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A PROPERTY OF POLYNOMIALS WHOSE ROOTS ARE REAL
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[Read March 11th, 1920.]

1. Let «;, ag, ay, ..., @y, be the roots, supposed real, unequal, and in

ascending order of magnitude, of a polynomial
f@) = at—az"  agxti—. ..,
and let By, By, ..., B.-1, be the roots, also real and in ascending order of
magnitude, of (@) = g —b g ;
further, let the roots of ¢ (z) separate those of f(z), so that
a<Bi<u<fh< - <1<

Let f(z) be divided by ¢(x) and let the quotient be 2 —y and the remainder
— 4y @), where V@) = 2" 1=t

Then denoting the roots of y (z) by 8, &, ..., 6.—s, it is immediately seen
that the ¢’s are all real and that they separate the B’s, and further that v
and the ¢’s separate the a's. We can thus take y and the ¢’s together as
a new set of 8's: that is, we take, as a new ¢(x), the polynomial

(=Y x—6)(x—3y) ... (@—Cy-2)
and divide f(x) by it as before, obtaining a new y and new ¢’s, which
separate the a’s as before, and so on, continuing in this way indefinitely.
We shall show that 6, S,, ..., §,_. tend to the limits ay, a3, ..., au-1.
2. Considering any stage of the process, let the greatest value of
|,33—{;(al+a,,) ' s=1228,..1n2—1)
be denoted by g. Then since

B8 <8< L 0ume K Bty (1)
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it follows that |6—3(+a) | <g 5=1,2,8, ..., n—2).
n n-1
AISO Y = 2 as— E 183,
s=1 s=1
and since a<B<u<Bh<L. .. . LB Ly
we get 9= Yo+ a) =8, = y—1(@+w)
= 1}(al'{"au)"’ﬂn—l
=9
Hence [v—3 (0, 4a) | < 9.
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From (2) and (4) we get that if ¢’ is the greatest value of | 8;—3(a;+a.) |

for the next stage of the process,

9'<g9.

Thus at no stage does g increase, and, since it is essentially positive, it

tends to a definite limit.

3. Again, from the equation
f@) = (@—1y) ¢pl)— Ay (x),
we get, on equating coefficients of z"~2,
4 =2BB—Zant+yZB,
= ZB\B—Zaa3+(Ea,—E8) 26,

=1 n—-2

= (ap— n—l) E (,8 as)+(au—l_}8n—‘.’) ?} (:85"“5)

+---+((1-z_181)(:31_‘11)’

50 that it follows from (8) that 4 cannot be negative.
If we denote the value of 4 at the next stage by A', we have

4'=(Z6,6+yZ8)—Zayag+(y+Z8)(Zay—y—24y),

since y and the &’s constitute the new 3’s.

(5)



294 G. S. LE Beau [(March 11

Thue A'= 26,6+yZ8—Zaqa+(y+28)(EB8—
36,0,—Zayaa+yZ6,+(Z6,—26) 24, (6)
From (5) and (6), we get
A'—A4 = 28,6,—ZB, B+ (ZB,—24) =4,

= (Bn—. - 1:—2) "‘—-' 6 Bs) +(ﬁn— n 3) 2 —Bs)

+...4+B—8) (=B, M
so that, from (1), it follows that
4' > A.

Since all the B8’s lie between assignable limits, it is obvious that 4 cannot
exceed an assignable value. Hence 4 tends to a definite limit.

4. It follows trom this result that, ¢ being a given arbitrarily small
positive quantity, from and after a certain stage the expression on the
right-hand side of (7) will be less than ¢®. Since all the products of
differences of which this expression is composed are positive, and the
expression contains the product (B;+1—3)(6;—B.), we shall then have

Bir1—3)6—B) <& (6=1,2,8, ..., n—2),
and hence either Ba—8<e or 6—B.<e 8)
Writing 2 = 4. in the identity
f@) = (x—v) ¢ (@) — AY(x),
we get f(6) = 6s—y) ¢ 0,
and it follows from (8) that
18] < e (an—ap)™?

Hence from and after a certain stage, ; differs from some one of the
«’8 by less than an arbitrarily small ¢;. If ¢ is sufficiently small, this one
of the-a’s cannot be either a, or a,. For, if the initial values of B8,—q,
and a,—B.-1 both exceed %, say, it follows from the result of § 2 that, at
every stage of the process, the difference between any é and either a;, or
a, also exceeds /.
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We thus arrive at the result that, e being given and arbitrarily small,
from and after a certain stage in the process, every ¢ will differ from some
one of ay, a3, ..., a,—1, by a quantity less than e.

5. We will next prove that if the process is carried sufficiently far, and
if ¢ is sufficiently small, it is- impossible that two &’s should differ from
the same a by quantities less than e.

For suppose that 2e¢ is less than the difference between any two con-
secutive a’s, and that ¢ and ¢’ both differ from a, by less than e. Since
the interval between two consecutive a’s cannot contain more than one 6,
it follows that § and &' are consecutive d's. Let 83, 8, 8", be the con-
secutive 8’s which they separate. Then we shall have either

() B<u 1 <i<fB <a,<é&<p,
or i) B<i<a <P < <ana<p

We can suppose the process carried so far that the expression on the
right-hand side of (7) is less than either %e(ar—a,—1) or e(a.s1—a).
Hence (8"—¢')(6—p) is less than either of these quantities.

Now, in case (i),

0—B>L(w—a-), B'—8<e B'—a <2
and in case (ii),
[3"_6, > % (a"+l—a’/‘)i 5—6 < €, a"_B < 2e.

Thus in either case we shall have two of the &'s and two of the B's all
differing from a, by less than 2e.
Hence from the equation

fa)=@—y) ¢ @—AY (@),
we get, observing that the right-band side must be divisible by «—a,,
@E—a)@—ay) ... @—a) = @—a)? F(z) +e(z—a,) G@),

where | G(a,)| cannot exceed an assignable fixed value, independent of e.
Dividing by z—«a, and putting z = ar, we get

f’(aa- = eG(ay),

which is impossible if ¢ is sufficiently small. This proves the result re-
quired.
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- 6. If, then, ¢, is sufficiently small, and we choose any e less than ¢, we
shall have, from and after a certain stage, every d differing from one of
ag, @3, ..., up_y by less than ¢, and no two ¢’s differing from the same «

Thus we shall have

by less than e.
’ Ian—2—an-—1 | <e

|61—0‘2| <e lae—asl<€’
Thus 6y, J,, .... 6u_s tend to the limits «q, ag, .
If v and y' are the values of y obtained in two consecutive stages of
the operation, it immediately follows from this result. combined with the

cey Ap—1.

n n~-1

equation
’ Y = Za— z 1831
~=1 s=1

that y++v' tends to the limit a;+4a,. Hence the alternate values of y
tend to limits /, /', such that I+ = a;4«,, and we evidently have that

if IL is the limiting value of 4,
E—a)(z—a,) = @@—=De—=1"—1L,

so that L=U—qaua,.
vy Bu-

The values of I, I, L, depend on the initial choice of 3}, 3,,

7. We have

L = (l_al)(au_[) = (l_al)(l’_“l) - (uu,_l)(au_l')-

It may be observed that
| (a,—D(a,=1") | < (_l—a])(l'—al) (r=2,3, ..., n—1).

For suppose, if possible, that
a—dla—0)] _ 1+,

(a;—(ay— l)
where A is positive.
From the equation
@=a)@—uy) ... (—ay)

= @—y)@—y)@—38) ... @—04-2) — L (L—031)(x —3bY)...(x—5h_s),

we get, putting © = a,,
“i‘_&'-l — (a,j/')(a,—y) I (Gr"‘&)
- 4 « \a,—é!/’

a,.—S,._l
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where the product is taken for every value of s.from 1 to »—2 inclusive,

-except »—1. Since 6, &y, ... tend to limits a,, a, ..., it follows that this
product tends to the limit unity. Also

Lim

(ar- Z’)l{(ar— 2) ' — 1+>\-

Hence from and after a certain stage, we shall have

(ar—vy)a,—y) l 1 0, — 0, 1
z > 143, and |1 (a,.—“,:> > o

so that from and after this stage

’
(I;v—'(s,._]

> 1,

R
ay—0,_1

which is impossible, since Lim 6,_; = a,.

8. It has been supposed that the roots of f(x) are unequal, but we may
evidently dispense with this condition, for if f (z) contains a factor (z—a)",
we must suppose the original ¢(x) to contain a factor (x—a)"~', so that
V(z) also contains a factor (z—a)"~', and so on. In fact, the polynomial
V(x) obtained at any stage is (z—a)"~' v (x), where  (x) is the poly-
nomial obtained at the corresponding stage of the process of repeated
division of f(z)/(x—a)™"'. The theorem thus holds in all cases wheu the
roots of f(z) are real.

If we divide f(z) by the successive polynomials Y (z), we get a suc-
cession of quadratics, whose roots tend to the limits a) and a,. Taking a
polynomial V-(z), whose roots are sufficiently close to ay, ag, ..., a,—1, we
can apply the same process to it, and in this way we can obtain a quad-
ratic whose roots are as close as we please to a; and a,-,, and so on. We
can thus obtain a set of equations, which are all quadratic if » be even, or
one linear and the rest quadratic if 2 be odd, whose roots approximate as
closely as we please to a; and a,, a; and a,_1, ag and a,_,, &e.

In particular, we can take, for the initial ¢ (), the first derived f'(z) of
f). In this case, the coefficients in the quadratic equations are rational
functions of the coefficients of f(z). The process can thus be applied to
an algebraic function y defined by an equation f(y, ) = 0, and we get
the following result :—If for all real values of & in the range a <z < b,
the values of ¥ given by the equation f(y, ) = 0 are real, these values
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may be represented, to an arbitrarily close approximation, as the values of
rational functions of z, or the roots of quadratic equations whose co-
efficients are i.tional functions of z ; these equations may be obtained by
the process deseribed above, the initial divisor being f,(y, ). As a trivial
example, if | # | < 1. successive approximations to one value of 3 given
by the equation
v e el =8y +4a® = 0
are y = 22% y = (22'—42%/(2z*—227—1),

and so on.



