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It is a familiar fact that the potential of a uniform ecircular dise of
radius @ can be expressed by series of zonal harmonics of the form

S A, Pu() ™ or  SByrPa(w),

according as r is greater or less than «. And a similar statement bolds
for the potential of a uniform hemisphere (with a slight modification at
internal points) ; the exact formule for both cases are given below
(pp. 108 and 120).

There is no difficulty in shewing that, if » > «, a series of the type
S APy [r™+! will serve to represent the potential, whatever the law of
density in the disc or hemisphere may be, provided that it is symmetrical.*

But when the density is not uniform, the series for points at which
r < @ become more complicated : in particular, if the density is an odd
power of the distance from the centre certain new types of harmonie (here
denoted by X,) will appear, containing terms of the type +"P,(w) log (a/r).
The precise form of X, is investigated in § IT below.

The formule for the potentials in §§1I, VI and the formule for X,
were obtained four years ago, but were first published in the Abstracts of
the Proceedings of the June Meeting of the Society ; after these Abstracts
had appeared, it was remarked to me by Mr. G. N. Watson that the
function X, is connected with the function

= () ).

which is & more obvious solution of Laplace’s equation. A verification of
this fact will be found in § V below ; and some of the potential functions

* More generally, a series of this type can be found for any solid of revolution, if » is
greater than the greatest radius of the solid,
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have been now expressed in terms of 'V, rather than in terms of X,, as
this enables these formule to be written more compactly.

L. Potential of a Disc whose Density Varies as s™, where s is the
Drustance from the Centre.

We take the centre of the disc as origin and its plane as the plane
of zy. Then the potential is given by the integral

_ 2 @ ksm
V= 50 d¢ Sosds V0?42 —2rscos y)'
where cos y =sinfcos ¢, and r, 6 are the three dimensional polar co-
ordinates of the point at which V is to be found.
We can expand the square root in a series proceeding according to
powers of s/r (or r/s, as the case may be), so that

1

1 3 s . A
T —Trscony) 7 T2 pmilalcosy), it s<r,

or % +2s—;:ﬁP,;(cos v), if s> 7.
1 D

Also it 18 known that

f" P, (cos y)dg = 2P, (0) Pa(cos 6),
0

and that P,(0) =0, if n is odd,
or ~P,-L 0) = (—1)* M, if » is even = 2m.
2.4...n

For brevity in the subsequent work we write

_1.8...(2nrn-—1)
Cu= 2.4...2n '
and then Py, (0) = (—1)"Ch.

On using these facts we get two formule for V, according as » is
greater or less than a, which we shall denote by ¥V, and V,; respectively;
thus, if » > a, we have

Q) Vo= %kj §"+ds { % + %(— 1" C, ;Ziﬁ Ps.,(cos 0) }
0

_ o 1! 1 -g,— ® N n___ﬂ__ il’. 2n+1
= 2wka™" {m+2 r +El( ) m+2n+2(r) PQ"(COBO)} )

But, if » < a, we have to divide the integral into two parts, from 0 to r
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and from r to @, and then we find

r « 21
(2) V]. = 27rk S S1n+1 ds 'i( ’% +?(_ 1)“ Cn ,’.TS‘ILTTP?"'(COB 0) }

0

a a1 1 @ , 7,‘211 )
+ork| s+ dst?+2(—1)'0n§§m1’2u(cos 0) -

r 1

Thus, éssuming that m is not an odd integer (we have tacitly assumed
already that m+2 >0, so that the values excluded now are —1, 41,
+38, 45, ...), we find the result

= mer{ =1 % q Caldnd]) Pruleosd) )
® V= 2wkt l(m+1)(m+2)+§( D @n+m+2)(2n—m—1) )

+2nka™! (_1 —gl(—l)" __Cn (7—')2”P {cos 0)\ .

lm+1 71 2n—m—1 \ @ 2 f
Since V; satisfies Laplace’s equation, we are led to conjecture that the first
term in ¥, must be of the form 27wkAdr™*!P,.;(cos6); but (since m+1
is not an even integer) this function has not the property of remaining
unchanged when we change the sign of cos 6. Thus we amend our con-
jecture by trying to express the term in the form

2wkAr™*! Pyyy1(cos 6), when cos @ > 0,
or 27k Ar™* Ppi1(—cos6), when cosf<<O0;
and this function has the further property of remaining finite in both

regions, even when m is not an integer.

It is now easy to confirm the conjecture, for if we write
Ppui(|ul) = Bo+ 2 BuPu(u),

where u = cos 6,

+1 1
we got - 2B, = j Pua(lnl)du= 2[ Pouor(w)dp,

-1 0

1 aP. ' |!
and so By=— _ .. {(1=p)= "'_*_1} = P_ .
o (m+1)(m+2) [( w) du Jo  (m+l)m+2)
where P = [dhj
du  Jueo
Also 2B, _ j” Puoa(lpnl) Pu()du =0 (if n is 0dd)
2n+1 -1

1
= 2j P (@) Pu{w)du  (if 7 is even).
v

Now {n(n+1)=(m+1)(m+2)} IP,,,,lP,;d,‘ = (1—p?) (pn‘ﬂ'ﬁm_pm, ‘&-)
du du /'
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by using Legendre’s equation for the harmonics. Also, when 7 is even, .dPa/du is zero at

u = 0: and so we find B _- (3n+1)pP, (0)

(m=—m—=1)(n+m+2) (i£ » is even).

Thus By, = dn+1)p(-1)"C,
' T @n—m-1)2n+m+2)

and so we get the result

{_ 1 +'§ (=1)*Cp(dn+1) P,
(m+)m+2) T {@m—m=1)@n+m+9) |’

Pnul(“") =p

Thus the potential of the dise, when 7 < a, takes the form

4) Vy = 2w (k[p) ™ Ppa (| ])

. m 1 n 7! r 2 )
+2‘7I'ka +1 {ﬂ—’b—-i——_]: . (‘—— ) on—m—1 (_") Py, (GOS 9)" ,
3
where p= < 1n+1> _——cos @m=w ﬁ%;i——_t-f% (see p. 104),
1 1 & (=1)" Co(dn+1)

or —_— =

P T mF D) (m+2) + 1 (@n+m—+-2)(2n—m—1) ’
the second formula for p being obtained by equating the series (3) and (4)
in the special case 6 = 0.
The form (3) enables us to see at a glance the continuity of ¥ and

oV/[or at the sphere » = a; but (4) is useful also, as indicating at once
the fact that V7 satisfies Laplace’s equation.

As an illustration we may refer to the familiar case of a uniform disc, for which m =0;
here p = —1, and so (4) gives

= — . u_"__ L n o |
Vv, = 21rko];.c|+21rka{1 ~3 (-1 g l(a) Pu},
while (1) gives V, = 27ka {l—a— +3(=1) e/ ( g )OMIP-m L

¢ 2 A n+2 |

The continuity at » = a of these formule was established by a special investigation (here ex-
tended) in the Philosophical Magazine (August, 1901); it will be seen that our present
formuls® are in agreement with those found in the ordinary text books, except for the fact that
some books seem to suppose that the first term in V) is always —2wkru.

As a further verification of (4), it may be noted that the discontinuity
in the normal attraction at the surface of the disc leads to the equation

().~ (5). = o
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or, in our case,

S (Q—VI) = 270 = 27wks™,
* \du/ +

which agrees with (4).

We now proceed to discuss the necessary modification of (4), when m
is an odd integer ; and, on the whole, the simplest method appears to be
the application of a limiting process. To carry this out, we shall need to
establish first the formula given in (4) for the value of the constant p.

In general the relation

1=-p? ‘fiP" = n(P,.1—uP..1)

is easily established for all values of n ; and so, putting u = 0 and n = m+1, we find
—p = (m+1) P,(0).

Also, when u is positive, we have
Py (p) = —j {u+iV(1=p?) coso}™dy,

where the principal value of the complex power is to be used. Thus, if

u—>0 and 0<¢ < im
we have as the limiting value

{# + ‘/(1 —u?) cos ¢}m —> gl cos™ ¢,
but when ir < ¢ < n, the formula is
{u+/(1=p?) cos p} " —> e-dmrcosm ¢y, if ¢ = 7—9.

Consequently we find

P.(0) = _]___Fr ebnr cos™ pdg + _l_J" e-tme costt (r—¢) dp = — J (ebme 4 g-1me) cog™ ¢ dp,
™ Jo T Jie T
- l 1 " = = 1 r (i‘?"'.i%)
or P..(0) — cos (’f’"‘")J cos” ¢ dop = cos( 'nur) Famel)
= = 2 r (ﬂ+ 3
Thus we find —p = (m+1) P, (0) = P cos(%mw) Tl

which is the result already stated in (4) above.

To deal with the limiting case, it is convenient to write m +1 = 2v +¢, and then to make
t tend to zero; and a glance at (4) shews that we shall necd to evaluate p as far as terms
in ¢3. Thus we write to this order

cos (kmn) = sin (vm + 4tr) = (~1)sin (3tr) = (—=1)* (3tn),
and so the quotient of the two Gamma-functions need not be evaluated beyond terms of the
firgt degree in ¢{. Thus we can use the approximate formule

F(dm+2) =T(r+1+3) =T (v+1) {1+300 (v+1)},

and F(3m+1) =T(v+i+40) = r(v+3) {1+3t4 (v+3)},
where ¥(x) = I' (z)/T (2).
Thus Pm+3) _ L0y fy e 1) =y o+ D},

rgm+1) Tr{E+3)
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Pv+3) _
and r(y+i) ”Cx-n
Y+l =g r+d) =2 (10g2-1+%—§+...+ 1) =or, say:e

with the special values TER/IrQ)=ve, y(1)—y(3) =2log2.

Thus we obtain the approximate formula

%=<—1)~c,(%-RM),

which applies also for the case » = 0, if we write

Cy=1, R,=log2.

To calculate the limiting form of equation (4), we can write m—+1 =2
in all the terms except the first, and the term in the bracket for which
n =v; thus we geit

_ 2v{_1_—'n'— N Cn (L.)%L l
(5) Vl = 7wka ] » 21: (—1) '7.__-7,——1/ 2 P:‘.n.}

+27ka®(—1)C, lim {-1— () " Py (= -r) (%) T Pa)
=0 Lt \a t a
where for brevity we are now considering only the case when u is positive ;
to deal with negative values of u, we need only change the fin:il conelu
sions by writing | u | for u.
Hence for the law of density ks*~', we obtain the formula for the
potential of the disc at points for which » < a,

2v—1

_ 2l l S 1w Ca L?n |
(6) = wka l v 21:( D n—v(a) PQ"J

»

+2rka*(—1) C, { R, (F) ” Py Yw} :

where we write

n=l(2) e

An alternative form, equivalent to (6), will be found in (11) below.

* See, for instance, my book on Infinite Series, p. 475, Ex. 42.

t The symbol 3’ is used in the sense often adopted by Weierstrass and others ; the accent
implies that certain values of # are excluded (here 7 = ») which would involve infinities in
the summation.
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In the special case v = 0, the formula (6) becomes
el n— Gn 7 2n
(6a) V= ek (-1 2 (L) Puut2mh(og 2—Ty),

which is the potential (when 7 < a, > 0) of a disec whose density is k/s.
Wae shall consider below more fully) the form of the function Y,, which
does not appear to have presented itself previously. But before discussing
this, it will be useful to remark that the limiting process which we have
used can be avoided by writing m = 2v—1 in the integral (2) for the
potential. It will then be seen that the potential takes the form

® (L _$EWG (1))
. a

v, 1 n—v J

[_ 1 e, (=1 Culdn+1)
2v(2v+1) T @n+22+1)2n—2)

+ 27kr® Py,

v (- ( )]]
+(=1"C,P,, - ¥w +1+og
The bracket in the last line takes the form (—1)"C, Py, log (a/r)4+f(6);
and so we are led to conjecture the existence of a solution of Laplace’s
equation which takes the form

™ { Py log (a/n+£1 (O},

n being an integer. We proceed next (in § II) to investigate the form of
this solution, and we shall afterwards connect the solution with the fune-
tion Y, defined in (7). ,

As a matter of fact the form of the potential was originally determined
by the second process; but the limiting process has the advantage of
indicating more clearly the relation of this case to the general formula (4).

II. Investigation of certain Harmomwics.
The simplest case of these harmonics corresponds to (8), when we
suppose » = 0 or m = 1; the integral (2) then leads to a harmonic of the

form dn+1

"on(@n+1) Pan.

1+1og( )+z( e

This series of zonals, as we shall prove in a moment, is equal to

2log2—1—log 1+ |u|,
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so that the harmonic is simply

e ()

which is at once seen to be a solution of Laplace’s equation—it is, of
course, & well-known solution, although not often wanted in mathematical
physics.

To verify the identity quoted above, it is easiest to expand the function

log (1+ | ul)

in a series of zonal harmonics. It is readily seen that no odd harmonies can occur, and if we

write o
log(1+1ipl) = Ao+21A,.P2n (1),

- 1
we find at once 4, = %j "og (14 | |) du = I log (1 + ) du
-1 )

=[(1+u)log (1 +p)—p], = 2log2—1.

Also 4, = ‘-‘L‘Q’ij"mg(u L] ) Pu () dpe

-1
- (4n+l)Jl log (1 + ) Pou () dps.
0
Thus using the differential equation for P.,, we find

dn+1 o P2 " dn+1 dPy,
), == —— " _ —ud) S 1- du.
4 gnn i) LB rRA—K) g ]o 2 @n+1) Jo( “ g W

The integrated part is zero at both limits, and on integrating by parts again, we find

dn+1 ! an+1 !

%2 S TR S RO S 5 SO
A= 5o (2n+1) LA=w "]o ™ G+ o
Here the last term is zero, and so
an+1 dn+1
u=—'_‘_'“‘P_‘ 0 =—-— i '—1“ "y
o (2n+1) +(0) 2 (20 4 1) (=1)"C

which confirms the result stated.

Returning to the formula (8), we now get the formula for the potential
of a surface-density %/s, at points for which » < a,

(8a) wk%(—l)"“ Cy (??) " Port-2rk log (——4—“—)

" r+|z|

a result which is really the same as (6a).
To obtain the general case of the harmonics suggested by (8) we try
to find & harmonic function of the form

Y = Zy log (TE2) 07,
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the abbreviation Z, being used for »"P,(u) ; it will be supposed here that
z and u are positive.
Now AZ, =0, where A denotes Laplace’s operator; and as we have

just seen Alog {(r+2)/2a} = 0,

so that A " Z,log ('—ﬂ>} =2 (az" afr + = 0Z, ylr 4 0Zn 1—+z—/')

| 2a 0r r+z ' Oy r+z' 0z r+z
2 w4 02,
fr+z ( + 0z )
Now it is easy to verify that
%Z_ﬂ = nzl—lr

and so we have the formula

.x{ Z.log (’“)} 2" 12D, Pa_y).

Also A} =2 [n nm+1Df+ 5 d (1 ,ug) ]

so that the condition AX, = O leads to
2n_ a(q_.n¥\ _
T+a (Pq._1+Pn)+%(n+1)f+d k(l M’)d =

It is easy to see that the first term in this formula is a polynomial of
degree (n—1), and that it is equal to twice*
@n—1)P,_;—(2n—8) Pr_o+(2n—5)Py_s—...+(—1)*"L.

We assume accordingly for f,

f(ﬂ) = A Pyo+4, 75—1+A'Il—2P:t-—2+"'+A0’

* In fact, if the given expression is multiplied by (1 + x), we get for the product
nPy+(2n—1) Py + (n=1) Py,.2
- (#—1) Py 1—(2n—8) Py_2— (n—2) Pu.:
+ m—=2) Py s+ (2n—5) Py 3+ (n—8) Pu-4

T e +...
= nP,+nPy_,.
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and then our condition yields
2 {@n—1)Py_1—(@2n—38) Pu_g+...+(—1)""1 Py}
w—1 ’
+s§0 {nn+1)—s@+1)} 4,P, = 0.
= (—qyp-s (2s+1) - s = _1-
Hence 4, = (—1) =9t stD’ for s=0,1,...,n—1;
and so, taking 4, = 0 for simplicity, we find

9 {2’n 2n—38

f(ﬂ') = P'u.— 2(2 Pn 2+ 3(2n 2)

Pns

= 1
= n(n+1)} ’

Thus our new solution of Laplace’s equatior. takes the form

9 X.=1r"P,(u)log (r;(; Z)
n—1 2n—8 (=1 1)
— " i 1.2n Tom D1 2(2n—1) Poat.. +n(n+1)J

and, of course, any arbitrary multiple of +"P,(«) may be added to this
without affecting the conclusion.

To obtain the solution commonly denoted by 7"Q.(«), we change the
sign of u in (9), and deduce, after division by (—1)", a second solution

. (20— 2n—
(9a) " Pu(u) log( % )+2 {1 o Pyt 22n— 1)P"‘2+ +n(n+1)}

Thus on subtracting (9a) from (9) and dividing by 2, we get the solution

90)  1Pa(u) log (1"'“) 2“{21"2 Pa_ 1+3?2’:L S Pust.. }

which is one of the known formule for +"Q,, (w).

It will be seen that (90) contains » only through the power 7" ; but, in
contrast to this apparent advantage, there is the drawback that (90) has
an infinity when u« is equal to either —1 or 4+1. On the conirary, (9) re-
mains finite at u = + 1, while (9a) i1s finite at « = — 1 ; thus we should
expect to find (9) of use on the positive side of the plane of zy, while (9a)
will serve for points on the negative side of this plane.

In view of these caleulations it is evident that when u >0, we can
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write the solution Y, of (7) in the form

Y.= {Xn+A n"'ﬂPn(l")} lan,

where the coefficient 4, is not easily found directly, but is obtained
indirectly in (10) below.

II1. Specification of Harmonics by their Values on the Awis of Symmetry.

It is useful to notice that the harmonics which we have been consider-
ing are completely specified by their values on the positive axis of
symmetry (for which x = 1). Thus the harmonic 7™*' Py (u) is repre-
sented by »™*! on the axis, whatever may be the value of m (whether an
integer or not).

Similarly the harmonic defined in (7) by the equation

() 2]

18 represented on the axis by (r/a)*log (r/a) ; while the function Xy, defined
in (9) above, is represented by

" T\ _on [20—1  2n—8 (—l)"“l
rlog(a) 2 { 1.2 ,2(2?:—1)+"' nn+1) )

= 7" log (7:-) — 2" (1—&-}-%—...—— élﬁ) .

Thus, in particular, we can obtain the relation between X, and Y, :
on the axis we have the relation

Y — = Dyt — - _1_
@Y, —X, = % (1 34— 2n),
and so, in general, we have the identity
. _ ) i
(10) aY, = X+ 27 n(ll-) (1-%-‘-%—..— ﬂ).

‘We shall obtain later (in § V) a direct proof of the relation (10); but
it should be noted here that (10) leads to a formula equivalent to (6),
for the potential of the disc with density %s*~', namely,

— wi{d S qm Cu (7 |
1) Vi= ke (=31 L () P}

+27k(—1) C, {1 Py, (og 2— 8, —282) — X},
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where S, =1—-143— -1
v 2 ? “ee 2]/ ]

1
and =1—3421_ =,
So=1—3+i—..—
For instance, with » = 1, we have
8;=3% S=+ S$i+2S,=13%;

and so the potential corresponding to a density ks'is

.\ 21
(11a) - V,= 11 E’ 1)"—"—1<%) PZn}

a result proposed in the Mathematical Tripos, Part II, 1909, and given in
the abstract of this paper.

To illustrate the method of utilising the value of the potential on the axis to determine
the potential generally,* we may apply the process to a disc whose surface density is ks™. At
a point on the axis, we have

= ok [ st ds
NS
Thus, taking » > a, we get

sin ’

“ H + 1 :
Vo= ok | o1 s {1 +3(=1uCu 501 |
2n+1
= Qxkan+! [ _Q_ 2 —_ ___C." — (g_') l.
ma m+2 +§( 1)"211,+m+2 r )’

which leads at once to formula (1) above. But, if » < @, we have

= rme ' 1 S n
I,l_ 2!".[03 'ds .{7+?(_1) Cu nuol}

2 k snuld 1 3 n 7:2“
+1r’ $ 15 +E=1"Co g

dn+1 }

1 ©
= 9 el { —1\n
i + zl( 1" Ca (2n +m+2)(2n—m—1)

[ (m + 1)(m +2)

+1 n—-m—-1\a

1 o C » \28
9wk 1"!‘]___ — 1\ n (_) y
AR P f( 1 }

o result which leads at once to (8) above.

It is not very easy, however, to apply a similar method, in general, to obtain (6); the
formula obtained is substantially (8), but the coefficient of r* P., is troublesome to express in
a simple form. For the special cases » =0, » = 1, we can proceed as follows.

¢ Of course the method is familiar (and goes back to Legendre) in the case when har-
monics of integral order suffice to express the potential 7).
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When v = 0, we have

- kds _ crafal _ a+(a+7Y
V—21rJ:.‘/‘ .. = 2rk sinh (r)—2nklog{_—_r__ ,

(s*+77)
and thus we find,* if » < a,
2 p 4
V, = 2xk {1og2_a lL..l_i’ o,
o

which leads to (6a) at once.
Similarly, when v = 1, we find

= 21rkj' \/(%dfrz) wk { a/(a* +7?) —r? sinh-} (%) } '

and expanding similarly we obtain the special case of (6) which corresponds to v = 1; the
terms of special interest here are those in 3, which are seen to be

wk {4r2—r2log (2a/r)},
and these lead to the general values

nk {a3¥:— (log 2—}) 12P,}.

IV. The Solutions Inverse to X,.

Professor Hobson pointed out to me, in 1909, that the solutions X,
can be derived from known solutions as follows.

It is a familiar fact that if f(z, ¥, 2) is a solution of Laplace’s equation,
then another solution can be derived by inversion, which leads to the form

Lr( b 5)

Now log 3 (*+2) is a known solutiont and consequently we have another

> log (55).

From this we can derive others by differentiation in the form

(G Ui e T (7+z>}

0 = @17 8 \er))

— Palp) lo (7 +Z>

'n.+1 7
P'n—l(l‘) }.__22 1 Pu-2(“) _ 4 _ 2 432 )
H‘T(?; Drg ot (st )

* Bee, for example, my book, Infinite Series, p. 163, Ex. 14.

+ Actually log (r+2) = I ‘iz , So thaé this is an obvious solution.
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by applying Leibnitz’s theorem on repeated differentiation. Now this ex-

pression is of the form
P, (u) r+z n (1)
i log ( 27'2) +]:'“(fl ’

,’.n+1

where f, is a polynomial of degree n in u. Inverting again, we derive a
solution of the form

(18) 7Py, (u) log 3 (r+2) 4 r"fu(u).

To actually obtain a formula for f,(u) it is, however, easier to apply the
differential equation directly to the function (18) ; and so we return sub-
stantially to the calculations given in § II above. The actual relation of
this harmonic to X, and Y, can be determined by examining its form at
points on the axis, for which (12) becomes

(=D a" (1 o (1))

1 1 1
w g 1 tos ()| = g (log 5+ )

Consequently (18) becomes on the axis
13 rg 1
. (log;+1+%+...+-;),
and (18) is therefore (in general) equal to
1
Yok Pa) (14344 )

where we have taken @ = 1 in the definition of Y,.

V. 4 direct Determination of a Formula for Y.

To abbreviate the formule, put @ = 1 in the definition (7), and then

— a w3 JEE———Y . aPn
(14) Yo =2 ("P) =) (P,,, log 7+ %)

To proceed further we shall use the complex integral
t'dt
V(A —2ut+)"

In order to make the integrand single-valued we make cuts in the ¢-plane,
along the negative half of the real axis, and along the line which joins the
branch-points 4, B given by

1—2ut+82 =0,

or by t=puti/1—pY) and w—iy/(1—und).

8ER. 2. voL. 12. xo. 1166. I

15) Pu(u) =5 j



114 Dr. T. J. ’A. BroMwicH [June 18,

We assume that u is positive, and this is in agreement with the applica-
tions which have been made of the function Y.

Further, we suppose that the integrand is real and positive at the
point C in which the path of integration cuts the real axis, on the side of
AB which is further from the origin; with this choice of integrand it
will be seen that the integral (15) gives the value of P, (u).

A simple proof may be given as follows. Let the integral be called I, and then write

t=ovfr. Weget 1

v*dv
r"In =

2 I V(2 =20z + 1Y’
where the integral extends round a similar path in the v-plane. But
=20z + 0% = 2+ Yl + (2 —0)?,
so that (72— 2vz + v*)~} satisfies Laplace’s equation. Thus the same is true of I, and so I,

satisfies Legendre’s equation in x. To identify I, with P,, we consider the value of I, when
u = 1. We have then 1 jt,, dt

T om)i-1

where the path surrounds ¢ = 1, and ¢* is to be real and positive at the point C (since {—1 is
there positive); and thus I, is now seen to be equal to 1, when u = 1. Hence

In = Py(n),

because P, () is the only solution of Legendre’s equation which reduces to unity at u = 1.

1

It now follows that

0P, _ 1 " log td¢
on 27 ) o/(1—2ut+8)’

_taken round the same path as (15); and so if | ¢| > 1, we can write

20P, 1 _ 1 log tdt
{16) 2o F ﬁj(c-t)¢(1—2#t+t2)'

The last integrand is, when | ¢| is large, of the order (log #)/¢* so that the
value of the integral taken round any portion of a large circle tends to



1912.] CERTAIN POTENTIAL FUNCTIONS. 115

zero as the radius tends to infinity ; and thus the original path of integra-
tion can be transformed into the dotted paths indicated in the diagram.
From the circle round ¢ = ¢, we get*

(log )[4/ (1—2uc+ch = (log c)/q, say;

where the square root ¢ will be real and positive, if ¢ is real and greater
than 1, as we shall suppose for simplicity of statement.

On the part of the dotted path which lies above the negative axis, we
have (in the limiting form of the path)

t=—z, logt=logz+m, +(Q—2ut+8 =—4/(1+2uz+29),

and so this part of the integral yields

+ 1 (log z+ ) dz _ 1 j’“’ (log z+ 1) dz
(c+a:)\/(1+2ym+w2) 27t Jy (c+z)/(1+2uz+2d)’

For the path below the negative axis
t=—z, logt=logz—m, +A—2ut+t’)=—4/(142uz+2?,

and so this part of the integral gives

1 ‘r (log z—mo) dz
2mi Jo (cF @) 4/ (1 2ua+2)°

Thus on combination, we get, from (16), the equation

_j dx
"t on q o e+ /(14 2uz+2H"

(16) >
0

The last integral is easily evaluated by elementary methods and is equal
tot

2 -1 <_9_)
p tanh ite)
so that
° 1 9P, _ 1 B }_g
17) %Cﬂ“ ?1— =7 {logc 2 tanh~! (1+c) = 8ay.

* The fact that the circle is described in the clockwise sense just neutralizes the change
of sign introduced by our having (c—¢) in place of ({—c) in the denominator of (16).
t See, for instance, Messenger of Mathematics, Vol. 35, p. 1.31.

12



116 Dr. T. J. ’A. Brouwicu [June 18,

Then, if we differentiate out the bracket, we find

U _ 1 _ 2 (1+0c—m—(1—2uc+c?
o ¢ q (A4er—Q1—2mc+d
1 _e=11
T ¢ q
= §",,‘}_1 (Pn—l—Pn)
1C
Hence U= U0+A < (Pp—Py-1),

where U, is the limit of U when ¢ tends to infinity. But

— o (1m0 c.2¢(14u)
U=log 14+c+q - lg(1+c+q)2’

go that U, =log 31 +ﬂ),

and U=log} (1+u)+2 = (P —P,_y).

If wé multiply the la,st series by

1 1 a1
—b——'c+zlc'n+l

we obtain, from (17), the formula*

18) aaP" = P, 1og 3(14-4)+Pa_s (Py— P+ 3Pr_a(Py— P+ ...

-Pﬂ)

1 p_pe
+;‘(Pn Pn—l)-

It is clear that the last part of (18) is a polynomial of degree n in u, and
8o can be arranged in the form

AnPﬂ+An—1Pn—1+"'+A0P0’

but it is not easy to obtain the form of these coefficients 4, directly ;
although one relation is evident by writing u = 1, namely,

(19) Apt-Any4... 44, =0,

a result which is also confirmed by the fact that P,(1) =1 for all values
of n, 80 that, when u is 1, 3P

on 0.

# In the special case n = 0, the value of the differential coefficient reduces to log § (1+4);
this special case was obtained by a different method in 1906 (Proc. London Math. Soc.,
Ser, 2, Vol. 4, p. 232, footnote).
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On substituting from (18) in (14), we see that
Y, = 1" {Palog 30+ +An Pt Aduos PaoyF ...+ 4, Py},

and since Y, satisfies Laplace’s equation, it follows from § II, that

=285 =-2-3)

1.0m on

Au-a =42 (5%2%) =+2(%—2nl—1)’

s ==2 (g0 %) == 2(§ —grmg): 0
A=V et = e (4 - ).

Thus, from (19), we have the result

Ay =—Upatdu st 49 =2(1=3+3—1+..— o),

a result which we found before in § III by comparison of the values of ¥,
and X, on the axis of symmetry.

VI. Potential of a Hemisphere, with a Law of Denstty ks™?, where s is
the Distance from the Centre.

We take the base of the hemisphere as the plane of zy, the centre as
the origin, and the hemisphere as lying on the positive side of the plane.
Then the potential of the hemisphere is

(20) V= S: ks'““dsj 8in 0'd6@’ J Wi ii—¢2rs con)
where cos y = cos ¢ cos 6+ sin &' sin 0 cos ¢.

Now jz" P, (cos y) = 27 P,(cos ') P,(cos 0),

and j:" sin 0'd0’ P,(cos ') = J: P, du',

so that the value of this integral will be zero if n is even. Also we have
1 1
[ 2ot =1, [ Punwraw =-1rx

i K, = 1.8...(2n—1)

54 @nyty 4 K=t
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These integrals are readily obtained by integrating the series

1 ®
- =1 Py, (u')t* h t 1),
JA=2 T ) + ? (u") (where | t| < 1)

from u' =0 to ' = 1; and this gives

1+3 zr«j' Pu(W)du’ = %{J(l-c»t’*’)—(l—t)} = Legte 3 (= Kupmer,
1 0
from which the results stated are obvious.
If now » > a, we can expand the square root in (20) in the form
1 @K SJL
= +2 e P, (cos y),
1
and so, when » > a, we find the potential of the hemisphere,

_ n 1 Ifn a M +2 )_
(21) V, = 2wka™*! { . +E( 1) m( ) P2u»+1(#))-

It is perhaps worth while noting that if we write
Vo= F(r, w),

_ 4,n_kam+2
then F(r, W+F@, —p) = W;
which is the potential of a complete sphere having the same law of
density.

We now return to the case » << a; for which (as in the case of the
discs) we must divide the integral with respect to s into two parts, from 0
to » and from 7 to a, and then use the two different series

1 @ U3 0 L
7+2;3—HP,, (cosy) and —1— +2 SZ:TPn (cos ),
1 ]

in these two parts.
After carrying out the integrations and rearranging the series in
the same way as (3), we get®

1
1 mF1Dm+2)

a N dn+8)K,
+§03(— ) (271.+m+3)(2n—-m)
1

+orkartt | n A R S
TRa (m+1" n(_ ) 2n—m (_a— ALYy

(22) 'Vl or V2 == 27Tk7'm+1

Py () |

* It will be necessary to distinguish between the potentials on the positive and negative
sides of the base; and we denote by V; the potential when u > 0, by V, the potential when
u# < 0, so that 7, refers to points inside the hemisphere and ¥, to external points.
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Now since V, satisfies Laplace’s equation it is suggested that the co-
efficient of »™*! will be proportional to Py, (—u) when u is negative.

To investigate this conjecture we shall find the coefficients L,, so that

$L.Poct (W) = Pust(W)=Pua (@) (u>0),
and =Pm+l(0)_'Pm+l("‘F~) (P- <0)'

The function so defined is clearly an odd function of u, which is zero at u = 0, and hence is
expressible as a series of odd harmonics only. Thus we have

2L, 1
4—1:5 =2 jo {Pmol (“)—PIIIQI(O)} P')n-a-l(#) d}l.

Now Legendre’s equation gives
{@n+1)(2n+2)—(m+1)(m+2)} J] Poyy1{w) Pauer(u) dp
0

r
_ [(1_“2) { Poyst ([.L) ‘1%%’—’ —Pun (M) d.z:;nl } ]

o
= Pu.i (0) (CEEA»_‘ )o.

du
But (1—n?) ‘1’_1;;;:& = (21 +1)(Pou—=uPin.1),
APy, = 1) P,, (0) = (—1 ,,1'3..‘{27L+1)
8o that ( an )o (@04 1) P (0) = (=)
= (=1 @n+1)(2n +2) E,.

1 T (2n+1)(2n+2)
Honoo | Pue () Povot () 0k = (= 1) e e K P (0,
and similatly r Puar (0) Pousr (1) dit = (= 1) Ky Pu-1(0).

0

1 n 1)(m+2 KuPn|+ (0)
Thus L '{P"Hl (#) =P (O)} Power (w)dp = (=1) @én)iwl)(231+m+ 3;

and so we find L, = (-1)» (4 +3) Kn ) (m + 1)(m+2) Py .1 (0).

(Sn—m)(@n+m+3
Hence we have the formuls

bt (—l)n (471+3)K-n. Pm.+l (M') —Pm+1 (O)

> Grm@ntmt 9 LW T A DnF D Py T #ZO
oD Pamiey * # <O
Thus, on substituting in (22), we get the potentials, when » < a,
(23) v, = WQT’TI’;———’(":LQ) {24 foult L +F0, w,
24 o= (m-zi-wll?(::-:ﬂ) { "PH:(@;L) } +Fr, p),
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where

' o ; 2n+1
@) Fo,u) =2k {2 —S 1o (L) Paata |

These formul® carry with them certain obvious means of verification ;

thus we get AV, = —dxkr™!, AV, =0,

in agreement with Poisson’s and Laplace’s equations. Again, at the base
of the hemisphere (1 = 0), we have

yoy, L_1m
1/ r om r om'

which should be the case in view of the general properties of the potential
of a solid.

As an illustration, we may consider the case of & uniform hemisphere, with m = 1; here
Puylp) = %(3[1.2—1), Punl(o) =—':lTy
and so Vi=—3xkr?(1+8u) + F (r, n),

Vy = —3wkr? (1—38u%) + F (r, p),

- 2.[ l_uo Y K“ l)?uﬂ . ,
where F(r,p) = 2wka |2 .E( 1) 2T-1( . _un(p)’-

Expressed in terms of z, ¥, z, these functions take the forms (as far as terms of the second
degree) Vy = wk {a?+ az—% (2% + 3% + 42%) },
Vo = mk {@*+az—} (33+ 92— 22},

results originally given, I believe, by Mr. R. R. Webb.

When m is an even integer (2v), the formule (28), (24) require modifi-
cation ; and the most direct method is to apply again the same limiting
process as in § 1 above by writing m = 2v+4¢, and making ¢ tend to zero.
Now we proved on p. 104 that

(1+2) Pan(0) = 7 cos (3 n D} i),

and so we find

__ 4 T'3m+2)
(m=+1)(m~+2) Py (0) = 7z 8in Fm) T@m+d

1 P R V.S N e ob o ),
Thus (m~+1)(m—+2) Py 11 (0) = (=1 14 sin (§¢7) I‘(u—|—2—|—-§t)°




1912.] CERTAIN POTENTIAL FUNCTIONS. 121

and, approximating as on pp. 104, 105, the last formula becomes

(=17 K (13 (Y o+D—p 0421,

1 Te+d) _1.8...%v—1) _
because Gy ToF) — 0.4, @F2 2
Also Y+3)—y ©v+2) = —28,—1/v+1),
where, as before, R, =log2— (1—12-—{-%;——...—2—11]-).

Thus, to the necessary degree of accuracy, we can write in (23) and (24),

1 — v- 1 _p_ 1
mFD T+ Py — TV AT 2»+2>'

And now, on taking the limit as ¢ tends to zero, we obtain the potential
of a hemisphere whose density ts ks®~!, in the form

27rkr2v+1

T @1 +1)

(26) V, = +Go,p

7

( 1 2v+lP |~
+27ka®** (—1)" 'K, 1 Yon— (‘Rv+ m) (7) Zv+l(#)] )

@7 V=G0,
¢ 1 s\ v+l l
+27xka*t (—1)'K, (l —Yo1— (Rv+ ) (’l"‘) P2v+l(ﬂ~)[ ’

242/ \a
where
w2 S u£<,_. 1 \
(@) G p) = wha®"! | g =X (- a) Prr@) | -

In (27) the value of Yo, 41 (Ju|) is to be used; in fact, the function Y,
has been defined only for positive values of the argument.

As an illustration, let us take the case » = 0, which corresponds to the law of density k/s.

Then we get R, = log2,
and aY;, = zlog(r;az)—r+z, if z>0,
or —zlog ("-Q——af) —r—z, if <0,
go that our formule reduce to
4
V, = 2k (a—7) + nk {zlog (FIGE) +r=te } +Gy,

V, = 2nka + nk {zlog(——-) —r—%z}i-Gl,
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o 2n+ ]
where G1="ka'2'(_1)"-]£(1> P’.’lr»l
n a
_ (1(7’)3 1.3 _1_’7')5_ i
wha | L P 22 L (Z) Pa )

As a verification it is not difficult to calculate directly the potential on the axis, which is

o in sin ¢'d¢’
V=2l ksd e e
P \ s .[ v (3 =2rscos 6 +5%)’

or V= 21.»" ks(lsJ‘ S‘Mi.___
VI Orscosd +57)
_ 2wk [0 "
Hence we find V== ( {\/(r"’+s)—|'r-»-s|}ds
P
L

=" a\/(7‘2+a,?)+17smh 1 ( a_) —r—(a—=1)? ]\’
r 'r

and V, =
7

J {r48) /0% +57)] ds

k>

[(a+r)’-r‘-’—a\/('r’+a") —7¥sinh-1! (-:"—)} .

We can then expand in powers of 7/a, using the series quoted on p. 112 for sinh-! (a/r), which
leads to the results {on the axis)

Vi = 2nk (a—7) + wkr {log (2a/) + 3} + H(r),

V. = 2nka - wkr {log (2afr) +$} — H (r),
(1 /»\*"_ 1.3 1(_7*_5‘].35_1_ r\7_ )
where H(T)*"k“lzl.x.( ) 3.4.6 2 a)+24683( ) ey

These harmonize with the results obtained from our general formule.

Appendiz (January, 1918).

Since the foregoing pages were written out I have had the opportunity
of seeing Mr. G. N. Watson’s formule, which were published in the
Abstracts of the November meeting of the Society.

It is there remarked that (in the case of dises) the formule for the
potentials V3, V, along the axis of symmetry can be converted into
one another by the use of complex integrals containing Gamma func-
tions.

By a slight modification it appears to be easy to utilise this method,
not only on the axis, but for any point in space ; and the process can also
be applied to the case of the hemisphere examined in § VI, so as to
connect the potentials ¥V, and V.

I have briefly indicated the necessary calculations below ; but it does
not appear obvious that the transformation involved in the passage from
(29) to (30) would necessarily convert the potential V, into the potential
V,, although it is evident that the integral (80) gives a solution of
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Laplace’s equation, and it is also evident that with a more highly con-
vergent integrand the two integrals (29) and (80) would be equal.

It is easy to modify the integrals given below so as to represent
potentials corresponding to densities of the types mentioned by Mr.
Watson ; thus, if o = ks™{log (a/s)}'~! in the disc, the integrals (29) and
(80) will be multiplied by I'(}), and the denominators will be changed
to (m+2¢+2) and (m+1—2v) respectively. A corresponding modifica-
tion can be made in (82) and (88), when the density of the hemisphere is
p = ks™!{log (a/s)}'".

We begin by considering the potential of the disc defined in Section I.

Taking the series (1) we can write

(=1)"C. _ (=1)*T'(n+43)
m+20+2  T'@Tn+1)0m+20+2)’

and this is the residue at ¢ = n of the function

_ (=T ¢+d
TG m+42t+2)

Thus the series (1) can be expressed in the form*

_ 9mka™ | 1 [T(=HT(¢+3) »_
9 Vo= (o) g Z-we

where the integral is taken round the path marked (0) in the diagram.

- — ———
\\\ /—/‘
(0] 2 , (0:
. 4 :

The integral (29) is convergent so long as » > a; but when » < a the
convergence fails. To convert the integral into a convergent form the
path can be changed into (1); the value of the integral then gives

* Wo use here the notation for zonal harmonics
Z, = (rla)* P, (lcos@l),
so that Z_ oy = (afr)"* 1 Py (lcos9l);
because in general P, (cos 8) is defined by the hypergeometric series F[—n, n+1,1, 4 (1—cos §)],

so that P, (cos8) = P_g.1)(cos 8).
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the series (4) for V;. To verify the truth of this statement write
t= —(@4+v); then the path (1) of the ¢-plane is changed into the
path (0) of the v-plane (allowing for the change of sign implied by the
equation d¢ = —dv). Thus we find the integral

27ka™*! (1 (T4 T(—0) 1
80) ') { 2745 m—+1—2v ZQ"va’

and when m is not an odd integer the integral (30) at once yields the series

(1)

27rka,"‘“{°° (=" Tetd
2n

T'Q) %" m4+1—20)T(n+1)
e (5 )1 (-2
The series (81) can be identified with (4) by noting that

m m+1\ _ 7['@Em+1) V4
T (3 +1) I (_ 2 ) - cos3mm) T Gm+3) — + p

where p is the constant defined on p. 104 above.

When m is an odd integer the integral (80) leads to the series (6) ; but
the work involved hardly differs from that already given on pp. 104, 105.

In regard to the hemisphere of § VI, the present method will not serve
to obtain V; from V,, because ¥V, does not satisfy Laplace’s equation,
whereas any integral such as (29) or (30) does satisfy it. On the other
hand, it is not difficult to obtain V, from V|, by using a complex integral.

For this purpose it will be simplest to change the sign of « in (21) and
in (24), so that the region now considered is that for which u is positive ;
but the hemisphere is on the negatine side of the plane z =0. We can
then write (21) in the form

— m+1 1 S — 1\2+1 K‘" ].
21la) V, = 2nka™* {m_l__gz_rl' % (—1)nt IntmT8 Z-—(2n+2)J ,
where K, = I (ntd)

V=BTt

The last series leads at once to the integral

_ 9mka™ (1 (D() T(—t—D
(82) Vo= 5T @) l27nj’ 2+ m+2 Z-andt},

taken round the path (0) in the ¢-plane.
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Applying the same transformations as before, we find, when » < @,
the integral

2rka™! (1 (T@T(—v—3) |
83) or @) '127:5 mri—gy 2w

taken round the path (0) in the v-plane; and this integral leads to the
formula

Z, Q(—1)*"K,Zopir , PEM+B T (—Lim—1) ]
m+1 0 + ) 2 3
(84) 2mwka {m-}-l +% 2n—m 4T} Zns i

By using the formula for (m+1)(m+2) P, (0) given on p. 120, the series
(84) can be identified with the series (24) for V,, when the sign of u is
changed in the latter.

Similarly we can derive the series corresponding to (27) from (38); but
the work is essentially the same as that already given on pp. 120, 121.

To obtain the series for 7, (in either case) it seems to be only possible
to use the fact that the potential of the complete sphere at intern:l points
i8 equal to

" 47s%ds ¢ 4k g+l )
m—-1 — "= 77 m—1 — m41__
jo ks " +5,- ks™1.47wsds i (a mFa)

and 8o by subtracting from this expression the potential (84), we can infer
a formula for 7, which reduces to (28) or (26), according to the form of .



