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ABSTRACT 
In present era, Fractional Integral Transform plays an important role in various fields of mathematics and 

Technology. Mellin transform has an many application in navigations, correlaters, in area of statistics, probability 

and also solving in differential equation. Fractional Mellin transform is integral part of mathematical modeling 

method because of its scale invariance property. 

 

The aim of this paper is to generalization of Laplace-Fractional Mellin Transform. Analyticity theorem for the 

Generalized Laplace-Fractional Mellin Transform is proved.   

 

KEYWORDS: Laplace transform, Mellin transform, Fractional Mellin transform, Laplace-Fractional Mellin 

Transform, Generalized function. 

 

INTRODUCTION 
Laplace transformation belongs to a class of analysis method called integral transformation which is studied in 

the field of operational calculus. This method includes the Fourier Transform, Mellin Transform etc. All these 

transformations which are provide us alternative way to analyze the spectra of different signals [1].  

 

In the time domain linear system can be given by a differential equation of integer or non integer order type, using 

Laplace transform, these systems are represented by transfer function corresponding to an implicit or explicit 

derivative transmittance. The most commonly used of Laplace transformation requires that the forcing function 

are said to “turn on” just after t=0 [2]. 

 

Mellin transform, a kind of nonlinear transformation is widely used in signal processing. Mellin transform is 

implemented as a fast Mellin Transform [3]. In literature, 2D Mellin transform implementation appears in 

conjunction with Fourier transform popular as Fourier–Mellin transform used to extract rotation scale and 

translation invariance. In the visual navigation, algorithms are usually known to be computationally heavy and 

time consuming, while the time-to-impact computation of the imaged object is straightforward by using the Mellin 

transform base correlators [4, 5]. 

 

Fractional Mellin transform is extension of Mellin transform. Fractional Mellin transform firstly introduced into 

the field of image encryption by NR Zhou etl [6]. For more image encryption algorithms based on the Fractional 

Mellin transform and its variants, one can refer to [7, 8]. This transform becomes a new way used in visual 

navigation since it can control the range of rotation and scaling.  

Motivated by the extension of Laplace and Mellin transform, which have been recently considered by many 

authors. In this paper we aim to introduce new transform Laplace-Fractional Mellin transform. It will be more 

applicable in the different area of science and technology. 

 

In the present paper we have defined distributional Laplace-Fractional Mellin transform.  Analyticity theorem of 

Laplace-Fractional Mellin transform is proved.  Notation and terminology as per zemanion [15]. 
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LAPLACE-FRACTIONAL MELLIN TRANSFORM 
Definition 

The Laplace-fractional Mellin transform with parameter 𝛉 of 𝐟(𝐱, 𝐲) denoted by 𝐋𝐅𝐫𝐌𝐓{𝐟(𝐭, 𝐱)} performs a linear 

operation, given by the integral transform  

 

𝐋𝐅𝐫𝐌𝐓{𝐟(𝐭, 𝐱)} = 𝐅𝛉{𝐟(𝐭, 𝐱)}(𝐬, 𝐮) = 𝐅𝛉(𝐬, 𝐮) = ∫ ∫ 𝐟(𝐭, 𝐱)𝐊𝛉(𝐭, 𝐬, 𝐱, 𝐮)
∞

𝟎
𝐝𝐭 𝐝𝐱

∞

𝟎
, 

… … … (𝟐. 𝟏) 

 

where, 

𝐊𝛉(𝐭, 𝐬, 𝐱, 𝐮) = 𝐱
𝟐𝛑𝐢𝐮
𝐬𝐢𝐧 𝛉𝐞

𝛑𝐢
𝐭𝐚𝐧 𝛉

(𝐮𝟐+𝐥𝐨𝐠𝟐𝐱)−𝐬𝐭
 

                                                                                              𝟎 < 𝛉

≤
𝛑

𝟐
                                                                               … … … (𝟐. 𝟐) 

 Test function space  𝐋𝐌𝐫,𝐛
𝛂,𝛃

 

 

An infinitely differentiable complex valued smooth function 𝛗 𝐨𝐧 𝐑𝐧 belongs to 𝐄(𝐑𝐧), if for each compact set 

𝐈 ⊂ 𝐒𝐚, where 𝐒𝐚 = {𝐱: 𝐱 ∈ 𝐑𝐧, |𝐱| ≤ 𝐚, 𝐚 > 𝟎}, 𝐈 ∈ 𝐑𝐧. And 𝐤 be the open sets in 𝐑+ × 𝐑+ such that  

𝛄𝐄,𝐛,𝐥,𝐪(𝛗) =
𝐬𝐮𝐩

𝐭 ∈ 𝐤
𝐱 ∈ 𝐈

|𝐞𝐛𝐭𝐃𝐭
𝐥𝐃𝐱

𝐪
 𝛗(𝐭, 𝐱) | 

                        … … … (𝟐. 𝟑) 

                  <  ∞   ,        𝒍, 𝒒 = 𝟎, 𝟏, 𝟐 …. 
 

The space 𝐋𝐌𝐫,𝐛
𝛂,𝛃

 are equipped with their natural Hausdoff locally convex topology 𝓣𝐫,𝐛
𝛂,𝛃

. This topology is 

respectively generates by the total families of seminorms {𝛄𝐄,𝐛,𝐥,𝐪} given by (2.3). 

 

DISTRIBUTIONAL GENERALIZED LAPLACE-FRACTIONAL-MELLIN TRANSFORM 

(LMRT) 

Let 𝐿𝑀𝑟,𝑏
𝛼,𝛽∗

 is the dual space of 𝐿𝑀𝑟,𝑏
𝛼,𝛽

. This space 𝐿𝑀𝑟,𝑏
𝛼,𝛽∗

 consist of continuous linear functional on 𝐿𝑀𝑟,𝑏
𝛼,𝛽

. The 

distributional Laplace-Fractional Mellin transform of 𝑓(𝑡, 𝑥) ∈ 𝐸∗(𝑅𝑛) is defined as 

𝐿𝐹𝑟𝑀𝑇{𝑓(𝑡, 𝑥)} = 𝐹𝜃{𝑓(𝑡, 𝑥)}(𝑠, 𝑢) 

                                                                                                     
= 〈𝑓(𝑡, 𝑥), 𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑢)〉                                    ⋯ ⋯ ⋯ (3.1) 

where  

                                                                          𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑢)

= 𝑥
2𝜋𝑖𝑢
sin 𝜃𝑒

𝜋𝑖
tan 𝜃

(𝑢2+𝑙𝑜𝑔2𝑥)−𝑠𝑡                                       … … … (3.2) 

For each fixed  𝑡(0 < 𝑡 < ∞), 𝑠 > 0 and  0 < 𝜃 ≤
𝜋

2
,  the right hand side of (3.1) has sense as the application of 

𝑓(𝑡, 𝑥) ∈ 𝐿𝑀𝑟,𝑏
𝛼,𝛽∗

to 𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑢) ∈  𝐿𝑀𝑟,𝑏
𝛼,𝛽

 . 

 

ANALYTICITY THEOREM OF LAPLACE- FRACTIONAL MELLIN TRANSFORM  
Let 𝑓 ∈ 𝐸∗(𝑅𝑛) and Laplace-Fractional Mellin Transform defined by(3.1). Then 𝐹𝜃(𝑡, 𝑥) is analytic on 𝐶𝑛if 

𝑠𝑢𝑝𝑝 𝑓 ⊂ 𝑆𝑎 

Where 𝑆𝑎 = {𝑥: 𝑥 ∈ 𝑅𝑛||𝑥| ≤ 𝑎, 𝑎 > 0 } 

Moreover, 𝐹𝜃(𝑡, 𝑥) is differentiable and  

𝐷𝑣𝐹𝜃(𝑡, 𝑠, 𝑥, 𝑣) = 〈𝑓(𝑡, 𝑥), 𝐷𝑣𝐾𝜃(𝑡, 𝑥, 𝑠, 𝑣)〉 
Proof:             Let 𝑣 = 𝑣1, 𝑣2, … … … . 𝑣𝑗 … … . 𝑣𝑛         

                      we first prove that                 
𝜕

𝜕𝑣𝑗
𝐹𝜃(𝑠, 𝑣) = 〈𝑓(𝑡, 𝑥),

𝜕

𝜕𝑣𝑗
𝐾𝜃(𝑡, 𝑥, 𝑠, 𝑣)〉 

For fixed 𝑣𝑗 ≠ 0 

Choose two concentric circle 𝐶 and 𝐶′ with centre at 𝑣𝑗 and radius at 𝑟nad𝑟′ respectively. 

 Such that0 < 𝑟 < 𝑟1 < |𝑣𝑗|. 

     Let ∆𝑣𝑗 be a complex increment satisfying 

0 < |∆𝑣𝑗| < 𝑟 
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Consider, 

𝐹𝜃(𝑡, 𝑠, 𝑥, 𝑣𝑗 + ∆𝑣𝑗) − 𝐹𝜃(𝑡, 𝑠, 𝑥, 𝑣𝑗)

∆𝑣𝑗

− 〈𝑓(𝑡, 𝑥),
𝜕

𝜕𝑣𝑗

𝐾𝜃(𝑡, 𝑥, 𝑠, 𝑣)〉 = 〈𝑓(𝑡, 𝑥), 𝜓∆𝑣𝑗
(𝑡, 𝑥)〉 

Where  

𝜓∆𝑣𝑗
= [

𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑣𝑗 + ∆𝑣𝑗) − 𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑣𝑗)

∆𝑆
] −

𝜕

𝜕𝑣𝑗

𝐾𝜃(𝑡, 𝑥, 𝑠, 𝑣𝑗  ) 

For any fixed 𝑥 ∈ 𝑅𝑛 and any fixed integer   𝑞 = (𝑞1, 𝑞2 … … . 𝑞𝑛) 

𝐷𝑥
𝑞

𝐾𝜃(𝑡, 𝑥, 𝑠, 𝑣) = 𝐷𝑥
𝑞

[𝑒−𝑠𝑡 . 𝑒
𝜋𝑖

tan 𝜃
(𝛾2+log2 𝑥). 𝑥

2𝜋𝑖 𝛾
sin 𝜃 ] 

                             = 𝑒−𝑠𝑡 𝐷𝑥
𝑞

[𝑒
𝜋𝑖

tan 𝜃
(𝛾2+log2 𝑥). 𝑥

2𝜋𝑖 𝛾
sin 𝜃 ] 

                             = 𝑒−𝑠𝑡 𝐷𝑥
𝑞

[∑ ∑ (
𝑞
𝑟

) 𝑃(𝑉). 𝑟! . 𝑥−𝑞+𝑟 (
2𝜋𝑖

tan 𝜃
)

𝑟−𝑞

(log 𝑥)𝑟−𝑞 . 𝐶𝑟(𝑥)𝐾𝜃(𝑥, 𝑣)

𝑟

𝑞=0

𝑞

𝑟=0

] 

 

             Where      

                             𝐶𝑟(𝑥) =
1

(𝑟−2𝑏)!
(

1−log 𝑥

2𝑥 log 𝑥
)

𝑟

,        𝑃(𝑉) is polynomial in 𝑉. 

Since for any fix for any fixed 𝑥 ∈ 𝑅𝑛 and any fixed integer 𝑞 and 𝜃 ranging from 0 to 
𝜋

2
, 𝐷𝑥

𝑞
𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑣)  is 

analytic inside on 𝐶′. 

We have by Cauchy integral formula 

  𝐷𝑥
𝑞

𝜓∆𝑣𝑗
(𝑡, 𝑥) =

1

2 𝜋𝑖
𝑒−𝑠𝑡 ∫ 𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑣)

1

∆𝑣𝑗

{[
1

𝑧 − 𝑣𝑗 − ∆𝑣𝑗

−
1

𝑧 − 𝑣𝑗

] −
1

(𝑧 − 𝑣𝑗)
2} 𝑑𝑧 

                          =
1

2 𝜋𝑖
𝑒−𝑠𝑡 ∫ 𝐾𝜃(𝑥 �̅�)

1

∆𝑣𝑗

{[
1

𝑧 − 𝑣𝑗 − ∆𝑣𝑗

−
1

𝑧 − 𝑣𝑗

] −
1

(𝑧 − 𝑣𝑗)
2} 𝑑𝑧 

                         =
∆𝑣𝑗

2 𝜋𝑖
𝑒−𝑠𝑡 ∫

𝑃(𝑥 �̅�) 

(𝑧 − 𝑣𝑗 − ∆𝑣𝑗)(𝑧 − 𝑣𝑗)
2  𝑑𝑧

𝐶

 

Where �̅� = 𝑣1, 𝑣2 … 𝑣𝑗−1 , 𝑣, 𝑣𝑗+1 … 𝑣𝑛 

∴ 𝐷𝑡
𝑙𝐷𝑥

𝑞
𝜓∆𝑣𝑗

(𝑡, 𝑥) =
∆𝑣𝑗

2 𝜋𝑖
(−1)𝑙𝑆𝑙𝑒−𝑠𝑡 ∫

𝑃(𝑥 �̅�)

(𝑧 − 𝑣𝑗 − ∆𝑣𝑗)(𝑧 − 𝑣𝑗)
2  𝑑𝑧

𝐶

 

∴  But for all 𝑧 ∈ 𝐶′ and 𝑥 restricted to a compact subset 𝑅𝑛.     

 Moreover |𝑧 − 𝑣𝑗 − ∆𝑣𝑗| > 𝑟1 − 𝑟 > 0 and |𝑧 − 𝑣𝑗| = 𝑟1. 

Therefore we have 

|𝐷𝑡
𝑙𝐷𝑥

𝑞
𝜓∆𝑣𝑗

(𝑡, 𝑥)| = |
∆𝑣𝑗

2 𝜋𝑖
(−1)𝑙𝑆𝑙𝑒−𝑠𝑡 ∫

𝑃(𝑥 �̅�)

(𝑧 − 𝑣𝑗 − ∆𝑣𝑗)(𝑧 − 𝑣𝑗)
2  𝑑𝑧

𝐶

| 
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                                ≤
|∆𝑣𝑗|

2𝜋
𝐿 ∫

𝑄1

(𝑟1 − 𝑟)(𝑟1)2
| 𝑑𝑧|

𝐶

 

                               ≤
|∆𝑣𝑗| 𝐿 𝑄1

(𝑟1 − 𝑟)𝑟1

 

                              ≤
|∆𝑣𝑗| 𝑄

(𝑟1 − 𝑟)𝑟1

          ∵ 𝐿 𝑄1 = 𝑄   

Thus as |∆𝑣𝑗| → 0 and  𝐷𝑡
𝑙𝐷𝑥

𝑞
𝜓∆𝑣𝑗

 tends to zero. 

 

Uniformly on the compact subset of 𝑅𝑛 

Therefore it follows that 𝜓∆𝑣𝑗
(𝑡, 𝑥) converges in 𝐸(𝑅𝑛)to zero 

Since 𝑓 ∈ 𝐸∗; we conclude that (1.1) tends to zero. 

Therefore, 𝐹𝜃(𝑥, 𝑣) is differentiable with respect to 𝑣𝑗 . 

But this is true for all 𝑗 = 1,2 … 𝑛 

Hence 𝐹𝜃(𝑠, 𝑣) is analytic on 𝐶𝑛and  

𝐷𝑥𝐹𝜃(𝑠, 𝑣) = 〈𝑓(𝑡, 𝑥), 𝐷𝑥𝐾𝜃(𝑡, 𝑠, 𝑥, 𝑣)〉 
Hence proved 

 

CONCLUSION 
In the present work analytical structure of Generalized Laplace-Fractional Mellin transform is presented. 
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