (Math Ann., Vol. i.) that the harinonic functions applicable to
the parabolic cylinder satisfy this equation ; some power series which
represent these harmonic functions and satisfy the differential equa-
tion have been found by Baer (Diss., Gdstrin) and Haentzschel
(Zeitsehrift fur Math., Vol. xxxni.)

The differential equation, however, has an importance quite apart
from its occurrence in harmonic analysis ; for, owing to its simplicity,
jt naturally is presented to us as the first object of study in the
general scheme of defining new transcendental functions by means of
differential equations; and it will be evident from the results found
in the present paper that many definite integrals, which have been
suggested at various times by different writers as suitable definitions
for new transcendental functions, are really special cases of definite
integrals which satisfy the differential equation of the parabolic
cylinder.

2. Description of Paper.

In the present paper the differential equation associated with the
parabolic cylinder is first (§3) solved by means of a family of de-
finite integrals. It is then (§ 4) shown that one of the integx'als of
this family possesses properties which fit it to be taken, as a standard
solution, and this integral is denoted by-D,,(z). It is shown that
i),,(z) possesses an asymptotic expansion which is well suited for the
purpose of calculating its numerical values, and that in certain cases
it degenerates into an elementai-y function. It is then (§ 5) shown
that the general solution of the equation does not introduce any
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function other than Dn(z), and a second family of definite integrals
is found which satisfies the differential equation.

It is then shown (§ 6) that the function Dn(z) possesses two sets
of recurrence formulae, and that in the case in which n is an integer
(§ 7) this function can be expressed in a simple form, and (§ 8) that
it possesses integral properties and can be used to form expansions
of arbitrary functions. A third family of definite integral solutions
of the differential equation is found in § 9, and a fourth family in
§ 10, and the members of these families which represent Dn(z) are
determined.

3. Determination of a Family of Definite Integrals which satisfy the

Differential Equation.

As has already been said, the differential equation found by Weber
for the functions of the parabolic cylinder is

where Z is a quadratic function of %. There is' clearly no real loss
of generality if we write this in the form

where n is a constant. We shall accordingly adopt this as our
standard form of the equation.* It is evident that two independent
solutions of this equation exist of the forms

and

, 2n + l 2 , 4w + 4tt + 3 .
X - Z -+- Z •+• . . .

4 96

respectively. These series are convergent over the entire z-plane,
and may be taken as the two fundamental solutions. As, however,
seines-solutions of this kind have been discussed by the two previous
writers, and, as we shall show that it is advantageous to choose the
two fundamental solutions otherwise, these series need not further
be mentioned.

In order to obtain a pair of fundamental solutions suitable to be
taken as standards, we shall first show that a family of definite

* This differs from the standard forms previously adopted ; the reason for it will
appear subsequently.
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integrals exists, by means of which the solutions can be represented ;
for in the differential equation

let a new independent variable be introduced by the relation

y = e"isV'tt.
The equation becomes

f | f - l ) u = 0.
dz

Ifow, if v denote the integral

f e-'-WH-'^dt,
Jr

where the path of integration y is for the present unspecified, we
find that

i) d"v , ,.-> 3 X dv . , i <.
z' -J-J + (2nz—z6) -- +«(»* — l)t>

dz1 dz

It follows from this that any integral of the type

is a solution of the differential eqtiation of the parabolic cylinder, provided
the path of integration y is such that the quantity

{*»__&«_ (w_l)a«} t-ne-t-W^)

resumes its initial value after describing the path.

This result furnishes a large number of definite integrals which
satisfy the equation; thus, the quantity

{t*-tz*-(n-l) z2} rne-'-*('-^
is zero at the points

t = 0 (when n is negative),

t = co f provided the direction at infinity is

such that — is real] ;
z I

2 K 2
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and therefore, if y be a path joining any of these points, the expression

e-lxy [ e-'-WH-^'dt
Jr

will be a solution of the differential equation.

4. Asymptotic Expansion of one of the Integrals found in § 3.

Determination of a Standard Solution.

Among these solutions there is one which (as will appear later) is
especially suited to be taken as a standard solution. This is the
integral taken along a path which encircles the origin in the i-plane

and begins and ends at infinity in that direction which makes — a

positive real quantity. This path will be denoted by S. We shall
now show that this solution

possesses an asymptotic expansion when-s is real and positive.

For let z be any real positive quantity greater than some fixed
quantity A"-. Then the path of integration can be divided into two
parts, namely, (1) a part 8, consisting, of the portion of 8 which is
contained within a circle of radius h and centre the origin, and (2) a
part S._, consisting of the two portions of 8 which are outside this
circle. Thus

1 + ! , . . . (

The lirst of these integrals can be evaluated by help of the relation
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and thus furnishes the terminating series

»T(n + l)

Considering next the second integral, we observe that at all points
of its path of integration 8, the quantity

can be expanded as an absolutely convergent series in the form

( r+1) ! \ 2 s 2 /

from which it follows that, when z is large (r being supposed pre-
determined independently of z), the second integral can be written

where -4 remains finite when z is indefinitely increased.
Considering, lastly, the third integral, we observe that \t\ is

greater than k at all points in the range of integration, and there-
fore (r being supposed predetermined independently of z) the
occurrence of the factor e'* in the integrand shows that the integral
will at most be comparable with e~k when k is large, i.e., it will for
large values of z be small compared with the second integral,

Summing up, we see that, if r be a predetermined integer, then the

solution e-*l'[ e-'-J^V-'d*

can for large positive values of z be expressed in the form

. r . e l
tT(n + l)

+ (-l)r-'n(n-l)...(n-r+l) 1 , A )
(r-1)! (2Z*)'-1 z2rr

where A x'emains finite when z increases indefinitely ; that is to say,
the divergent series

2'r!
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is an asymptotic expansion of this solution for large real positive vahies
of z.

We can now define our standard solution in the following way :—

The integral »r(*-+1V»iV f er'-^^i—^-^

will bo denoted by D,,(z),

and n-ill be taken as a standard solution of the differential equation of
the 'parabolic cylinder.

The function I),, (z) is a one-valued analytic function, regular for all.
finite values of z; and, for large real positive values of z, it possesses the
asymptotic expansion

1 _ «(«—!) , n(n— l)(n—2)(n—3) _^ + - o - ? - .

It is obvious that when n is a positive integer this last series
terminates; in this case the function D,,(z) therefore degenerates
into the product of an exponential function and a polynomial. This
case will be deferred for the present; but. it may be observed that
this circumstance is a justification for the choice we have made of a
standard solution.

When the real part of n is negative, by deforming the path of
:integration, we find that the function Dn(z) can be expressed by the real
integral

B,,(z) = ^e
r ( it)

5. Eapression of the Second Sohition of the Equation in terms of Dn(z)-
A Second Family of Definite Integrals xohich satisfy the Equation.

Since the differential equation

'is unaffected if we simultaneously replace n by —«—1 and z by — iz,
and. since from the asymptotic expansion it is evident that D,,(z)
and D_n-\(iz) cannot be mere multiples of each other, we see that
the general sohition of the differential equation of the parabolic cylinder is
expressible in terms of the D-function in the form

where a and b are arbitrary constants.
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This transformation shows that integrals of the type

&8* ' j ^ e '•H'/-)<-,&,

where y is any path such that the quantity

resumes its initial value after t has described y, constitute a second
family of definite integrals satisfying the equation.

6. liecurrence Formula for the Function D,,(z).

For all real or complex values of n and of z the function Dn (z)
satisfies certain recurrence formulas. For, on integrating by parts
the right-hand member of the equation

= f
13

we obtain the result

Du (z) —zDn_i (z) + O— 1) Dn-2 (z) = 0,

and in the same way we can obtain a second recurrence formula,
namely,

~Jz V^Z n^z'~n »->W —

7. The Functions Dn (z) in the case in xohich n is an Integer.

"We have already seen (§ 4) that when n is an integer the function
Dn(z) ceases to be a new transcendental function and becomes
merely the product of an exponential function and a polynomial.
Its explicit expression may be found as follows :^-We have

DH (z) = ?r_(w+J)e-*V f e-'-»('J/lS) ( - 0 - " ' d t .

If we take a new variable v defined by the relation t = z(v—z), the
resulting integral can, when n is a positive integer, be at once
evaluated by Cauchy's formula for the w-th derivate of a function.
We thus obtain the formula

which rep'esents Dn (z) when n is a positive integer.
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Applying the transformation which changes z to iz and n to —»—1,
we see that, when n is a negative integer, the expression

_ 1 - Q

is a solution of the differential equation. This gives a second set of
solutions expressible as the product of an exponential and a poly-
nomial.

8. Integral Properties of the Functions D,, (z) when n is an Integer.
Expansion of an Arbitrary Function.

We shall now show that the functions Dn(z) possess properties
analogous to those expressed in the theory of Legendre functions
by the well known equations

p.Wp.w=o, f_ *:(.)

For, from the differential equation, we have

•n / \ dD,. (z) 7-» / N dD,, (z) , , \ -r, / \ n / \ r»
" ^ ~aV ~ " ^ dz* ( m - ' O D>» (*) D» (*0 = 0.

and, integrating this relation between z = — oo and z = oo , ion have
the integral relation

| " D,n(z)nn(z)dz=0,

for all unequal integer values of in and n.
Moreover, we have by the recurrence-formulae

Transforming the right-hand member by use of the theorem just
established, and by integration by parts, we obtain

1 Dl(z)dz=zni Dl.l(z)dz
J -m J - »

=•«! e'^dz,
J -»
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whence, for all integer values of n, we have the integral relation

f"

From these integral relations it is evident that, if any function f (z)
be expanded in a series of the form

then the coefficients are given by the relations

9. A Third Family of Definite Integrals which satisfy the Differential
Equation : Expression of Dn(z) as an Integral of this Typo.

We shall now find another family of definite integrals which satisfy
the differential equation.

For let y
J y

where the path of integration is for the present left undetermined.
Then

It follows that the differential equation of the parabolic cylinder
satisfied by any integral of the type

provided the path of integration y is such that the quantity

resumes its initial value after t has described y.
A large number of paths y can be found to satisfy this condition;

among these we shall select the one which gives our standard solu-
tion Dn(z).

Let e denote a path of integration which encircles the point t = — 1,



426 Mr. E. T. Whittaker on the Functions associated [Dec. 11,

and begins and ends at infinity in that direction which makes zH
negative. Then, if we form the integral corresponding to this path,
we easily find that it possesses an asymptotic expansion of the form

z"e~lz' x a power series in —; and, on evaluating the first coefficient
z

in this sei'ies and comparing with the asymptotic expansion of Dn(s),
we have the formula

ir(f+1)r
which expresses the function Dlt (z) as a. member of this family of in-
tegrals.

When the real part of n is negative, this gives, on deformation of
the path, the result

Bin w *

10. A Fourth Family of Definite Integrals which satisfij the Differential
Equation. Expression of Dn (z) as an Integral of this type.

By a similar process to that employed in § 3 and § 9, it can be
shown that the differential equation of the parabolic cylinder is satisfied
by any integral of the type

J,
provided the path of integration y is such that the quantity

resumes its initial value after t has described y.

A large number of paths y can be found to satisfy this condition,
and these furnish integrals of the equation. Among these we shall
now find one which represents the standard function l),,(z).

Let r) denote a path of integration which begins and ends at in-
finity in the direction which makes z*t positive and which encircles
the point t=l.

Let yx denote the integral taken along this path, so that
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Then, if s be a new variable defined by the relation

z

we have y, = 2-»n+Vl!V (Y1*-*- ds,

where the integration is now taken round a contour which begins
and ends at infinity, and encloses the point $ = 0.

This quantity clearly possesses an asymptotic expansion of the form

e~isV x a power series in —,

and is therefore a multiple of DH (z). To find the constant multiplier,
we observe that the first term in the expansion is

•2-»"V**-j e-'s-^ds

or —, .*?. e-*:V.

It follows that y. = Z'1"**™" D,, (z),

( )

and therefore that Dn(z) is expressed as a member of this family of
integrals by the formula

.„ 2 ' z\ e-*^

When the real part of n is less than,unity, it is easily seen by
deformation of the path that this can be replaced by the real integral

yl1—1l\ Jo \ . a?/




