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ON THE REPRESENTATION OF A FUNCTION BY A SERIES
OF LEGENDRE’S FUNCTIONS

By E. W. Hosson.
(Received October 4th, 1908.—Read November 12th, 1908.]

IN my paper* “On a General Convergence Theorem and the Theory
of the Representation of a Function by Series of Normal Functions”
I considered the convergence of the series of Legendre’s functions which
represents a function f(z) defined for the interval (—1, 1) of the real
variable z. It was there shewn that, if f(z) have a Lebesgue integral
in the interval (—1, 1), then the series converges to the value

3 {fe+0)+f—0)}

at any interior point z of the interval (—1, 1), for which a neighbourhood
exists in which f(z) is of limited total fluctuation (@ variation bornée)
provided the sufficient condition be satisfied, that there exist neighbour-
hoods of the end-points —1, 1, in which f(z) is of limited total fluctu-
ation. The chief object of the present communication is to shew that
this last condition may be replaced by the less stringent one, that it is

sufficient that a% have a Lebesgue integral in the interval (—1, 1).

This is equivalent to the condition that both (lfizi)t and (lf-i(-z:l)* should

have Lebesgue integrals in (—1, 1). The condition is satisfied, in
particular if | /()| have finite upper limits in neighbourhoods of the
points —1, 1; and more generally when those points are points of
infinite discontinuity of f(z), of types limited by the necessity for the

convergence of the integrals of (1—(% The difficulty in connection

with the end-points of the interval arises from the fact that the asymp-
totic expressions for the Legendre’s functions are applicable only for
values of z in an interval (—1-4e¢, 1—e¢), and not for all values of z in
the interval (—1, 1). This difficulty is here surmounted by the establish-

* Proc., Ser. 2, Vol. 6, p. 349.
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ment of the theorem that n}(1—z?t P,(z) is numerically less than a
fixed positive number, independent of n and ., for all (integral) values
of n, and for all values of z in the interval (—1, 1).

In the latter part of this paper, the question of the convergence of the
series at the end-points of the interval (—1, 1) is treated in some detail.
It 18 shewn that, for such convergence, much more stringent conditions
as regards the nature of the function f(z) are requisite than for the
convergence of the series at an interior point of the interval. This
investigation may prove of interest as exhibiting the effect of the singular-
ities of a differential equation, in this case Legendre’s equation, upon the
geries of normal functions.

1. It is known that, in any interval (3, #—#), where » is an arbitrarily
small positive number, P, (cos 6) is represented by
F92 4 { | a(n, 0
(lwr mii‘e) [cos -i<(n+%)0— TJ[ + (n )]’
where u(n, 0) is, for all values of # and 0, numerically less than some tixed
positive number. It is,however, necessary for the purpose of estimating the
limiting value of an integral taken through the neighbourhood of either
of the points § = 0, # = =, when the integral involves P,(cos 6), to have
information as to the mode in which P, (cos 6) varies with » and 0 for all
integral values of » and for all values of 6 in the interval (0, =). It will
will here be proved that (» sin 6)* P, (cos 6) is numerically less than some
fixed positive number for all values of 0 in the interval (0, 7), and for all
positive integral values of n.
It is known that }wP,(cos6) is given for every value of ¢ such that
0 < § < 7 by the convergent series

2.4... 9 1.u41
5 ont1 LR+ 5

1.3 (n+1)(n+2)
1.2 (2n+8)(2n+5)
which may be written in the form
@) [ gy sin -+ D6+ Tors

1.3...2r—1 IIn+7)
2.4...2r ln+r+3)

Since @) = e~o*@ma (1+ %)

sin (n+8)0

sin (1+5)0+ .. ]

sin (n+38)6+...

+

sin (n42r+1)6+ .. ]
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where | 4| is limited for all positive values of z, we have

I (n+4r
II(n4r+3)

_ L (gt —u+) A ( -
i1k z<n1+-r_>] (+ 7))

where | 4|, | 4" | are limited for all values of » and r.
We have

A’ A
Vitr+y Vg

AII
V4

for all sufficiently large values of n+»; therefore
A,_—ll )—l _ 1 AIH
Va4r43 \/n+ r
where | A'""| is limited for all values of » and 7. Again, we have
L) () = s A ) =1
1 —) (1 A44""+ 14 ———,
( +‘\/n+-r + Vau+r \/n—i-l + ntr +» n4r

where | B| is limited for all values of # and 7.
The expression

o] 2

4N

-1
where | 4"| is limited, and <1+ ) lies between 1— and 1,

V4

=

is equivalent to

e—zlog(H 1/22) (1+

et 1
T [+ 50 «/)14—7)

where z = n4r. Also ¢ *lsU+1) = p-uQ2=085

where 0 <6< 1, and this is equivalent to e* <1+ -%), where a is limited

for all positive values of x greater than 1. It now follows that

Ou4+n _ 1 [ 1 a B
Hr+r+3d ~ Vntr TRy <1+ n+-r> (1+ x/iiﬁ-)

- N/%— <1+ N/ny-}-?)

when | v | is less than some fixed positive number, for all values of » and
r (> 0).
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We have now obtained for P,(cos 6) the expression

2 [(-1— +;ZY;> sin (n41)6

v L\n
21.3...2—11 1

- | Y
+r'-'-'1 2.4... % l(n-i-r)*+(n+?‘)*

;« sin (n+2r+1) 9],

where y depends on 7 and », but is numerically less than some fixed
number independent of 7, », and 6. This holds for every value of 0
except for 6 =0 and 0 = =. '

To sum the series

1.8...2r—1 1
2.4...2r (n49)

sin@+1)0+ 3 . sin (1 27+ 1),

we observe that, if |A|<1,

¢ 2 1.327'_1 . 2
(n+1)8 (1}, p20)—% — ,(n+1)0 3 ro(n+2r+ 1)
é 1—he*) ¢ +r:l_—————2.4...2r Ie ,
with a similar equality in case the sign of ¢ is changed. Writing h=¢",
we deduce that

1 20— : —ut o nr—
_e—wu)'{e(n+l)t6(1_e—1ﬂez‘0) Q_e-(n+l)w(1_e w o 1;6) 5‘1

2

_— L —RUR ol Z 1.3.5...27'—1
=i+ 10+ 2 = e,

where % > 0.

We now employ the known theorem* that, if Za, be any convergent
series, and if u,(z), uy(x), ..., u,(x), ... be defined for the interval (a, B)
of z, and be limited and positive in that interval, and such that
Up(X) > Ure1 (@) for every value of » and z, then Za,u.(x) converges
uniformly in the interval (a, 8). Since e ™ > e~"*V* for all values
of w in any interval (0, A\), we see that the above series converges uni-
formly for all values of % in such interval. It follows that the above
series may be integrated term by term, between the limits O and A of u,
and that the series so obtained converges to the integral of the sum of
the above series. In order to shew that we may integrate term by
term with respect to » from O to w, it is sufficientt to shew that the
additional condition is satisfied that A and », can be so chosen, correspond-
ing to an arbitrarily chosen positive number ¢, that

e~ gin (n+2r+1)0,

x —ud ' 1.8.5...2s—1 — ()W o3 ]
L [e sin (4104 3 135 Bl sin (v+25+1)0 | du

* See functions of a Heal Variable, p. 479.
t Ibid., p. 546.
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is numerically less than e, for every value of \' > X, and for every value
of r>r,. This expression is clearly less numerically than

A . s=r s
g—uu-+ E e—(ll-(-a)ll] du
A s=1

A" - nut i
or than j i—_u; du, and this is less than 1 _15 e~ " du, if X > 1.
A 1—e l1—e A

o

Hence, since S

e~"“du is convergent, it is clear that A\ can be so chosen
A

that, for every value of r, the above expression is numerically less than e.
Remembering that

o
6_("+ ryat du — ‘\/W

0 T 24/ )’

we now tind that

Jw‘l

2 ‘ﬂ

o 1.8...2r—1 1 - ) |
sin (n+1)0+ El 549 i s1n(n+27+1)0,

¥
o ?)17 S e—uu* : glnt)d (1_e-'u.’e‘zw)-:}_e—(v)wl)w(l_6—1(38—2:.9)—;5'[ du
o

0

rs
- _)1_* 5 e—v! [e(u+ l)lo(l _e—v’ " em)-; _e-('n.+ l);O(l —_ e—u“;’:ue—ma)—&]dv.
2m= ),

Writing 1—e~"" cos 20 = K cos ¢, ¢~ " sin 20 = R sin ¢, the expression
R

on the right-hand side becomes %S ng& sin {(n+1)0+3¢} do.
0

It is now seen that

2 M1 . . 1.8, % —1 1 . .
Z/Tr[?F sin 1)+ 3 122k L sin (n+21+1)9]

!

. . 4 1 (7 o
is numerically less than - S e de.
sin®Q _ sin? 0 1
Aleo B - e Ptie a0 S 1o
hence, choosing a number ¢ between O and 1, we see that blz;fe < <is
if =" is between 1 and 6. If e~ lies between J and 0, we see that
sin® 6 sin® 6 sin® 0 _ sin®0 1
B S <= ” R -
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in2
It thus appears that 81226 is less than some fixed positive number K’,

for every value of 6 and ». Therefore

——n 2 1 . 21.83...2r—1 1
2 1L 0+ =
~/n sin § I [né sin (n+1)0+ 3 54 9 wF

sin (n+2r+ 1)6]
is numerically less than a fixed positive number independent of » and 6 ;
o0 . & n
for j (ﬂ‘—é’) iy < K&j e~y < LT R,
. 2" \ R ° 2

We have next to consider the expression

2 [y 21.8...2r—1 v . on ]

A I:oz% sin (1+1) 0+ r§l 2.4...2 (4} sin(n+2r+146 |,
where the numbers y are less than some fixed number 4 independent
of n, r, and 8. This expression is numerically less than

24 [1 |, 2 1.3..2r—1 1]

Vrlai TS 2402 4R
24 1 L | 1 ]
or than :/—71' 7—5 +jomdx+ 1———(”-*-.’1})% de+... 1,
. 24 (1 © 24 (1 1
which is VT (n_ﬂ + so (n+x)? d.c) or N (n* + 271.’1')'

If the expression be multiplied by (2sin6):, we see that it is then
:2/—% (% + %l\], or than %, if n>1.

It has now been proved that (u sin 6)* P,(cos 6) is mwmerically less
than some fized positive number, independent of n and 6. This has been
proved, on the assumption that 0 < 6 <w; bub as the expression
vanishes when 6 = 0, or 6 = =, the result clearly holds for 0 < 6 < .

If0< <, and if » and 6 vary in such a way that %6 becomes
indefinitely great, it follows from the above result that P, (cos 6) tends to
the limit zero. This result has been otherwise established by Brunms.*
It is well known that, if, as » increases indefinitely, #0 tends to a finite
limit p, then

numerically less than

}iﬂ P, (cos 6) = Jy(p).

¢ Crelle’s Journal, Vol. xc., p. 322. See also Heine's Kugelfunctionen, Vol. 1.,
pp. 361-368.
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2. The sum of the first 41 terms of the series for the representation
of a function f(z) by means of Legendre’s functions is*

F n+1 Py (@) Po(@') — Pu(z) Pony
1 2

w—fr’n (") f(.'l),) dr'.

We have here to consider the values of

( “en41 P,.i(r) P, (r)—Py(z) P,,H(w)f( ) da,

a2 —r

with the similar integral taken between the limits 1—e and 1. The point
r 18 taken to be interior to the interval (—1, 1). We may assume e to
be so small that ++1—e > u, where u is a fixed positive number.

We have

- —1l+e 2} ’ C !
o 1i| L) e = \/1+1)j A= Lh) L
-1 . &L

now let it be assumed that A wx),g)} has a Lebesgue integral in the whole

(1—
interval (—1, 1): then the above expression is numerically less than
i S—l+e j(w,)
Mo (1—z

where & is a positive number, such that
m+12 (1 -2 P, (') <k,

for all values of n» and z', in accordance with the theorem established in
$ 1. It follows that e may be so chosen that the numerical value of

(n4 1) S_H( &—(—J—:-,)f (eNdu'
1 L=
is less than an arbitrarily chosen positive number, for all values of n, and
for all values of « in an interval interior to (—1, 1).

Since (n+1)! P,.,(z) is numerically less than a fixed positive number,
for all points £ in such an interval, we see that e can be so chosen that

S—H'c n+1 Pua(@) P, (z') f(xl) dIB"
-1 2 rz—zx

is, in numerical value, less than an arbitrarily chosen positive number {.

* See Proc., Scr. 2, Vol. 6, pp. 388-395.
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As the same argument applies to

5—1“' n+1 P,(x) Ppi1(2) d
-1 2 r—2z'

',

we see that ¢ can be so chosen that

o1 Py () Py (@) — Pal@) Par(®) ;op o
l S—l 2 —a fEhde | < ¢

for all values of n, and for all values of « in a prescribed interval interior
to (—1, 1). A similar proof applies to the case when the limits of
integration are 1 —e and 1.

Let f,(z) be a function such that f,(z) = f(z) in the interval (—1--¢,
1—e¢), and such that fi(x) =0 when —1 <L z< —1+4e¢ and when
1—e <z 1. Since the function f;(z) is of limited total fluctuation in
the neighbourhoods of the points —1, 41, the result obtained in my
earlier paper (loc. cit., p. 395) is applicable to this function. Therefore

F_' 741 Py (z) Pu(z') — Py () Pyyur (@) fxdx'
J g 2 r—x S

differs from % {f(z+0)+f(xz—0)! by less than ¢, provided n is not less
than some fixed integer »;, and provided x is a point in the interval
(—14e+pu, 1—e—u) for which point a neighbourhood exists in which
the function is of limited total fluctuation.

It now follows that

r n+1 Py (2) P(x) =P, (1) P, (&)

J-1 2 r—.r'

Flehda'

differs from 3 {f(z+0)+f(c—0): by less than 3¢, for n > n;, where w
satisfies the condition just stated.

The following theorem has now been established :—

Let f(x) be a function [limited or wnlimited in (—1.1)] such that

( 1’1‘22)* has a Lebesque integral in the interval (—1, +1). It s sufficient

for the convergence of the series

2 .
2,2 P e P

to the value % {f(®+0)+f(@—0)}, at any point x in the interior of the
interval (—1, 1), that a neighbourhood of the point x should exist in
which f(x) is of limited total Auctuation.

In any interval in which f(z). ts continuous, and which is contained
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wn the interior of another interval in which the function has limited total
Ructuation, the convergence of the series to the value of f(x) is uniform.

The condition that (% should have a Lebesgue integral is equi-

valent to the conditions that f(z) should have a Lebesgue integral in
=147 f(‘c)

(~1, 1), and that the two Lebesgue integrals 5-1 (1+x)*

1
j {—(_f)—);dx should also exist.
1-9

In case | f(2)| has finite upper limits in neighbourhoods of the points
1
1, —1, the existence of S f(®)dx is sufficient to ensure that
' f@ ) =1
j_l d—o dz also exists.
More generally, it is sufficient that f (z) should have a Lebesgue

integral in (—1, 1), and that | f @) < RS in a neighbourhood of the

(1+
point —1, and | f(x)| < )k in a neighbourhood of the point 1,

where k& and k' are each less than £, and 4, 4’ are positive numbers.
The known logarithmic conditions for the convergence of an integral in
the neighbourhood of a singularity are also sufficient.

A particular case of this theorem has been given by Darboux,* who
Al

shewed that, if f(z) has the values —F where &k < §,

4
14z (1-
k' < %, in neighbourhoods of the points —1, 1, the series is so far con-

vergent.
- It may be observed that the above general theorem may be proved
directly by employing the general convergence theorem (loc. cit., p. 850),
and proceeding as in my earlier paper.
For this purpose we take

F'yz,n = ”ﬂ (1— 12)} Pryy (@) Pul2)— Pp(x) Ppya(z' )
2 z—z'
and verify that | F(x', z, n) | is less than a fixed positive number for all
values of z' in the interval (—1i, 1), for all values of z in an interval
(—14¢, 1—e¢), and such that | z—z' | > u, and for all values of n. It
can then be verified, as before (loc. cit., pp. 389, 890) that

ﬂl 13 ’ 1
L F' z,nde | < ;‘mla(n)l,

* Bee Liouville's Journal, Ber. 3, Vol. 1v., p. 398.
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only a slight modification of method being necessary on account of the
existence of the factor (1—z'®*. In the rest of the work, the function

()

f(z) must then be replaced by T—op and the convergence of

n+1j’1 Po i1 () P (') — Pn (x) Pn+1(w)f( " de'

2 r—2a'

i3 then established, subject to the conditions stated in the theorem.

8. It will now be shewn that if in the neighbourhood of the point
(1+ I)l +f1(w), where k& > % and fl (z') is

limited in the neighbourhood, then the series does not converge at the
point z interior to the interval (—1, 1). It is clear that, in a sufficiently

f (x’)

—1, #(z') is of the form

small neighbourhood of the point —1, is of the form

(1+x,)[ +f2(l' )1
where f,(z') is limited in the neighbourhood.
It will be sufficient to prove that
o (1 +93')"

does not converge to a definite limit, when » is indefinitely increased,
provided k¥ > #; the condition that ¥ < 1 is necessary for the existence of

. =1+e,.3 ’
the integrel. For it then follows that j %’5—_’%)—;) dx does not converge

-1
to a definite limit, when # is indefinitely increased, and therefore the same

holds of n+1 j’ Pys1@) Pul@)) 50
2 ) (Q4=2)

oy

Wo have Pa(z)) = 4o+, (1‘*"”)+A2 (1+”> +.. +A,,(

where Ag+4,+...+4. = 1.
Hence, we find that

nd Sl Pu(@) apr = np 91- ,[le + 5 + =

-1 A4z n+1 n¥1l—Fk

k(k+1)...(k4+n—1)
1—k)@2—Fk) ... n4+1—Fk)’

sER. 2. VoL. 7. No. 1007, D

= nb, Q1-K(—1)*
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since the integral vanishes for the values 0, —1, —2, ...—(n—1), of &.
The expression on the right-hand side may be written in the form

L (k+n—1) II(—k)
— 1\ sk Ol—k .
D2 0T Tati-h

and the asymptotic value of this is (—1)" 6‘2“"’.2""%——;%)3 p2-N+E - Tf
k > 4, this increases indefinitely as »n does so; and if k¥ = £, it has no
determinate value. If & < ¥, it converges to zero, when # is indefinitely
increased.

It therefore appears that, if the function f (z) is of the form

A
m +f1 ()

i the neighbourhood of the point —1, where k > %, then the series does
not converge at any point x intertor to the interval (—1, 1).

That the convergence of the series may be, throughout the interval,
destroyed by the effect of the values of the function in the neighbourhoods
of the points —1, 1, is illustrated by this result.*

4. There remains the consideration of the convergence of the series
at the end-points of the interval (—1, 1). This is a matter of some
importance, because, in accordance with the usual method of investigating
the convergence of the expansion of a function in spherical surface har-
monics, the convergence of the expansion of a certain subsidiary function
in a series of Liegendre’s functions at one of the ends of the interval of
representation is decisive in relation to the convergence of the series of
surface harmonics.

It appears that, if f(z) be a function which possesses a Lebesgue
integral in the interval (—1, 1), the existence of neighbourhoods of the
points —1, 1 in which f () is of limited total fluctuation is not sufficient
to ensure that the series

2n+1
u§0 2

Pn(w) jl f(z') Pn(.’c’)dz’
-1

converges at those points. It is however sufficient, although not
necessary, that f(z) should be of limited total fluctuation in the whole
iterval (—1, 1).

* This result was given by Darboux, See Liouville’s Journal, Ser. 8, Vol. vur., p. 393.
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Let us consider the series at the point z = 1; the sum of the first

2n+1 terms 18 n+1 51 Pn(a:')—PnH(x') f(w’)dw’
2 —~1 1—2' * ’

We shall first estimate the limit, when n is indefinitely increased, of

8 -
n;l ja P,(z' )1__1."+1(x )f(xl) dz',

where —1<a<fB<1.

On substitution of the expressions for P,(z"), P,.1(x") given in §1, and
which are valid for the interval (¢, 8) of z', it is easily seen that the limit
is the same as that of

O

'—-cos 1 (n+g) 6’—— :l(sm 0 5&—@ ,
where 2’ = cos 0'; and this is of the form
2 3 (1 . ‘ ar ,
& (< T f
& (T) Lsm |+ De— }F(e)de,

where 0 <p<g <.

It f(z') have a Lebesgue integral in the interval (a, 8), then F (¢') has
a Lebesgue integral in the interval (p, ¢). It then follows, from a
corollary to the fundamental convergence theorem given in my earlier
paper (p. 855), that

n=cw

lim j sin 1(n+1)6’——— F©)do' = 0,
but it does not necessarily follow that
lim néf sin { (n4+1)0'— T F@)d6' = 0.
n=2 P

If, however, f(z') is of limited total fluctuation in the interval (a, 8), in
which case F(0') is of limited total fluctuation in (p, q), the latter
equality holds. To see this we may take F(0') to be the difference of two
functions F, (0"), F,(6"), each of which is monotonein (p, g). We have then

q
j sin {(n+1)e'- —} F,(0)de'
P

= Fy(p+0) y sin {(n+1)0'— %:-} 46"+ F;(g—0) jq sin {(n+ ne—Iae,
P A
D 2
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where A is a number such that p <A< g¢. The integral on the left-
hand side is consequently not greater, in absolute value, than

1 I Rp+0 |+ Fig=0 |}

It therefore follows that
. N T |
11133 n'-'J' sin - n+1) 0’—T ; F(0de' = 0.

We may clearly substitute F,(0'), and therefore also F(6') in this result.
It follows that, if f(z') have limited total fluctuation in (a, B), then

B ') — '
lim ";‘1 j LAt )1_1; w41@) i) gt = 0,

Let us next suppose that, in the neighbourhood ({—#, £+7) of a point £
in the interior of the interval (a, 8), f(x) is of the form G—é?)-,g-{—cp(x),

where 0 < % < 1, and ¢(z) is of limited total fluctuation in the interval
(E—n, £47n). We may assume that in the intervals (a, E—n), (E+n, B)
the function f(z) is of limited total fluctuation; thus f(x) has a single
infinite discontinuity at the point £.

In this case, we see that in (f—», £+#) the function F(8') is of the

form (9, )A +F,(0'), where cos y = ¢, and where Fy(6') is of limited

total fluctuation in (£—», £+41).
We then see that, to estimate the effect of the infinite discontinuity
we have to evaluate

3 1 B T [ '
}lm‘lc " L = )k sin (n+1)0 e do

or lim B""‘j ul sin {(n+1)u+<n+1>~y——}} du.

-m
Writing (n+1) w = v, we see that the limit is dependent upon

. X (n+1) 92 Bln D) . . (n+1) e COS
lim n"‘ij ——dv and lim n"‘*S — dv.
n=w ~(+lm, Y = ~+)m Y

If k¥ < %, both these latter limits exist, and are zero. If k¥ = %, the
required limit has no definite value. In case $ < k¥ <1, the expression
increases indefinitely as n does so,
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It has now been shewn that, in case there is an infinite discontinuity
of the function f(z) at a point £, of order > %, it is impossible that

. n+1{® P,(x)—P,
}tl=no 2 _L 1—2'

+l(xl) j(wl) dxl — 0,

it being assumed that the funetion is of limited total Hluctuation, except
in the neighbourhood of the point £ In this case, although f(z) may
have a Lebesgue integral in the whole interval (—1, 1), and, although the
function may have limited total fluctuation in neighbourhoods of the
points —1, 1, it is impossible that the series should converge at those
points.

[t may also happen that the above limit does not exist, and therefore
that the series does not converge at the point 1, when f(z) is limited in
(a, B) without being of limited total Huctuation. Therefore the series
corresponding to a function which is limited in (—1, 1) and has a
Lebesgue integral in that interval does not necessarily converge at the
point 1.

For the purpose of considering those parts of the integral which
represents the sum of the first n+41 terms of the series at £ = 1 which
are in the neighbourhood of the points 1, —1, it is convenient to replace
n-;-l Ll (a:')—_P,,’,“(:c’) ‘by the equivalent expression

apP, (')
%( da'

+

dP,(};l, ('.x:')) )

We have then to consider the integrals

3 S‘“' (dPq(x

-1 v dz'

dPu+l (.'l}'
dx'

I) + )i f(.'r-')da:',

s j»l 1 dP, (z") + AP, (2') F@dz'.

) de dr' |

Let it be assumed that f(z') is monotone in each of the intervals
(—1, —1+4e¢), (1—e, 1). The first integral is then equivalent to

3 {P.(—14+mw+Pun (=14} if(—14+0)—f(—1+e),
+3{Pa(—14€ +Puni(—1+e} f(—1+e),
where u is such that 8 < u < e. This expression is numerically less than
(3 /(=14 (Pal—14+Pun(—1+e!,
if ¢ be so chosen that [f(—140)—f(—14e|<(.
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The number ¢ having been fixed, corresponding to an arbitrarily fixed
positive number ¢, and also so that

| fA—=0)—f(1—d| < ¢,
we can determine a number #; such that

“lte ( dPn (I') + dP?H—l(-E )]

| 1 | fende | < 2¢,

when 2 > n,.
In a similar manner, we have

1 (dPu(x) | dPun(@))
'J';L_,\ dz' + dz'

j (z') dz'

=f(1—=0+3 {P.A—u)+P, 1 (1—p)} {fl—e)—f(1—0)}
—‘}_f(l —(:‘) [P1L(1_€)+Pn+l(1—5)]-

It then follows that a number 7, can be so determined that

I F 'dPu(x') + d.Pn.+l(m ) '

—e |

f(a:’)d’a: —f1—0)| < 2, for n > n,

If now f(z) satisfies sufficient conditions that

l—e n_. '
lim 5 ] -)_I:';"l Pn(z )1 —-Z;t+1(z ) f(-'ﬂ')dw' — 0’
=l+e

n=x

an integer ng can be determined such that

f') dz’

HLE n+1 P,(z') =P, (2') < for n>my.

—~1+e¢ 2 1—.’17'

Let n' be the greatest of the three integers n,, 1y, 73; we have then

Ul Pa@)—=Punil®) s o e ’ )
H—l 2 = /@ de'—f1-0)| < 5,

if n>n'. Since ¢ is arbitrarily small, it has thus been shewn that,
subject to the conditions assumed to be satisfied,

}}__{Iclc F_l n-;—l P, )1-_ n+1 (m)f(.l)’) dxz' ._f(l 0).

The case of the convergence of the series at the point —1 may be treated
in an exactly similar manner.
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The following theorem has now been established :—

Let fx) be a function which s of limited total fluctuation in
nevghbourhoods of the pownts « =1, £ =—1. For the convergence of
the series of Legendre’s functions corresponding to f(x), at the points
1, —1 to the values f(1—0), f (—140), ¢t ts insufficient that f(zx) have a
Lebesgue integral in the whole interval (—1, 1). It is, however, sufficient
that f(x) be of limited total fluctuation wn (—1, 1). It is also sufficient
that f(x) be of limited total fluctuation when the neighbourhoods of «
finite number of points in the wntertor of (—1, 1) are ercluded, provided
also that in each such neighbowrhood of such a point &, f(x) is of the

form (—.5—14—57 +¢ @), where 0 <k < 3, and where ¢ (x) is of limited total

fluctuation. In case, for such a point &, k =%, the series doves not con-
verge to f(1—0), f(—140) at the pownts 1, —1.



