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1. I propose to discuss the different types of abstract groups
whose orders are p3q, p and q denoting different prime numbers. I
must express my thanks to Prof. W. Burnside. F.R.S., for his
criticisms on my work, which have enabled me to abbreviate it
considerably. Before beginning the consideration of these particular
groups it will be well to refer to the previous work of this nature
that has been published, and to the general theorems of the theory
of groups, of which use will be made.

Throughout this paper the letters p, q, r, ... exclusively denote
prime numbers, and {A, B, ...} denotes the group obtained by com-
bining in all possible ways the operations (or groups) A, B, ... .

There is, as is well known, only one type of group of order p, viz.,
the cyclic group {-4}, where Ap = 1 (Burnside, Theory of Groups,
p. 26).

There are two types of group of order p2:—
(i.) {-4} where Ap" = 1 (and no lesser power of A equal to 1; this

proviso will in future be implied, for the sake of brevity).

(ii.) {A, B}, where A" = B"= 1, AB = BA.
Both of these types are Abelian (alias " commutative "). (Burnside,
Theory of Groups, pp. 63 and 81 ; Young, " On the Determination of
Groups whose Order is the Power of a Prime," Amer. Jour, of Math.,
Vol. xv., 1893, p. 132, and Cole and Glover, in the same volume,
p. 192.)

There are also two possible types of order pq:—

(i.) {A, B}, where A" = 1, B'1 = 1, AB — BA; this may also be
written {(?}, where Gm — 1.

(ii.) {A, B\, where A" = 1, B" =.1, and A~XBA = B", where a is
any primitive root of the congruence

av = 1 (mod q).

This type only exists Avhen q— 1 = 0 (mod p).

(Burnside, Theory of Groups, p. 100, and Cole and Glover, loc. tit.,
pp. 193, 194.)
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Groups of order p* are dealt with by Burnside, in his Theory of
Groups, pp. 81, 82, and 87, and by Young, and Cole and Glover, in
their papers already referred to. (See also post, § 4.)

Groups of order pzq are'given by Burnside, loc. cit., pp. 132-137,
and by Cole and Glover, loc. cit.

Groups of order pqr are given by Cole and Glover, loc. cit.; and,
lastly, groups of order p* are enumerated by Burnside, Theory of
Groups, pp. 87, 88, and by Young {loc. cit.). See also the memoir by
Holder, "Die Gruppen der Ordnungen p*, pq\ pqr,p*," Math. Ann.,
Vol. XLIII.

2. Sylow's theorem forms the basis of attack on all groups whose
orders contain more than one prime factor. It is expressed by
Burnside (p. 92) as follows :—

" If p" is the highest power of a prime p which divides the order
of a group Q, the sub-groups, of G of order p" form a single conjugate
set, and their number is congruent to unity modp."

An important corollary is that, if G contains more than one sub-
group of orderp", the order of G must be divisible by \ + kp (k>0).
Yov there are, in the case supposed, i + kp sub-groups of order jpa,
forming a conjugate set, and the number of sub-groups forming a
conjugate set necessarily is a factor of the order of the group.

A second and equally important corollary is that the number of
groups of order p" contained in G caii be expressed in the form

l + k^ + hp^ ...+kap
a,

where k,.pr is the number of groups of order p" having with a given
group II of the set greatest common sub-groups of order p"~r

(Burnside, p. 94).
A third, which will also be useful in the. sequel, is given by

Burnside (p. 94). Using the previous notation, this theorem asserts
that, if h is a sub-group common to H and some other sub-group of
order p" such that no sub-group which contains h and is of greater
order is common to any two sub-groups of order p", then there must
be some operation of G of order prime to p which is permutable
with h, and not with if.

3. Two other general theorems will be frequently employed later on.
(1) Let G and J ibe two self-con jugate sub-groups of some third

group, having no common operations except identity; then every
operation of G is permutable with every operation of H (Burnside,
p. 44).
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(2) Let Av A2, ...,An be all the sub-groups (or operations) of a
certain type contained in 0 ; and let Q be an operation in 0 of prime
order q. Transform Ax with respect to Q; the result Q"M,Q is a
sub-group (or operation) of 0 of the same type as Av and either it
is J4J or it is some other of the set, say A2. In the latter case,
transform A2 by Q, obtaining A3, say, and so on, till the cycle closes.
Then the cycle contains q of the sub-groups (or operations) Au A2,... ;
for, if possible, suppose the cycle closes with Ax (x<q), so that

Then we get Q~xyAx QTJ = A 1

for all values of y.

Now choose y so that xy = 1 (mod q) ; we thus obtain the result

which contradicts the hypothesis

QTXAXQ = A%.

Therefore the sub-groups (or operations) Av A2, ... may be divided
into I sets of q each, and m each of which is unaltered by transforma-
tion Avdth Q, i.e., is permutable with Q; and then

n == m + lq.

4. The various groups of order p3 must now be examined, and the
facts as to their l^espective structures proved, Avhich will be needed
when I come to consider them as sub-groups of groups of order psq.
In particular it will be useful to know, as to each group of order jp8,
how it may be made isomorphic to itself (see Burnside, chap, xi.) ;
that is, how to find operations Ao, Bo, ... in terms of the generating
operations A, B, ... such that Ao, J50, ... obey the same number of
relations, and these of the same form as A, B, . . .; it is obvious that,
if this is so, the group may be regarded as generated by Ao, Bo, ...,
just as much as by A, B, . . . .

I. {^1}, where A'* = 1.
This contains one sub-group of order p, {A**}, and one of order p*,

{A"}. It is generated by Ao = Ax, provided only that x is prime
to p.

This group contains therefore p2 (p — 1) operations of order JJ8, and
so the order of its group of isomorphisms is p2 (p—1). Both its

p 2
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sub-groups are characteristic sub-groups, i.e., such as are unaltered
by every isomorphism of the group (Burnside, p. 232).

II. {A, B}, where A"' = 1, B>' = 1, AB = BA.
This contains p +1 sub-groups of order p. {A1'}, and \AkpB} (where

k = 0, 1, ...,p—1), and p cyclical sub-groups of order p8 {̂ 45*}
(where k = 0, 1, ..., p—1), and one non-cyclical sub-group of
order/ {A», B}.

Let Ao = A*B'\ BQ = A:''Br, where x is prime to p, and at least
one of z and r is prime to p; then A'£ — 1, B* = 1, and A0B0 = B0A0.

To secure that{^0, J50} generate the group, we must also ensure
that Bo is independent of Ao.

Suppose that Bo = ^1*;

then Az"Br = AxkB"\

nnd so .r/c — zp (mo&p2),

yk = r (mod_p).

Since x is prime tojp, k = 0 (mod;;) ; that is, 7- = 0 (modjp). Pro-
vided therefore that r 5^ 0, Ao and 7i0 generate the group, and are
evidently the most general expressions for any possible pair of
generators. The group of isomorphisms is therefore of order
p* (p—I)3. The characteristic sub-groups are easily seen to be
{A', B} and {A"}.

III. {A, B, C}, where A" = B" = C" = 1, AB = J?4, 4C = Oil,
and I?C = GB.

This contains |J2+j3 + l siib-groups of order p. and the same number
of order pi, all of the latter being non-cyclical (Burnside, pp. 59, 60).
Every operation of the group is of order p (except 1). Ao = Aa'B"*C"*,
Bo = Ab'Bb'G\ and GQ = Af>B'*Gr' will generate the group, provided
that the three congruences given by yl*7?J(()j; = l cannot co-exist;
these are

o,a; + ?»i3/ + CiS = 0 (modp),

atx + biy + ciz = 0 (mod p),
asa : + ̂ s?/ + csz = 0 (mod p).

atat ... must therefore satisfy the condition
&1 0
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The order of the group of isomorphisms is

(Burnside, pp. 58, 59) ; that is,

This group evidently has no characteristic sub-groups.
These groups I., II., III. exist -whatever prime p may represent,

either 2 or any greater prime. Since they are Abelian groups, every
sub-group is self-conjugate. The remaining groupB of order p* differ
in form according as p represents 2 or an odd prime ; and they are
not Abelian groups.

IV. {A, B}, where A* = 1, B2 = 1, BAB = A'\

The operations of this group are
1, A, A2, A-\ B, AB =BA-\ A2B = BA\ A~lB = BA.

It contains altogether five sub-groups of order 2 : of these one is self-
conjugate, {A2}; two form a conjugate set, {B} and{J.8J5}; two
form a conjugate set, {AB} and {.d"1!?}. And it contains three sub-
groups of order 4, all being self-conjugate; two are non-cyclical,

{A\ B} = (1, A2, B, A*B) and {A2, AB} = (1, A\ AB, A'lB) ;
and one is cyclical, {A}.

Obviously the most general expressions for Ao and Bo are Ao =
BQ - A'B {x = 0, ± 1 , or 2); for then A<0 = 1, B2

0=z 1, and

B0AQ Bo = A'BA±lA'B = ArA^~x = A*1 = A~x;

and evidently Ao and Bo are independent, except for the above
relations.

The order of the group of isomorphisms is therefore 8.
The characteristic sub-groaps are {A} and {A2}.

V. {At B}, where A* = 1, B2 = A2, B~'AB = A~\
The operations are 1, A2, A, A\ B, A2B, AB, A'lB, the latter six

being each operations of order 4, and the square of each being A2.
This group contains one sub-group of order 2, {A2}, which is self-

conjugate ; and three sub-groups of order 4 each cyclical and self-
conjugate,

{A}, {AB} = (1, AB, A\ A~'B), and {I?} = (1, B, A2, A*B).
The group is symmetrical in A and B, for from the relations given

it follows that A~XBA — B\
Any independent pair from among the six operations of order 4
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may be taken to generate the group, viz.,

J o = 4 * \ B9 = A*B (fc = 0, ± 1 , 2),

or B0=A±], A0 = AkB (k = 0, =fc 1, 2),

or A0=A'B, B0 = A'"B

(I = 0 or 2, w = ± 1, or vice versa).

And in each case A*o = 1, J5J = A% and B0"'>I.0J50 = A'1.

The order of the group of isomorphisms is therefore 24. {A*} is
the only characteristic sub-group.

VI. {A, B], where A* - 1, J?"= 1, J?-MJ? = 4 p t I , andp is odd.

This contains one self-con jugate sub-gronp of order p, {A1'}, and
p other sub-groups of order p, {AtpB}; forming a conjugate set; also
p cyclical sub-groups of orderp*, {ABk}, which are self-conjugate,
and one non-cyclical self-conjugate sub-group of order p*t {Ap, B}.
In this group

(AaBt'Y = Aax~*ttt'l)r(*~x) Bht.

L e t A0 = AaB", BO-AC>\BA;

then a ̂ 0 . (mod p), or else Ao would be of order _p, and d^O, or
else 2?0 would be a power of Ao. Then

and Al"' - Aall^B\

In order that Ao and Bo should take the place of A and B it is
necessary that d = 1; that is,

Ao = A"B\ Bo = ArpB.

And it is easily proved that (if a is prime to p) Ao and BQ are not
connected by any additional relations.

The order of the group of isomorphisms is therefore p* (p—1).
The characteristic sub-groups are {Ap} and {Ap, B}.

VII. {4, B, G}, where A" = B" = C = 1, AB = BA, AC-CA,
and C~XBC = -A.B ; whence also B~lCB = ^" 'O; here p must be odd.
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From these we derive
C'B" = A"vByG*

and (A"BbCc)x = A a x ' |6"(X-1) BbxC".

Therefore every operation of the group is of order p. A and its
powers are the only self-conjugate operations.

This group contains p2+p + l sub-groups of order p*\ of these one
is self-conjugate, {A} ; the remainder consist of p + 1 sets, each set
containing p conjugates; the sets are

{AkB} (& = 0, 1, . . . , J > - 1 ) ,

( J. 0 1 M 1 \

• AT If*

And it contains p +1 non-cyclical self-conjugate sub-groups

{A,B} and {A, BO} (j = 0, 1, ...,p-l).

The most general transformation of the group into itself that is
possible, having regard to {.4} being the sole self-conjugate sub-
group of order p, is

Then A0B0 - B0A0, Ao 0 0 = O0 Ao,

and A0B0 = Ab>"B'*Cb>;

therefore x = 68c8—68cs (mody).

Also the sufficient condition that Co should not be expressible in
terms of Ao and Bo is that b2c3 =£ 63c,, which is, of course, satisfied
when the above congruence is satisfied.

To determine the order of the group of isomorphisms, we must
find the number of solutions of the congruence

x = bgCj—68Cj (mod 2?)

such that x is prime to p.

There are 2p —1 pairs of values which 6, and c8 can assume such
that A / J \

o,cs = 0 (mod p) ;
with each of these 63 and c% can each take any of the values
1, 2, . . . ,2>- l : thus, if

S O (modp),
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there are (p—l)3(2p — 1) solutions; if

68c2 = 0 (mod;?),

there are again {p—I)8 (2p—1) solutions.

Lastly, if none of 62, &8, c4, c8 are congruent to zero, to each of the
(p— I)8 sets of values of bv 63, and c2 there correspond one value of
c8 which makes

ftac8—68cs = 0 (mod 2?)

and p—2 values which do not; in this case then there are
(p— I)9 (p—2) solutions.

The order of the group of isomorphisms is therefore

f [2 (jp-i)«(2p-i) f (p-ifip-v] =p*(p-iy

is the only characteristic sub-group.

In future I shall refer to these groups by their numbers in this
list.

5. Principles of the Classification of Groups of Order psq.

The application of Sylow's theorem to this order shows that there
are either 1 or q sub-groups of order p3 in a group of order psq; iu
the latter case,

<7 = 1 (mod p).

Also there are either 1 or p, orjp8, or p3 sub-groups of order q in
such a group ; if p such sub-grdupS, then

p = 1 (mod q);

if p* such sub-groups, then

p = 1 or — 1 (mod q) ;

if p* such sub-groups, then

p = 1 or p*+p + l = 0 (mod q).

Thus the groups of order p9q fall into four principal divisions :—

(1) Those which contain self-conjugate sub-groups of orders ps

and q.

(2) Those which contain q sub-groups of order p3, but a self-
conjugate sub-group of order q.



1899.] Mr. A. E. Western on Groups of Order p*q. 217

(3) Those which contain a self-conjugate sub-group of order p3,
but more than one sub-group of order q.

(4) Those which do not contain self-conjugate sub-groups of
order p* or q.

In the remainder of this paper G exclusively denotes a group of
order p*q, and If one of its sub-groups of order p8.

6. (1) Evidently the sub-groups of orders ^3 and q have no common
operation except 1 ; in this case therefore, applying the theorem of
§ 3 (1), each operation of order q is permutable with each operation
of the sub-group of order pa.

As in § 4, the letters A, B, and G denote the operations of a group
of order ps, while Q denotes an operation of order q.

Thus, whenjp = 2, there are five groups of this kind for all values
of q ; viz., the direct products of {Q} and the groups I., II., III., IV.,
and V. of order 8.

And, when p zfz 2, there are also five groups for all values of p and
q; viz., the direct products of {Q}, and the gv tips I., II., III., VI.,
and VII. of order ps.

7. Groicps containing q Suh~groups of Order p3 and one Sub-group
only of Order q.

5 =
is a necessary condition for the existence of any group of this kind ;
evidently then q cannot be 2. It will be convenient to consider
separately each of the seven groups of order p*f subdividing each, of
these cases in accordance with the values of kx and k% in the
formula (§ 2)

Let If represent one of the sub-groups of order p*; all of them, of
course, being conjugates in the group of order p*q, are of the same
type. Then kxp is the number of such sub-groups having with If
greatest common sub-groups of order p*, k2 p* is the number of such
sub-groups having with if greatest common sub-groups of order p,
and k9p

3 is the number of such sub-groups having no common opera-
tions with H.

(i.) There may exist a sub-group h of order p1 common to JT and
some other sub-group of order p*; this must exist if

2 ^ 1 (mod p'),
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and it may also exist if ? = 1 (modj»:).

Applying the theorem in § 2, we see that Q is permutable with h.

(ii.) 2\o such sub-group of order j? may exist, but there may be a
sub-group h of order p common to H and H'; then

q = 1 (modp8);

this must exist if q ^ 1 (mod ps),

and it may also exist if 2 = 1 (mod ps).

Q is permutable with h (§ 2).

(iii.) Lastly, the q sub-groups of order p* may have no common
operations between any two of them ; in this case

g = l (mod ps).

The group of isomorphisms of any group of order q is a cyclical
group of order q—1; now, since {Q} is self-con jugate in 0, every
operation of H transforms {Q} into itself, and therefore corresponds
to an isomorphism of {Q}. If, then, none of the operations of H are
permutable with Q, H is simply isomorphic either to the group of
isomorphisms of \Q) or to a sub-group of the latter; and so in
either case H must be cyclical; this only occurs when R is of type I.
If some of the operations of H are permutable with. Q, they form a
self-conjugate sub-group (which is called h above), of H (Burnside,

p. 42); then each operation of the factor-group — corresponds to
ft

TT

an isomorphism of {$}, and therefore — must be cyclical. This
h

condition will reduce the number of different cases to be considered.
Further, since A is a self-conjugate sub-group of H, and is per-

mutable with Q, it is a self-conjugate sub-group of G. Also, by
hypothesis {Q} is a self-conjugate sub-group of G, and evidently h
and {Q} have no common operations; therefore [§3(1)] every
operation of h is permutable with Q.

8. I. A* = 1.

(i.) h must here be {Ap}, this being the only sub-group of order p*
in H. Therefore Q and A" are permutable operations (§ 7).
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And since {Q\ is self-conjugate, but Q is not permutable with A
(a case comprised in § 6),

where a zfc 1.

Then A~p QA" = QnP,

and so a? = 1 (mod g).

This congruence has primitive roots, since

g = l (mod p).

The same type is obtained whichever root of the congruence is
taken; for let

b = a" (mod g),

x being prime to p. Then, if Ao = A",.

A-' QA* = A"QA' = Qa* = Q\

Thus we obtain one type,

if- = l, Q« = l, A-1QA = Qn,

where a is any primitive root of

a? = 1 (mod g), and g = 1 (mod p).

(ii.) h must now be {^J , the only sub-group of order p in J3".
Then Q is permutable with A"' (§ 7). And so

A-lQA = Q°,

where a is a primitive root of

a"' = 1 (mod g).

And, as above, there is only one type, whichever primitive root is
taken,

where a is any primitive root of

af = 1 (mod g)

and where g = 1 (mod^2).

(iii.) Here A~*QA = Q",

where a is a pi'imitive root of

a"* = 1 (mod g),
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and, as above, there is only one type,

A? = 1, Q> = 1, A-'QA = Qa,

where a is any primitive root of

aJjS = 1 (mod q),

and where 2 = 1 (mod ps).

9. II. A" = 1, B" = 1, AB = BA.

(i.) This IT has two distinct kinds of sub-group of order p%, cyclio
and non-cyclic (§4, II.).

First, let h be a cyclic sub-group of orders*. We saw in § 4, II.,
that any operation of H whose order is p1 might be taken as the
genei'ator A.

Without loss therefore of generality, we may take h — {A}, Then
AQ = QA (§ 7).

Also, since {Q} is self-conjugate,

whei'e a is a primitive root of
a1' = 1 (mod q).

Since B* will do, in place of B, to generate with A the group H,
there is only one type,

A^—l, B"=\, Q"=l, AB = BA, AQ = QA, B^QB — Qa,

where a is any primitive root of

a" = 1 (mod g), and q = 1 (mod^).

Secondly, let h — {Ap, B}, the only non-cyclic sub-group of order
p* in H. Then

ApQ = QAP, BQ = QB (§ 7).

Therefore A^QA-Q",

where a ^ t l ;

but, since A-pQAp = Q,

a is a primitive root of
a" — 1 (mod q).

As before, there is only one type,
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where a is any primitive root of

a? = 1 (mod g), and g = l (mod^»).

(ii.) Again referring to § 4, II., there are two distinct kinds of
sub-group of order p in If, {A1'}, which is generated by the p** power
of an operation, and {AkpB} ; here AkpB is not the pth power of any
operation of H. No generality is lost by putting B for AkpB in the
latter case.

TT

First, h = {A."}. This is impossible, for — is a non-cyclic group
(§7). h

Secondly, h — {B}. Then
BQ = QB (§ 7), and A'lQA = 0",

where a is any primitive root of

a'"' = 1 (mod g), and q^l (mod^»a).

These relations define one type.

10. III. Av = Bp=C= 1, AB = BA, A0 = 0A, BG = GB.
(i.) h is here a non-cyclic sub-group of order p*; suppose it is

generated by
Aa = Att>B">G\ and Bo =

Since AQ and Bo are independent, the congruences

cannot both be true.
We can therefore choose cn c.., c3 so that

0 (mod p) ;

a.z fca

a8 fc8

therefore, writing Co = ACiBCjGr',

Ao, Bo, 00, generate the group {A, B, G} ; and we have

h = {Ao, Ao} (§ 4, III.).

The suffixes may now be dropped. Thus we have the tyge given
by the relations of III.,

AQ = QA, BQ = QB, and G^QC = Q",

where a is any primitive root of

up = 1 (mod g), and q = 1
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11. IV. A* = 1, B% = 1, BAB=A~l.
(i.) This group has two different kinds of sub-groups of order 4,

the cyclical {.4} and the non-cyclical {A\ B} and {Aa
t AB}

(§4, IV).

Firstly, h = {A}. Then

AQ = QA (§ 7), and B~lQB = Q",

so that as = 1 (mod q).

But a ^ 1; so a = — 1; and we have the type

A'\ Q = l , 4Q = Q4, BQB-Q\

Secondly, & = {4s, 5} or {A\ AB}; since .4 and Bo = 4B
generate H, and obey the same relations as A and I?, it will be
sufficient to consider h = {A\ B}. Then we get the type

^ • = 1 , JB8 = 1, G« = l. fiiJSrn^-1, ^-'Q4 = Q->, BQ=QB.

(ii.) IT has also two different kinds of sub-group of order 2
(§ 4, IV.), {42} and {4*5} (& = 0, db 1, or 2). But h cannot be

{̂ L2}, for —- would then be non-cyclic. Nor can h be one of the other
h

sub-groups of order 2, for they are not self-conjugate (§ 4, IV.).

12. V. A* = 1, B3 = A\ B~XAB = A~l.
(i.) Let h be some sub-group of order 4; this group contains three

6uch, {A}, {B}} and {AB}, but without loss of generality we can put

Ao = B or AB,

and thus get h = {A} (§4, V.).

Then AQ= QA (§7),

and then, since B'* QB* = A'2QA> = Q,

B'lQB=Q-\
Thus we get the type

A*=l, B% = A\ B-XAB = A\ Q" = 1, AQ = QA, B'*QB = Q~\

The only sub-group of order 2 is {A2}, and this cannot be h, for then
IT
— would be non-cyclic.
h
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13. VI. A"* = 1, B" = 1, B'XAB = A"\ and p is odd.
(i.) h is either one of the cyclical sub-groups {.4#*}, or it is the

non-cyclical sub-group {A*, B} (§4, VI.).

In the first case we can make

A0 = AB\ 5 0 = B (§4, VI),

and so, dropping suffixes, h = {A}. Then

AQ= QA (§7), and B'*QB = Q",

where ap = 1 (mod g),
and a is a primitive root.

We must now find whether any transformation of the group of
order p*q given by these relations for a particular value of a- can
make the last relation become

b- being some other root of a'' = 1 (mod q).

Q and its powers are tlxe only operations of order q in the group ;
clearly nothing is gained by putting Q,, = Qx. • AfB'JQh is of order p*
i f / i s prime top, but of order p if / is a multiple of p.

Let Ao = A'IP Q\ Bo = AJ» h* Qk
;

then Ai; = 1, Bl = 1, B^QB0 = B-'QW = Q»\

and B-'A^B, = Q-kB-'A-Jl'A'BgQhAi''B'Qk

QhaXjtk

also A\*>- = A '

therefore / (1 +xp) = / (1 +p) (mod p2) ;

i.e., x = 1 (mod p).

This proves that each primitive root of the congruence

a** = 1 (mod q)

gives a separate type; thei"e are therefore p—1 types, whose
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generating relations are

il"a = l, B"=lt Q' = l, B-lAB = A'*\ AQ-QA, B~]QB = Qa,

or Q"\ .... Q'1"'1,

where a is a primitive root of

a? = 1 (mod g), and 2 = 1 (modp).

Secondly, h = {^, B}. Then

J 1 ' < 3 = Q 4 \ 5Q = QB (§7),

and then A-1QA = Q"1

where a is any primitive root of

a'' = 1 (mod q).

This only gives one type, for we can take Ao = Ax, and all the
relations are then unaltered, except that a is replaced by a*; its
relations are

^ = 1 , B»=l, Q« = l, B"lAB =

whore a is any primitive root of

a'' = 1 (mod q), and 2 = 1 (mod p).

(ii.) {Ap} is the only self-con jugate sub-group of orders (§ 4, VI.).
IT

h = {̂ 4''} makes —- non-cyclic, which is impossible (§7), and there-

fore no type exists in this case.

14. VII. A" - B" = & = 1, AB = BA, AG = CA, Q-lBO = AB;
2> is odd.

(i.) h={A, B} or {A, 0} or {A, B>0} (j = 1, 2, ...%p-l).

If h = {A, 0},

we can put Ao = A'\ Bo = G, Go = B,

and so /i = {AQ, BQ}.

If A = {A, BjC},

we can put Ao = A\ Bo = BJG, Co = 0,

and so h = {Ao, J50}.
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It is sufficient then to consider

h= {A,B}.

Then AQ = QA, BQ = QB.

Also C-1QCf = Q",

where a is a primitive root of a ? = 1 (mod q).

And there is only one type, for, if

AO = A; BU = B, GO=G%

the condition of § 4, VII., is satisfied, and

0-1Q0o = <r.
The type is

A> = B>=O' = Q< = 1, AB = BA, AG-CA, AQ=QA, BQ=QB,

G-lBG = AD, C!-'QG=Qn,

where a ia any primitive root of

ap = 1 (mod q), and 2 = 1 (modp).

As before, h cannot be of order p, for — would then be non-cyclic.

15. The third principal division of the subject—groups containing
one self-conjugate sub-group of order p3, but more than one sub-group
of order q—must now be considered.

Q, as before, represents any operation of order q in 0, and H is the
group of order ps contained in 0. If the operations of H are all
transformed by Q, we obtain the same operations in a different order ;
Q therefore corresponds to an isomorphism of if, and q, the order
of Q, must be a divisor of the order of the group of isomorphisms
of H. Hence, taking the different types of groups of order p* in
order (as in § 4), the following congruences involving p and q must
hold :—

I. p = 1 (mod q).
II. p = 1 (mod g).

III. p = 1 (mod g), or p = — 1 (mod q), or p2-\-p + l = 0 (mod q).
IV. No group exists of the required kind.

V. Here q must divide 24; therefore q = 3.
VI. p = 1 (mod g).

VII. £> = 1 (mod g) or p — ~ 1 (mod g).
VOL. XXX.—NO. G72. y
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For the same reason Q is permutable with the various characteristic
sub-groups of H, named in § 4.

Each of the above cases may be subdivided, according to the
number of sub-groups of order q contained in 0; this number is
either p, p*, or p*.

(i.) If 0 contains p sub-groups of order q, H must contain p%

operations (forming a sub-group) each of which is permutable with
each sub-group of order q; for, if this was not so, the transformation
of {Q} by each of the operations of H would produce either more or
less than p groups of order q. Also, in this case

p = 1 (mod q) (§ 5;.

(ii.) If Q contains p* sab-groups of order qt II must (for a similar
reason as in the previous case) contain p operations (forming a sub-
group) each of which is permutable with each sub-group of order q,

2> = 1 or —1 (mod//) (§5).

(iii.) Lastly, if G contains ps sub-groups of order q, either

p == 1 (mod q) or p*+p + l = 0 (mod q).

In reference to these congruences it may be noted here that p must
bo odd when II is either of the types I. and II . ; that p must also be
odd when Q contains p sub-groups of order q ; that when q = 2 the
congrnences , , , N , t / i \

° p = 1 (mod q) and j> = — 1 (mod q)

are identical; and that when q = 3 the congruences

p = 1 (mod q) and p3 -f p +1 = 0 (mod q)

are identical, for ^ + p + l = (p — If (mod 3).
Lastly, let I) be one of the operations of if mentioned above

which are permutable with {Q} ; then, since

[and so D

Now, 11 being a self-con jugate sub-group of G, (},DQ~X is an operation
of If, and therefore D'x (QD(£~l), that is, Qk"1 is also an operation
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of H. Hence Qk_\ _ •,

and so h = 1.

Therefore D and Q are permutable] .*

16. I. A? = 1; p = 1 (mod g) (§ 15).

(i.) p Sub-groups of Order q.—The only group of order ps here is
{il '};so(§15)

QA» = A»Q.

Also, since {̂ 4} is self-conjugate in (?,

Q-lAQ = A*;

and therefore a? ^ 1 (mod pz).

Also Q-'#(J = # P and (3 -XA*Q = if,

so a — 1 (mod p2).

Putting a = 1 +/rp2,

we get a9 = (1 + fep2)' = 1 + /r^8 (mod p8),

that is • & = 0 (modjj),

and so a = l (modp3).

This makes AQ= QA, contrary to hypothesis.

(ii.) p2 Sub-groups of Order q.—Here Q is permutable with A''*(§ 15),
just as in the last case this is inconsistent with

a being a primitive root of a7 = 1 (mod ps).

(iii.) p* Sub-groups of Order q.—Here

Q-lAQ = A%

where a is a primitive root of a9 = 1 (mod ps).

In order that this should have any primitive roots the necessary and
sufficient condition is that

p = 1 (mod q).

Added May 18th, 1899.
Q 2
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By taking Qo — Q*, we get aT in place of a; there is, therefore,
is odd, one type,

where a is any primitive root of

a' = 1 (mod jt)8), and p = 1 (mod q).

17. II. A" = .7?" = 1, 4Z? = IL4,

p = l (mod?) (§15).

(i.) JO Sub-groups of Order q.—The group of order p2 with whose
operations Q is permutable (§ 15) is either {Ap, B] or {̂ 41?*}.

First, taking it to be {Ap
t B}, then

A"Q = QA", BQ = QB.

Then of the p cyclic groups of order p2 in II one at least [§ 3 (2)] is
permutable with Q; if this is {yl2?*}, we can put

A0 = AB\

nndthen A? - A>' and Q-*A0Q = Aa
0.

Hence aq = 1 (mod^»5), and ap^p (mod p1).

Therefore a = l (mod^73),

and 0 is Abelian, contrary to hypothesis.

Secondly, let Q be permutable with the operations of {ABk} ; with-
out loss of generality we may write this {.4}. Then AQ = QA.
Of the p remaining groups of oi'der p in H besides {/I'1}, since

p = 1 (mod q),

one at least [§3(2)] is permutable with Q\ without loss of generality,
we can take this sub-group to be {B}, and then

Q-'BQ = JT,

where a is any primitive root of

a7 = .1 (mod p).
Thus there is one type,

Ap'= Br = Q" = 1, AB = BA, AQ=Q.A, Q'iBQ=B",

where a is any primitive, root of

an = 1 (mod p), and p = 1 (mod q).
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(ii.) p2 Sub-groups of Order q.—The gi*onp of order ^ with whose
operations Q is permu table (§ 15) is either [A.1'} or {Akl'B} (of which
latter {B} may be taken as typical). The case of Av being per-
mutable with Q may be disposed of just as before.

Next, BQ = QB. Of the p cyclic sub-groups of order p2 one at
least is permutable with Q. This may be taken to be {A}, and then

Q''AQ = A",

where a9 = 1 (mod p*).

Thus we get one type

A»° = B» = Q< = 1, AB = BA, Q-'AQ = A\ BQ=QB,

where a is any pi'imitive root of

a ' = l (modp2), and p = l (mod q).

(iii.) ps Sub-groups of Order q.—As before, at least one of the p cyclic
sub-groups of order p2 is permutable with Q, and this may be taken
as {A}, and at least one other besides {Ap} of the p + 1 sub-groups of
order p is also permutable with Q ; this may be taken as {B}.

So Q-'AQ = A",

where a is a primitive root of aq = 1 (mod p°),

and Q-XBQ = B\

where 6 is a primitive root of hq = 1 (mod p).

How many types do these relations contain ? ATB'JQZ is of order q,
but, so far as its effect in transforming any operation of K is con-
cerned, it is equivalent to Ql. Putting Qo = Q*, we get a' in place of
a, b* in place of 6 ; a may therefore be fixed as any one of the
primitive roots of . , . „.

a" = 1 (modp2),
and there are q — 1 types corresponding to the 2 — 1 values of b,
which may be taken congruent to

a, a2, ..., aq~l (mod^).

When b^a (modp),

that is, for q—2 of these types, none other of the cyclic groups of
orderp2 besides {A\ and none other of the groups of order p besides
{A"} and {B} are permutable with Q ; but, when

b EE a (mod j>),
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all the sub-groups of H are permutable with Q. The relations of
these q—1 types are

or B"\ ..., or B"q'\

where a is any primitive root of

a' = 1 (mod p2), and pEz 1 (mod q).

18. III. A" = B" = C" = 1, AB = 2L4, 4 0 = 04, £ 0 = CB.

(i.) jp Sub-grovps of Order q; then

|? — 1 (mod q).

—The group of order jj>3 with whose operations Q is pei'mutable (§15)
may, without loss of generality, be taken to be {A, B}.

Now H contains p ' + p + l sub-gronps of order p ; since

•we know that Q is permutable with p+1 of these, viz., {A}, {ABk}.
Of thep3 remaining sub-groups of order jp, since

p* = 1 (mod g),

there must bo at least one other, independent of A and B, which is
permutable with Q.

Taking it to be {0}, we get

where a is any primitive root of

a' = 1 (modp), and p = l (mod q).

This, combined with the relations of III. and with

AQ = QA, BQ = QB,
furnishes one type.

19. (ii.) jps Sub-groups of Order q; and

p = 1 (mod q).

—The group of order p with whose operations Q is permutable may
be taken to be {A} ; then, if q>2, among the pi+p other sub-groups
of order jp there are at least two permutable with Q; putting, as we
may, {B} for one of them, the second may either be {4*5}, or else, if
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independent of A and B, may be taken as {0}. But the first of these
alternatives is impossible ; for

and therefore Q'lAkBQ = AkB\

and this is not a power of AkB; therefore we must have

Q''CQ = C.

Here a and b are both primitive roots of

a9 == 1 (mod p).

We can put b = a' (mod p)*

and the question arises, how many different types are there for
different values of x ?

So far as altering a and b is concerned, the most general trans-
formation of G is given by

Qo = Qv, B0 = B or C, Co = C or B.

Now Qo = G', 5 0 = B , 00 = 0

merely amounts to taking a different root of

a* = 1 ^mod p)

for a. On the other hand, if

Q0=Q«, B0 = C, C0 = B,

we get QiA^AQn Q-'B.Q^Bf, Q;10,0,= Of.

If, then, we choose y so that a'j/ = 1 (mod q)t

we have a*" = a (mod p),

and thuS we get Q0-
1B0Qo = ^> Q;*C^ = C? ;

the same relations as before with y in the place of x.

The number of types is therefore the number of solutions of

xy = 1 (mod g),

the order of each pair (*, y) being immaterial.

There are two solutions for which x = y, viz.,

x = y = 1 (mod 3), aud x = y = q — 1 (mod q).
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The remaining q — 3 residues to the modulus q fall into • pairs,
u

each pair being a solution of
xy~\ (mod q).

Altogether there are 2 f ^~- = ^7-— types,
Z 'Z

* = J5" = Cp = Q* = 1, AB = # 4 , 4 0 = GA, AQ - QA, BO = CB,

where a is any primitive root of

a* = 1 (mod j?),
• 1

a: assumes any of the ^_— values above mentioned, and

j) = l (mod q).

[Each of these types is the direct product of {̂ 1} and {B, C, Q} J.*

The case q = 2 was not included above ; besides {A}, either none
or at least two groups of order p are permutable with Q ; if the latter
is the case, we get the one type

Ap=B"= C P = Q 2 = 1, AB=BA, AC = OA, AQ= QA,

BG=CB, QBQ = B~\ QOQ = O-\

If, on the other hand, no other group of orderp besides {̂ 4} is
permutable with Q, QBQ is either AXB'J, or, if independent of A and
B, may be taken as C; first,

QBQ = A'B»,

where x is not zero. Then

B = Q AXB"Q = A'^B*;

and therefore y = — 1 (mod p).

But now QA-'B'Q - A^A^B'2 = (4-JB8)"1;

the sub-group {A~*B*} is therefore permutable with Q, contrary to
hypothesis.

Secondly, let QBQ — G,

then QGQ-B;

and therefore Q(BG) Q = BG,

again contrary to hypothesis.

• Added May 16th, 1899.
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20. (iii.) p3 Sub-groups of Order q;

p = — \ (mod g),

where q =£ 2 (§ 15).—The group of order p whose operations are
permutable with {Q} may be taken to be {A} ; then

AQ=QA (§15).

No other group of order p can be permutable with Q, for the con-

S r u e n C e
 a « s l (modp)

has no primitive roots. Since

p*+p + l == 1 (mod g),

at least one of the sub-groups of order p* is permutable with Q.
First suj)pose that this is {A, B}. Then

Q-xBQ-AttBb;

and therefore Q~XBQX = An<

therefore, when x = q,

then 6* = 1 (mod;)),

that is, 6 = 1 (mod p) ;

and then the index of A is

an impossible result, since 3a ^ 0 (mod |?).

The sub-group of order p* permutable with Q cannot then contain
{A} ; it may therefore be taken to be {B, G). Then we get

AQ - QA, Q-'BQ = C, Q-'CQ = BnC.

{B, G, Q} is a gruup of orderly, which is discussed by Burnside in
his Theory of Groups, p. 136. He shows that the congruence

i8—hi—a = 0 (mod p)

is obtained, and, on the assumption that its two roots are distinct,
proves that they are Graloisian imaginaries, each satisfying

t' = 1 (mod p).

It is easy to verify that a and 6 cannot have such values that this
quadratic congruence has equal roots. We thus get one type, the
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direct product of {A} and {B, 0, Q}, the denning relations of the
latter being

BP=C = Q' = 1, BG = GB, Q^BQ^C, Q'lGQ = JB-W*1,

where i is any primitive (Graloisian) root of the congruence

t* = 1 (modjp), and jp + l = O (mod q) and q>2.

21. (iv.) p* Sub-groups of Order q ; and

p = 1 (mod q).

—If g > 3, since p2-|-jp-f 1 = 3 (mod 9),

at least three groups of orderp are permutable with Q; let {A} and
{B} be two of these ; then

Q-'AQ = A", Q'lBQ = B ;

if a is not equal to 6, the third must be independent of A and B, and
may be taken as {G} ; if a is equal to b, then {A} and {.4*2?} are
p -f 1 groups of order p permutable with Q, and there must therefore
be at least one more, {G}. We therefore get

Q-*AQ = A% Q-ABQ = B»', Q-'GQ = Ca'J,

where a is a primitive root of
a9 = 1 (mod p),

and x and y may have any of the values 1, 2, ..., g— 1. The some-
what difficult matter remains to determine the number of types com-
prised in these relations.

As in similar cases before, it suffices to consider the results of
taking a power of Q for Q, and permuting the generators of H. In
this way we get two distinct equivalences:

First, Q 0 = Q S A0 = B, B0 = A, Co =s (7,

and ix = 1 (mod q) ;

then Q;XA0Q0= A°Qt Oo"1J50Qo= Bo
a', Go100Qo = C f .

Second, Qo = Q", A0 = C, Bo- B, C» = A,

and »?y = 1 (mod q) ;

then Q;lA0Q0 = A"0) Q-'J?0Q0 = B f , ^'C^Qc, = Cf.
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Thus, for each pair (x, y), we get corresponding pairs (£, £y) and
(JJOJ, -q) ; and each of these pairs provides the same type of group ; on
the other hand, any two pairs («, y) and (x, y') which are not
equivalent correspond to different types. Of course the order of x
and y in the symbol (a;, y) is immaterial.

It will be convenient to replace these numbers x, y, £, &c, by their
indices (mod q). Then let

a> = y\ y = y\ £ = y'\ rt = y'"o (mod q) ;

we thus get xQ and yQ any two of the complete set of residues lo
mod 2—1; viz., 0, 1, 2, ..., q — 2. And the trio of equivalent pairs is

L e t X = — ?/0, fi ~ a?0, v = 2/0—OJO ( m o d g - 1 ) .

Then X+/x + v = 0 (mod q—1),

and the equivalent pairs are

( - * > / 0 . (—H> ") , ( - " . x ) ;
and we must now enumerate the solutions of this congruence.

Let a be the number of trios (A, /i, v), disregarding order of X, /i, v,
in which all three numbers are different, /3 the similar number in
which two only are equal, and y the similar number in which all
three are equal.

If g = l (mod 3),

y = 3,

for the solutions of this class are

If 2 == 2 (mod 3),

viz., X = fx = v =. 0 (mod 2—1)-

Next, when two are equal, the congruence is

X +2/1 = 0 (mod 2 - 1 ) .

/i must not be = 0, " , or —±L—I, for then it would be = X.
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With these exceptions /x can have any value, and for each value of /x
the congruence gives one value of X. So, when

5 = 1 (mod 3),

when q = 2 (mod 3),

Now the total number of solutions of all kinds of the congruence,
considering the order of each trio, is (q — I)2, for A* and v can each
have any one of q — 1 values, and the congruence gives a correspond-
ing value of X to each /J. and v.

Also, in terms of n, /?, and y, the total number of solutions con-
sidering the order of each trio, is 6a + 3/3 + y. Therefore

then, if q = 1 (mod 3),

« = K g ' - 5 2 + 1 0 ) ,
but, if 5 = 2 (mod 3),

It is necessary to subdivide these a solutions into those (a0 in
number) in which one of the trio is 0, and the remainder (a, in
number) in which this is not the case.

Now a0 is the number of solutions of

X+/i==0 (modg-1),

out of the numbers 1, 2, ..., q—2, excluding the solution

x - -
A = u = ;

r 2 '
q

so a o= 2 •

Therefore, when 9 = 1 (mod 3),

«, = i (2 2 -8g + 19),

tad, when q = 2 (mod 3),

«, = i ( 2 2 - % + l5).

Each trio X, /x, f in which all are unequal and different from zero
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corresponds to one set of equivalent pairs (—X, ^ ) , (—/i, v), (—v, X),
and therefore to one type of group ; altogether these give ax types.

Each trio X, fi = - \ , 0 in which all are unequal corresponds to
two distinct sets of equivalent pairs, one being (—X, —X), (X, 0), the
other (X, X), (—X, 0), and therefore to two types of group, altogether
2a0 types.

Each trio X, p, ^ corresponds to the equivalent pairs (—X, fi'j,
(\, —fi), (—/i, +/*); the trio —X, —/i, — p corresponds to the same
set; when ..

q—1
h~ 2 '

the trios (X, yu, /*)(—X, —//, — n) form the same solution, but the
other trios go in pairs, each pair of trios furnishing one type; thus

we get altogether from these trios —- hl9 i.e., —^—, types.
2 a

Lastly, when 9 = 1 (mod 3),

there are the two distinct types corresponding to (0, 0), and

,(*fi , -2=1), but, when

q == 2 (mod 3),

the single type corresponding to (0, 0).
Adding up these numbers, when

g = l (mod 3),
the number of types is

when 9 = 2 (mod 3),

the number is 2!z%±2* + g - 3 + 4=1 +1 = .
O u \)

The relations for these types are

A" =Bp=C=Q1=l, AB = BA, AG = CA, BO - OB,

Q- lAQ = A", Q-'BQ = B"\ QrxOQ = Ga\

whei*e a is any primitive root of

a? = 1 (modp), p = 1 (mod 9),

and .1: and 1/ are chosen as above described.
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The cases q = 2 and 3 have been hitherto excluded ; it is, however,
easy to see that, if there are three independent groups of order p
permutable with Q% all the above work, with the exception of the
actual enumeration, applies to these cases.

When q = 2, we obtain the single type with the relations

and, when q = 3, the two types

and Q'MQ = .4", $~'J5Q = #"> $~'(7<2 = 0"",

where a is any primitive root of
a8 = 1 (mod p), and p = 1 (mod 3).

There still remain other possible cases for q = 2 or 3, which, how-
ever, on examination lead to no fresh types.

q = 2.—Suppose that {^} is the only group of order p permutable

with Q; then HAD— A-*

Either QBQ = 4*B",

or it may be taken to be (?.

In the first case, J* = A-x+r"Bv\

so ?/ = I,

and then Q (A'B*) Q=*A-'AUB* = A*B\

which is contrary to hypothesis.

Secondly, QBQ-G]

then QCQ = B,

and so Q (BG) Q = BC,

again contrary to hypothesis.

q = 3.—Here, since it is supposed that there are not three groups
of order p permutable with Q, there are none such ; then

Q-XAQ = B (say), and Q'XBQ = ArB" or G (say).

In the first case A = Q'lAxBvQ = A^B1^,

and so nj =5 1
r (mod^)).

x = -ifi
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Either x — y = — 1, or x = — a, y = — a*,

a being a primitive root of a8 = 1 (mod p),

and then either Q1 (AB'") Q = (AB-")a,

or Q-l(AB'l)Q= (AB'1)";

each of which contradicts the hypothesis.

Lastly, if QlAQ = B, and Q-lBQ = C,

then Q-XCQ = 4 ,

and therefore Q" * {ABC) Q = ^lUO;

this again is impossible.

22. (v.) p* Sub-groups of Order q, and

==O (mod q)-,

then g > 3 (§ 15).—None of the groups of order p can be permutable
with Q, for, if

Q-'AQ = A",

then a'1 = 1 (mod p) ;

but, q being a divisor of p* +p +1 , must be prime to ̂  — 1, and therefore

a = 1 (mod f*),
which is impossible.

The £>*+^?+l groups of order p must therefore fall into ^ — H i -
q

sets, each set being cyclically permuted when its groups are trans-
formed by Q.

Then Q~*AQ is not included in {A}, and may be taken as B; and
Q'lBQ is either -A'-B" or may be taken as C. The former case is,
however, impossible; for, if so, {A, B, Q) is the group of orderp*q
already referred to (§ 20), and a necessary condition for its existence
is that _

p-\-l = 0 (mod g),

which is not true here. We therefore obtain

QlAQ = B, QVBQ = C, Q-'GQ = 4"J3*0\

Lot Q~xCQx=AaxBPxGyr.
Then a,, /?,, and yx must be such that for x = q, but for no smaller
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value of x, the following congruences are true :—

a * - 2 = l , «*-i = 0, a, = 0

j3x_a = 0, &_ ,= 1, /3, = 0 - (mod^).

7x-2 = 0, y,_, = 0, yx = 1

Since Aa*lf'Cy* = Q-'A^tf^C^Q

ax, /3,, yx are determined by the linear difference-congruences

Hence yx— y y^_i — /3 y,.2 — a yx-3 = 0 (mod p).

The solution of this difference-congruence depends on the congruence

\*—y\*-fi\-a =0 (modp).

First, suppose that the three roots of this are equal, say X. Then
the proper form for yx is

y.ES^ + V + ^ V * ,

8,, &c, being ai'bitrary constants.
(Throughout this section, all congruences are to be understood as

being to the modulus p, unless otherwise expressed.)

In this case y = 2A.j = 3A,

yS = -2X,X2 = -3A9.

Now y0 = 1 (for a, = ay0, and at = a),

y, = y = 3X,

If p = 2, X = 1, and we at once obtain y3 = 1; this is impossible.

ifj»2, a, =i,

$„+ aa+ s3 = 3,
^ + 2S2 + 4^a == 6,

and so y, = 1 (.r
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This does not satisfy the conditions

for these congruences are evidently impossible.

Secondly, let two of the three roots of the congruence

A8-yA3-/3A-a L= 0

be congruent; let them be Ao A2, Xr Then the proper form for yz is

Then = 1.

and so

and

therefore yx =

The conditions

give

A, _ A, —

= 0, y9_! = 0

AJ-A* =

A?*1}

These lead to A* = Xl = 0,

which is not possible.

The three roots of A8—yAs-0A-a = 0

are therefore incongruent; let them be A,, A2, A3. Then

yx = 8,AJ + 82A2 + 8SAJ,

and so 8X+ 82+ 8̂ = 1>

Let A = 1 1 1

^i A2 A3

M " 3

VOL. xxx.—NO. 673.
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Then AS, s - C V - A , ) * ; .

Thus we obtain the results

A.a, ^ -aS(A,-X1JAT*1 = - SA, A, (*. M '

Now, in the light of the three relations between ax, Px, yx, ax_,,
ftx-u 7x-i, only three of the nine conditions above mentioned are
independent; we may take as an independent trio

7,-2 = 0, y,_i = 0, yg = 1.

From the first two of these

K Xa)Xi' = 0 ,

X3)X«+1 s 0;

and tlierefore

(A,-At) AJ (^-X,) + (X.-X,) X̂  (X1-X3) ^ 0,

that is, X* = Xg-

From the symmetry of these congruences,
\? = \V — \9A, - A.J - A 3 .

Thirdly, _ 2 (A 3 -X 3 )X? + 2 - A.

But 2 (Xa-X8) X^2 = \\% (X3-X3) Xj s - AXJ.

Therefore X̂  s X\ s X̂  = 1,

and A,, Aa, X3 are primitive roots of the congruence

X* s 1 (mod p).

Since <? is not a factor of p —1 or j ' 3 —1, but is a factor of ps—1,
X,, X2, and X3 are Galoisian imaginariea of the third order, and the
congruence

X3 - 7X
a - /3X - a = 0 (mod p)

is thei*efore irreducible.
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Let X be any one of the three Xn Xa, X3; then X'1 and Xp* are the
other two ; for X, X'1, X''3 are necessarily incongruent, and

X3p = (y

and so \p, and similarly X'*, satisfy the congruence. Then

y = X+Xp + Xpi,

/3 = -x^-X"3'1—X*3*",

and a s X.Xp.XpI = 1,

since p*+p + l = 0 (mod q).

Each value of X therefore defines a single group, with the relations

Q-XAQ-B, Q-lBQ=G, Q^GQ-AB^G^

I shall now prove that there is the same type, whichever primitive
r o o t o f X * ^ l (modp)

is taken. Let QQ — Q*;

then Bo ^=Q~lAQ0 = Aa'~2BPx-2Gyr-\

and Aa'B0 C{ =

Therefore Q"1 Co Q, = A'BS C<,

provided that a', (¥, and y' satisfy the congruences

as* 2 —"/«2*-2—/3'a*-2 —<*' = 0,

/ 8 3 x - 2 - y ^ - 2 - / 3 ^ x - 2 = 0,

73x-2—7V2x-2-/3'yx-2 = 0.

Reverting to the notation X,, X2, and X3 for the roots of the congruence

Xs-yX8-/3X-a = 0,
E 2
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it is easily seen that these congruences are satisfied by

y> =

(I — A, AjAjj = 1 .

For, if a', /3', and y have these values, we have

K -y A* -phk-a = 0,

identically, for k = 1, 2, 3 ; and then

') H 0,

The effect of making Qo = ^ is therefore to reproduce the original
relations, but with A*, Ag, Ag in place of X,, A2, A8. Thus the one type
exists:

A" -Bp = C" = Q" = 1, ^45 = BA, AO = Oil, J561 = OB,

whei'e ft and y have the values above stated, and

p^+p+ 1=0 (mod 9).

23. V. il4 = 1, B2 = 43, B-'AB = A-\
Since 3 = 3, there must be four sub-groups of order q.
Since {̂ 4a} is a characteristic sub-group of H (§4, V.), A3 is per-

mutable with Q.
Hcontains three sub-groups of order 4, {̂ 4}, {B\, and {^4S}. Q is

either permutable with each, or else transforms them cyclically.

The former case is impossible, for, if

Q-»ilO = il",

then a = 1,

and so A and Q would be permutable.
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Secondly, Q'lAQ = A"B,

which may be taken as B (§ 4, V.). Then

this gives Q-lA*Q - JB2 = A\

which is right. Also Q~XBQ = A B or A~lB.

Either of these is consistent, for each makes

Q-2BQ? = A,

which is true, since Q* = 1.

There is, however, but one type; for, taking the first,

Q-lAQ = B, Q-XBQ = AB,

let Q0=Q\ B0 = AB, A0 = A (§ 4, V.) ;

then Ql = 1, Q-'A.Q, = AB = Bo, and Q^B0QQ = B = A^B

This type is

A* = B* = Q3 = 1, B* = A\ B-'AB = A-\ Q'XAQ = B, Q-'B

24. VI. A* = B" = 1, U-'^B = ^1"+1.—p is odd, and

p = 1 (mod g).

(i.) p Sttb-groups of Order q.—The group of order p2 with whose
operations {Q}, and therefore Q (§ 15), is permutable, is either {̂ 4JB*}
or {A", B}.

First, suppose that Q is permutable with ABk. Then we can put

A0 = AB\ B0 = B (§4, VI.),

and so, dropping suffixes, AQ = QA.

Then {Ap} is a group of order p permurable with Q; there remain
p others ; since

p = 1 (mod g),

at least one of these latter is also permutable with Q, say {AepB\.
Then we can substitute B for Acp B, and thus obtain

Q-'BQ = 1̂ °,

where a is a primitive root of a' = 1 (mod p).

These relations, however, are not consistent; for

B-'AQ = A"*1B~1Q = A»+'QB-a,
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and B-} QA = QB-"A = QA""*lB-a = Aap^ QB~tt,

and so a = 1 (mod p),

which is contrary to hypothesis.

Secondly, let the group of order p* whose operations are permutable
with {Q} be {A'', B}. Then (§ 15)

A"Q = QA'\ BQ = QB.

Of the p cyclic groups of order p% at least one is permutable with

^ ' s i n c e p = l (mod?).

It may be taken to be {.4}, without interfering with the result

APQ = QA",

above obtained, for (ABk)'' = A1' (§ 4, VI.).

Then Q'lAQ = A",

where a is a primitive root of aq = 1 (mod p%).

But Q-XA"Q = A!"\

and so a=\ (modjp),

which is inconsistent with a being a primitive root of

aq= I (mod p*).

(ii.) p2 Sub-groups of Order q.—Here Q is permutable with the
operations of some group of order p. This cannot be {Ap}, for the
same reason that Q in the last case could not be permutable with
the operations of {Ap, B}.

This group of oi-derp may therefore be taken to be {B\. So

BQ = QB.

One of the p cyclic groups of order p* is permutable with Q; we
may take it to be {,4}. Then

Q-XAQ-A\

and a is a primitive root of a' = 1 (mod pq).

By taking Qo = Q* in place of Q, we get any other root of this
congruence in place of a; hence the single type

A" - B» - Q" = 1, B-lAB = A"*\ BQ=QB, Q~xAQ = Aa,

where a is any primitive root of

a* = 1 (modp3), and p = 1 (mod q).
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(iii.) jps Sub-groups of Order q.—Of the p cyclic groups of order p \
one, say {.A}, is permutable with Q. Then

Q-XAQ = A".

Besides {Ap}, at least one other group of order p, say {!?}, is per-
mutable with Q. Then

Q~lBQ = B\

These relations, however,are mutually inconsistent, unless 6 = 1; for

and so Q-'B-lABQ = Q-'A"*' Q = A"**".

But BQ=QB\ Q-lB-J = B-bQ-li

therefore ^la">+1) = B-"Q-}AQBb = B-bAaBb = Aa{bp+l\

and so 6 = 1 (mod p).

This makes BQ = QB,

which is contrary to hypothesis.

25. VII. A" - B" - C = 1, ^ 5 = B.4, AO = (M, O-'BG = AB
(p>2).

Q is pei'mutable with {A}, the characteristic sub-group of this group.

(i.) p Sub-groups of Order q ; then

p = 1 (mod g).

—The operations of some group of order p* are permutable with Q
(§ 15) ; it may be assumed to be {A, B\. Then

AQ=QA, BQ-QB,

and Q is thus permutable w i thp+1 groups of order p, viz., {B} and
{ABk} (k = 0, 1, ..., p—1) ; there remain p% other such groups ; now

p" = 1 (mod q),

so at least one of the latter is permutable with Q. Suppose it is
{AkBmG} ; then we can put

and, dropping suffixes,

AQ=QA, BQ=QB, and Q-'

where a is a primitive root of a' = 1 (mod p).
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These relations are, however, inconsistent with

G-VBG = AB.

For, since J5Q = QB,

C-lBG is permutable with G'^QG. Now

therefore ABQC'"*1 = QG~a+lAB = AQA^BG-"*' = AaBQG-"+l;

therefore a=\ (modp),

which makes Q permutable with G, contrary to hypothesis.

26. (ii.) p3 Sub-groups of Order q; and

p = 1 (mod q).

—The operations of some one group of order p are permutable
with Q(§15).

This case falls into two principal sections according as (1) this
group is {-4}, or (2) some other sub-group of H, say {B}.

(1) AQ=QA.
Besides {A}, there arop'+p other groups of orderp in JET; now

p*+p = 2 (mod q).

Except therefore in the case q = 2, in which it may be that no other
group of order p is permutable with Q (which supposition will be
considered later), there ai-e at least two such besides {A} permutable
with Q, and, of course, this may be the case when q = 2. Taking, as
we may, {B} to be one of these, the other cannot be {AkB}, for

Q- AkBQ= AkBn,

where a f̂e 1;

and AkB" is not a power of {AkB}.

The third group of order p permutable with Q may therefore be
taken as {C}. Thus we get

Q-'BQ^B", Q-'GQ^G",

where a and b are primitive roots of

a7 = 1 (mod p) ;

a and b, however, are not independent, for
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Transforming this relation with Q, we obtain

Now CQ=QCb, Q-*C-x = C-bQ-1;

and therefore

ABa= Q-lG-lBGQ= G-bQ~xBQCb = G-bBaGb = AnbB° (§4, VIL).

To render the relations consistent it is necessary that

ab = 1 (mod p),

that is, b = a"'x (modp).

It will appear on examination that the other relations may be
transformed and combined in every possible manner without any
inconsistency emerging, provided that the condition

b = a'"1 (mod p)
is satisfied.

The relations furnish one type only, for the transformation 00=0*
changes a into a*:

A" = B" = G" = Qq - 1, AB = BA, AG = GA, AQ = QA,

C-lBC = AB, QrxBQ = B\ Q-lGQ-Gaq~\

where a is any primitive l-oot of

a' = 1 (mod p), and p = 1 (mod g).

When q = 2, there remains the supposed case of the p*+p groups
of order p being all non-permutable with Q. Either

QBQ-A'B\

or it may be taken to be (7.

First, QBQ = AXBV;

then, since Q2 = 1, J5 = A"X'JB"\

so y = — 1 (mod p).

and then Q (A-*B2) Q = A-*A**B-2 = (A-*B*)-\

which is contrary to hypothesis.

Secondly, QBQ = C-,

then QGQ = B,

and so QBG'1 Q = CJ5"1 = (BC'x)-\

again contrary to hypothesis.
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(2) Having disposed of the case AQ = QA, we must now consider
the second case, BQ = QB.

As before, there are at least two other groups of order p besides
{B} permutable with Q; the only conceivable exception being when
g = 2 ; this, however, may easily be proved impossible, as in the
previous case. And one of these we know is {A}. Then

Q-1AQ=A", QB = BQ.

The other group of order p permutable with Q may without loss of
generality be taken to be {0}, and so

here a? = b9 = 1 (mod^?).

Now, since G'lB0 = AB% Q-'C^BGQ - Q'lABQ = AaB.

Now OQ = QC\

and so A"B=C-bQ-lBQGb = O~bBCbz=AbB;

and therefore b = a (mod p).

The other relations give rise to no fresh conditions and no incon-
sistencies. We therefore get the one type

A" = B" = C = Q> = 1, AB = BA, AG = CA, G~XBG = AB,

Q'AQ-A\ QB = BQ, QrlCQ=G\

whei'e a is any primitive root of

a9 = 1 (mod^j), and p = 1 (mod q).

27. (iii.) p% Sub-groups of Order q; and

p = — 1 (mod q) ;

here q >2.—Since Q is permutable with {̂ 4}, and the congruence

aq = 1 (mod p)

has no real primitive roots, Q. must be permutable with A. For the
same reason, no other gronp of orderp besides {.A} can be per-
mutable with Q. Then

Q-lBQ = AaB3
t or else A'B'G*.

If Q-1BQ = A'B',

then Q-qBQq = Aa<1+"+-+'"".I> £<*,

BO /3* = 1 ( m o d p ) ,
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that is /3 = 1;

and so B = Aa9B,

which is impossible. Therefore

Q-xBQ-A'B30\

Let A0 = A\ B0 = B, C0 = A°B3G* (§4, VII.).

Then A0Q = QA0, Q-'B^Q - 00.

Dropping suffixes, we get

AQ = QAt Q-'BQ = C, Q'*CQ = AaBa&.

Then

and therefore

yx = yyx-i+/',-i

Then y,—yy,.,—/3y,_2 - 0.

If the roots of the congruence

X2— y\—0 = 0 (modp)

are equal, each being X, then

and so yx =

But yi;_, = 0,

and so gX«"' = 0 (mod p),

wliich is impossible. Therefore the roots must be unequal, X, and X,
say, and then

X*+1 xx" \x \x
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NOW yg_} = Q, y, = 1 ;

therefore X ' = X ! = 1 (modp).

Also ^ = K>

therefore X,X2 s Xf*1 = (\«)(P*W« = 1 ;

and so /3 = — 1.

Then 2(X1-X,)2(ax-ax_1)

s ( 2 a - y ) ( \ : - l ) Xj^+Cia-yJCXj-

and so

2(X1-X2)Ja,-i = (2o-y)(A1'

These values of ax, /8X, and yx satisfy the conditions

a,-i = «, = 0, j 8 H s l , /3, = 0, y,_, =0, y , s l .

Thus we obtain the relations

^ Q = Q ^ , Q-lBQ=C, Q-1OQ = A'B-lCPt

where y = X + X**,

and X is any primitive root of X' = 1 (modp).

These are self-consistent, ^ and the only question remaining is, How
many types are included therein ?

Let Ao = A'", Bo = A'B">C'\ Go = ArO

(Avhich express an isomorphism of H, § 4, VII.). and

Qo = Qk-

Then Q,"1BoC?o

= Q~kAlBmOnQk =A (Aak-lB~yk-2Cyk-1f (A"kB~yk-'Cffk)n

and this is to be O0 = ArG.

Then r = l+f(m,n), (1)

the right side being the index of A in Q^lB0Q0. Also

tnyk..i + nyk.i = 0, myA.j + «yA = 1.

These last give m = yt_i, « = — y*-2>



1899.] Mr. A. E. Western on Groups of Order p*q. 253

since we have y *. i—yk y* - 2 - 1 >

identically. Also Q;1 Go Qo = Q-kA" G<$

= Ar+a> B^*-1 Gy\

and this is equal to B^x C% which is the same as
rt-n -D-M A-l+ri QS _ ^- l + rs-mn P-«» Q-n + t

provided that 8 = yk — y4.2, (2)

and —l+r^—mn = r + ak. (3)

Congruences (1) and (3) can always be satisfied by proper values
for I and r. Also

3 = yk—y*-2 = \ + *o,

and this shows that the same type is obtained whatever value of X
is taken among the primitive l̂ oots of

X ' = l (modp).

Thus there is only one type of group of this kind whose generating
relations may be taken to be

A" = B" = C» = Q> = 1, AB = BA, AC = GA, G~XBG~AB,

AQ=QA, Q,-lBQ=G, Q-*CQ = B'C\

where y = X + A.p,

and X is any primitive root of X' = 1 (mod p).

28. (iv.) p* Sub-groups of Order q ; then

p = 1 (mod q).

—If q > 2, at least two of the pz+p sab-groups of order p, besides
{A}, are permutable with Q, and this may also be the case when
2 = 2. The possible exceptions to this when q = 2 will be treated
later.

We have Q-lAQ = A";

let {B} be another group of orders permutable with Q ; then

Q-lBQ = B".

If a is not equal to b, Q cannot be permutable with {̂ 4*2?}, and so
the third group of order p may be taken to be {G}. And if a — b,
then we have p + 1 such groups, viz., {A}, {AXB} permutable with Q;
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there remain jp1, one at least of which is also permutable with Q;
here again it may be taken to be {0}. So

Q-'AQ = A% Q-XBQ = Ba\ Q"1 CQ = Ga\

where o ia any primitive root of

a* = 1 (mo

Evidently the alteration of a to ax, x and y remaining constant, does
not make a fresh type. Since

QlG-lBGQ = Q-lABQ = AaBa'.

But OQ = QC"'J.

So AaBaX = 0-°" Q'x BQCaV = G-aVBa'GaV = Aa**vBa'.

Therefore ax*v = a (modjp),

that is, x+y = 1 (mod q).

If this condition is satisfied, all the relations are consistent.
It remains to find how many types are included in these relations

for different values of x and y.

For this purpose, let Bo = AyB^G";

we must take for Qo the most general fox-m of operation of order q.
Since G contains p* sub-groups of order q, every operation of the
form A/BJGhQk is of order q. Since a may be considered fixed, we
may put k = 1, and, since A is permutable with B and C, we can
omit the A?; thus we have

Q, = B'JGhQ.

Then, writing b = ax, c= a",

we obtain Q^B.Q, = Au*+-h*-u"Bb*(r.

Also Bb
0° = Axbo• *"VV " £V 0V.

Since /J. and v are not both = 0, fcy = b or c (mod j<).

So the only change that can be made to b and c is to interchange
them ; thus x, y and y, x give the same type. The number of types
is therefore the number of solutions (order being disregarded), of
the congruence

x-\-y = 1 (mod q).
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Neither x nor y can be 0 or 1, for this would make Q permutable
with B or 0. When 2 = 2, this congruence has no solutions of the
proper kind; when g>2, there is one solution

for which x = y,

and 9-?— solutions for which x ^ y.
a

Thus we obtain altogether 2_— types :
2

A" = B» = & = Q> = 1, AB = BA, AO = GAt C-XBO = AB,

Q'AQ = 4°, Qr'BQ = B«r, Q-'CQ = Oa^'\

where a is any primitive root of

a' = 1 (modj)),

q is greater than 2, p = 1 (mod 5),

and as takes any of the values 2, 3, ..., *-̂ r—.
2

The case q = 2.^Here either one only or at least three groups of
order p are permutable with Q; the case of three permutable
with Q has been already discussed, and shown to be impossible
for 3 = 2.

Suppose now that only one group of order p is permutable with Q;
it must be {A}, and so

and then QBQ cannot belong to {A, B} (as in § 26), and so may be
taken to be G; then

QBQ=O,

and so

which is contrary to hypothesis.

29. We now reach the fourth and last of the principal divisions of
the subject (see § 5)—the groups of order f̂y which do not contain
self-conjugate sub-groups of orders pa or q.

Since there must now be q groups of order p8,

g = l (mod p),

and therefore p < q.
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There cannot tlierefore hop groups oE order q, for this requires that

p ^=1 (mod q).

Nor can there be p3 groups of order q, for then ps(q~ 1) operations
of the group are of order q, leaving only p* other operations; in this
case there can only be one group of order p3. If there are any
groups of the kind now sought for, they must therefore contain
p2 groups of order q, with the condition

= 0 (mod q).

The only values of p and q satisfying this and the previous
condition

(7^1 (mod p)

are p = 2, q = 3.

Accordingly, if there are any such groups, the}r are of order 24.
In Bnrnside'.s Theory of Groups (pp. 101-104), the groups of this
order are discussed, and it is unnecessary for me to reproduce this
discussion here ; it will sullico to give the generating relations of the
sole group which has no self-con jugate sub-groups of order 8 or 3,

A1 = B1 = Q3 = 1, BAB = A \ Q-XA*Q = B, Q-XBQ = A'-B,

Summary.

30. It will be best fro keep distinct the cases p= and >2.

First, Groups of Order 8q.
Number
of Types.

(1) A9=ty = l, AQ = QA 1

This is the cyclic group of order 87.

(2) A' = IV =Q> = 1, AB = BA, AQ = QA, BQ = QU... 1

(3) A1 = It* = 0" = C:1 = 1, AB = BA, AG = GA,
U0=CB, AQ=QA, BQ = QB, GQ = QG 1

These first three groups ai'e Abelian.

(I) A1 = IV = Q1 = 1, 11 AP» = A~\ AQ = QA, BQ - QU. 1

(5) A* = B* = Q> = 1, Bl = A\ B-'AB = yl"', AQ = QA,
BQ- QB 1

(6) AS=Q< = 1, A-lQA = Q~l 1

(7) A' = B* = Q? = 1, ,17J = BA, AQ = QA, BQB=Q-\ 1
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Number
of Typos.

(8) Ai = Bi = (#=l, AB = BA, A'lQA = Q~\ BQ=QB. 1

(9) A" - J?2 = 0* = Q> = 1, AB = BA, AC = OA,
BO=CB, AQ=QA, BQ = QB, 0Q0 = Q-1 1

(10) yl*=J32= Q>=\, BAB = A'\ AQ = QA,

(11) A* = B* = Q> = 1, BAB = A-\ A~lQA=-.Q-\
BQ = QB

(12) A* = 7>" = Q'= 1, I? = A\ B-'AB = A~\ AQ- QA,

Tlio above iwulvo groujis exist for all values of q
(q being supposed a prime number greater than 2).

In addition, when q = 1 (mod 4), there are : —

(13) As = Q' = 1, A'XQA = Q", where a is any primitive
root of a* = 1 (mod q) 1

(14) A* = B* = Q" = 1, AB=BA, A'XQA= Q'\ BQ = QB,
where a has the same meaning as in the previous
group 1

Thus, if (? = 1 (mod 4), there are fourteen types.

Lastly, if q = 1 (mod 8), in addition to these,
there is:—

(15) A* — Q' = 1, A'lQA = (2", where a is any primitive
root of a8 = 1 (mod q) 1

There are, therefore, twelve, fourteen, or iifteen
groups of order 8q containing a self-conjugate sub-
group of order q, according as q — 1 is a multiple of
2 only, 4 only, or 8.

In addition, for certain values of </, there are
groups not containing a self-conjugate sub-group of
order q (i.) when q = 3 : —

(16) The Galoisian t in this case satisfies ts = 1 (mod 2).
Therefore t2 +1 +1 = 0 (mod 2) ; and so
A* = B2 = G2 = Q* = 1, AB = BA, AC = OA,
BG - GB, AQ = QA, Q-*BQ = G, Q-'GQ = BG... 1

(17) A* = Bi=Qi = l, B3 = A3, B~lAB = A-\ Q-1AQ = B,
Q-*BQ=AB 1

VOL. xxi.—NO. 674. s



2.58 Mr. A. E. Western on Groups of Order p*q. [Feb. 9,

Number
of Types.

(18) A* = B* = Q5 = 1, BAB = A~\ Q-'A3Q = B,

And (ii.) when q = 7 :—

(19) The values of /3 and y ai"e

where \ 7 = 1 (mod 2). So y + (3 = 1 (mod 2), and
we can take /3 = 1, y = 0; the type is
A* = .B3 = 0% = Q7 = 1, ^ 5 = £ 4 , ^ 0 = 0A%

BG-OB, Q~lAQ = B, Q-lBQ = O, Q-lGQ = AB... 1

There are, therefore, altogether fifteen groups of order 24, being
the twelve types which exist for all values of q and the three special
types just mentioned. And there are thirteen groups of order 56.

My results for the order 24 are confirmed by Burnside's list
(pp. 101-104), in which are given the generating relations of the
fifteen groups. And the results just given as to groups of order Sq
are confirmed, so far as the number of types is concerned, by Dr.
Miller, in his paper, " The Operation Groups of Order 8p, p being
any Prime Number," JPhilusophical Magazine, Vol. XLII., pp. 195-200.

31. Groups of Order p*q, where p is odd.

First, those containing self-conjugate sub-groups of orders p3 and q.
Number

of Types.
( 1 ) 4 ' " = 1, Q> = 1, AQ.= QA 1

(2) A"° = B"=:Q>=\, AB=BA, AQ = QA, BQ = QB ... 1

(3) A" =BP = C"= Q" = 1, AB = BA, AG = CM,
BG = 0B, AQ=QA, BQ = QB, GQ=QO 1

(4) A"' = B" = Q1 = 1, B'lAB = A»+\ AQ - QA,
BQ=QB 1

(5) A" = B"= C = Q" = 1, AB = BA, AO = GA,
0-1B0=AB, AQ=QA, BQ=QB, CQ=QC ... 1

Secondly, those containing a self-conjugate sub-group of order q,
but not one of orderp*.
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If g = 1 (mod p), there are the following:—

(6) A? — Q" — 1, A-*QA — Q% where a (here and in
the next five groups) is any primitive root of
a p = l (modg) 1

(7) A" = H" = Q« = 1, AB = BA, AQ = QA,
B-iQB=Qn 1

(8) ^ = B " = Q ' = 1, AB = BA, A-'QA-Q",
BQ = QB 1

(9) A" = B" — C = Q> = 1, AB = Z?A, .40 = CA,
BG=GB, AQ=QA, BQ-QB, C^QG = Qa ... 1

(10) Apt = B" = Q« = 1, JB^AB = ^Lp+1, ^Q = QA,
B-lQB = Q6, where b = a, or a2, ..., or a""1 p - 1

(11) A" = B" = 0" = Q> = 1, AB = J5A, AC = 0i4,
AQ=QA, BQ = QB, C~XBC = AB,
C-'QG^Q" 1

And if 2 = 1 (modjp2), there are, in addition to
the above:—

(12) A^ — Qq = I, A'lQA = Q", where a (here and in
the next group) is any primitive root of
a*'==l (mod q) 1

(13) A"' = B" = Q.' = 1 , AB- BA, A'lQA= Qa,
BQ=QB 1
And if q = 1 (mod p8), there is, in addition :—

(14) Ap> = Qq = 1, A"1 QA = Q", where a is any primi-
tive root of a? = 1 (rno^g) 1

Therefore the number of groups of order psq
containing a self-con jugate sub-group of order q
is 5 when g ̂ = 1 (modj?), p + 9 when g = l(mod^),
2> + l l when q = l (modp2), and JJ + 1 2 when
g = l (mody8).

Thirdly, those containing a self-conjugate sub-group of order p8,
but not one of order q.

When p = l (mod g), there are the following
types :—

[a denotes a primitive root of a? = l (mod^j),
at of a« = I (mod p*), and a8 of a' = 1 (mod p8).]

s 2
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(lb) A» = (# = 1, Q-lAQ=A"' 1

(1C) yl"g = B" = Q> = 1, An = BA, AQ = QA,

(17) A" = B" = Q> = 1, AB = BA, Q'AQ = A°>,
BQ = QB 1

(18) yl"= = 7?'1 = Q> = 1, AB = BA, Q-lAQ = A"\

Q-'BQ = B"\ or Z?a'2, ..., or B<'* 7 - l

(19) A'1 = B" = C = Q" = 1, ^1? = BA, AG = GA,
BG = GB, AQ = QA, J5Q= QJB, Q-'OQ = (7n.., 1

(20) q = 2. J'1 = .77'' = C = Q: = 1, .1 /' = BA,
AO= OA, no = on, AQ = QA, QTIQ = n-\

QOQ=G-X 1

q>± A1' = ]1"- C = Q;> = 1, All = BA,
AG = GA, no = GB, AQ = QA, Q'1 HQ = B",
Q~XG(), = O", where A represents one of

'' t - viilui'S (as shown in § 19) *-—

(21)5 = 0 or - 1 (wot? 3). A" - B" = G" = tf.' = 1,

Q.'BQ^B"*, Q-'CQ=G"", where .T and y/

liiive dlic m i n e s shown in § 21

(j ~ 1 (ii/**«• ̂  M).—The same relations as in ilie

last, case
()

(22) A'ft = Br = Q' = .1, B-'AB = .1."", 7?(2 = Q.B,
Q-lAQ = A"'- 1

(2;?) yi'1 = n>' = c"1 = Q:> = 1, AH = ; M , AG = GA,

AQ= QA, C-1 JiC = AB, Q-' BQ = B",

(24) . 1 " = B'1 - G" = Q'< = I , AB- BA, A G = (VI,
(?-'./;(; = AJi, Q~XA Q = -1" , <«»» = 7?^,
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(25) q > 2. A" = B" = C = Q> = 1, AB = £ 4 ,
AG=OA, G-lBG = AB, Q-1AQ = A",

Q-'BQ = IK, Q^CQ = O'' + 1"r, where re = 2,

or3'-'or 2 V
When p = — 1 (mod g), and g > 2, there are :—

(26) A" = B" = C - Q> = 1, AB - BA, AC = (M,
BC=CB, AQ=QA, Q-'BQ^G,

Q'1CQ = B'xGl + t , where t is any primitive
Galoisian root of t' = l(modjp) 1

(27) 4" = Bp = C = Q' = 1, AB = BA, AG = GA,
C'XBC=AB, AQ = QA, Q-lBQ = G,

Q-lCQ = B-]C'''+l (t being the same as in the
previous type) 1

And, lastly, when p*+p + l = 0 (mod q), and
q>3, there is the one type:—

(28) A" = B" = C" = Q« = 1, AB = BA, AG = GA,
BG = GB, Q-'AQ = B, Q~'BQ = G,

Q-'CQ = AB-K~l-K~"-K~''* GK+K"+X"\ where A is

a Galois imaginary of the third order, which is

a primitive root of X' = l (vaodp) • 1

32. Some interesting facts as to the numbers of types of groups of
order p*q can be derived from the foregoing summary.

The most noticeable fact is that (if certain conditions as to the
relations between p and q are satisfied) the number of groups of
order pzq increases indefinitely as p or q increases. This is not the
case with groups of orders p, p2, pq, p3, or p*; bat it is the case with
those of order p2q (see Burnside, Theory of Groups, p. 136), where, when

p = 1 (mod q),

the number of types is of the form aq + b, a and 6 being constants.

When p = 1 (mod q),

the number of groups of order psq having a self-conjugate sub-group
of order p*, but not one of order q,

(i.) if q = 2, is 10.
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(ii.) If q>2, and = 3, or = — 1 (mod 3), the number is

o

(iii.) If g>2, and = 1 (mod 3), the number is

that is &±*&±S.

When p = — 1 (mod 5), and q > 2,

the number of groups of this sort is 2; and when

p*+p + l = 0 (mod g), and q > 3,

the number is 1.

Consequently the total number of groups of order 2p8 is 15. This
enumeration is confirmed by Dr. Miller's paper in the Quar. Jour, of
Math., December, 1S98 (see pp. 259-263). It is curious that there
should be this same number 15 of groups of order p*, when p is odd
(Burnside, Theory of Groups, p. 87), and also of order 8q, where

3 = 1 (mod 8)
(ante, § 30).

Also the total number of groups of order 3ps (where p is odd and
> 3) is 19, when

p = I (mod 3),

but 6 only when p = — 1 (mod 3).

The total number of groups of order 5p8 (p =£ 2 or 5) is 26, when

p = 1 (mod 5),

6 when p = — 1 (mod 5),

and 5 when p = ± 2 (mod 5).

And the total number of groups of order 7p3 (p =jfc 2 or 7) is 12, when

* = 3,

35 when p = 1 (mod 7),

6 when p = 2, 4, or 6 (mod 7),

and 5 when (p > 3)
p = 3 or 5 (mod 7).
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Finally, I give a table showing the number of types of group for
all orders of the form p*q less than 400.

Urder.

24
40
54
56
88

104
135
136

; 152
184
189

! 232
248
250
296

; 297
328
344
351
375

: 376

Factors of
Order.

2s . 3
2s . 5
3 \ 2
2s. 7
2s . 11
28. 13
38.5
2 M 7
23.19
28.23
38.7
28.29
28. 31
58.2
2s . 37
3 s . 11
2 s . 41
2 s . 43
•A*. 13
58.3
2 8 . 47

Number
of Types.

15
14
15
13
12
14
5

15
12
12
12
14
12
15
14

5
15
12
13

7
12

On the Complete System of Multilinear Differential Oovariants of
a single Pfaffian Expression, and of a set of Pfaffian Ex~
pressions. By J. BRIT.L, M.A. Received January 31sfc, 1899.
Read February 9th, 1899. Received in revised form
April 5th, 1899.

1. An account of the bilinear covariant of a Pfaffian expression is
to be found in Forsytb's Theory of Differential Equations, Part I.,
ch. xi. This covariant involves the first set of Pfaffians belonging to
the given expression, and is derived from the said expression by




