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XXXVII. Reversion of Power Series.
By C. E. VAX ORSTRAND *,

A LARGE number of the series employed in pure and
applied mathematics are special cases of the integral
power series,

y=ag+altta’+ ... o . 0 (1)

In the numerous applications of this series, it is oftentimes
necessary to express x as a function of y by means of the
integral power series

2=Agy+ A+ AP L . L (2)

The usual method of procedure is to substitute the value
of y in the second equation, equate coefficients, and then
solve for Ay, Ay, A,,...in terms of a, @), @s,.... The first
three or four coefficients may be determined in this way
without much difficulty, but the coefficients of the higher
powers of y are so complicated that this method is almost
useless for the determination of their values.

To obviate this difficulty, Professor McMahon 1 bases the
development of the second equation on Lagrange’s series.
He puts

Yy 451 a2

z="7, b=——

dg a’ ag
r2=z4+ b + 083+ .. =z 4+ p(2),

n=n(n+1)n+2) ... (n+r— 1),
and obtains
Wt .
?),,_2+2be’()}, « e (a)
as the coefficient of "' in the reverted equation. The
exponents and subscripts of the 4’s in this expression satisfy
the conditions

prg+ ... =rt+1,
pitgt ... =n—2.

Another method of obtaining the general term of a reverse
series has been suggested by Professors Harkness and Morley.
They differentiate (2) with respect to @ and divide by gy

* Read before the Philosophical Society of Washington, D.C., Oct. 9,
1909. Communicated by the Author,

+ “On the General Term in the Reversion of Series,” Bull. Am. Math.
Soc. p. 170, April 1894,
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These operations give
nAu—l
— oy i o
Y ) Y
+(n+ 1A+ (n+ DA,y + ] NG

It may be shown by substitution of y from (1) that
nA,_1y~ 1y’ is the only term in the right-hand member which
contains x~1. That this is true is shown also by means of
the equation

¥ 1 d _1_
g —(r—1)dz 3/”—1)

1 d \ —(n-1) ay a —(n-1)
= = p " 14+ a4+ 222 . ) ]
—(n—1)dz [(aoz) ( + ao‘z + aom +

A

ag LT §
Tt
dela® 1w x

+antan 2. --:I y

a series which after differentiation contains no terms in a-!
for integral values of nother than unity. Hence, by equating
the coefficients of #~! in (3), we obtain *

111
An—l= ; [i"].];, . . - . . . (4)

where the expression in the brackets means the coefficient
of #~! in the development of y~* as a function of ». This
coefficient may be found withont much difficulty. Performing
the indicated expansion

yr=(age+ @@’ +aga+ .. )"
—f 2} ,a_l il.g ] -
=(a9%) <1+ ot )

=(ag®) "(QA=ba=by2®+ ...)”"

=(a0w)‘”[1+n(blw+ng2+ N T

+ n(n+1). .;!(n+r-1) o+ by2%+ . )+ .. ](5)

* Harkness and Morley, ¢Introduction to Analytic Functions,
P 144.
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The polynomial theorem gives

» 1
(by2+boa® + . ..)f:gp; 'q!b{’bg. LoabtEte o (6)

the exponents being subject to the conditions

P+ gt ...=n } .
])+29+...=n—1-

The first condition arises from the homogeneity of -the'd
terms in the expanded equation, and the second is imposed
by the condition that the terms in # must be of degree
(n—1) in order that the complete expansion of y~* contain a
term in #~'. These conditions therefore require that the 6
terms are of order » and weight (n—1) instead of order
(r+1) and weight (n—2) as In expression (a). This dif-
ference in the order and weight is due to the fact that (a) is
the coefficient of "~* instead of z”. Finally, by substitating
(6) in (5) and (5) in (4), we obtain

An—1= E(n-l—l)(n.;?!)q'!"(n+,r‘_1)bfbg.n') . (8)

as the coefficient of y"a, "=2".

Formulas (7) and (8) hold for all positive integral values
of » and n. The seemingly exceptional case, »r=1, is readily
seen from (4) and (5) to give a numerical coefficient unity
for all values of n. Since the b terms are of a given order
and weight, they may be taken in part from tables, such as
Bruno’s table, “Symmetrische Funktionen der Wurzeln
einer Gleichung,” contained in his treatise, ¢ Biniire Formen,’
which contains all terms of successive orders and weights
from 1 to 11 inclusive. Terms of weight 12 may be deter-
mined with the assistance of the same table, for évidently
the expression, b, x terms of weight 11+ b, x terms of weight
12 +..., contains all terms of weight 12, including dupli-
cations. The process may be continued so as to determine
all terms of any given order and weight *.

Having determined p, ¢... in the manner indicated above
for any particular value of =, the corresponding coefficient
is readily determined by substitution in either of the preceding

* For a precise method of determinin% order and weight, see a paper
by R. A. Harris, “ On the Expansion of Sn #,” Annals of Mathematics,
1888, p. 87.
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formulas. By proceeding in this way, the first 13 terms of
the reverse series of (1) are found to be

w=z4+b2? 4Dy + 26,71 % + [by+ Shyby + 50,2 ]

+ [by+ 6515+ 30,2 + 215,26, + 148,127

+ [bs+ T(bid, + bybs)
+28(b,%b;+ b,bs*) + 846,30, + 420,57

+ [bg+4(20,b5 4 20,b, + b52)
+ 12(356,%b, + 65,0903 + b5%)
+ 60(20,3b5 4 3b,2b,%) + 330,40, + 13255127

+ [by+ 9(bibg+ Dby + B3by)
+45(b by 4 b1bg* + 0,703 + 2b,b,0,)
+ 165(b:3b, -+ bybg® + 3b,7bobs)
+495(b,*bg + 2b,%0,%) + 1287b,°b, + 429,7]

+ [bg+ 5(20yb; + 2bybg+ 2b3bs + bs?)
+ 55(0,2bg 4 boby + bobs® + 28y bobs + 2b1D3b,)
+ 55(45:%h5 4 60,252 + 12b,2boh  + 12,5570 + by*)
+ 715520+ 2b,2D5% + 45,3b,by)
+ 1001{2b,5b5 + 5b,%b5*) + 50056,605 + 14305,%]2°

+ [by-+ 11(b1bg + byb; + bsbg -+ bsbs)
+ 22(3b:%by 4 3,25 + 36,52 + 601b3bg + 66,b3D5 + 6bolsby + bs®)
+ 286 (b;3bg + byPbs -+ 3b12bobs + 3by2bghy + 3byby by + 3b1bgbs®)
+ 1001 (5,25 + bibo* + 25,302 + 40, 3bby + 65125,%h;)
+1001(30,70, + 100,3b,% + 156,*b405)
~+ 8008(8,8b, + 3D,°b,%) + 194480,7b, + 48625,°] =1°

+ [B1o + 6(2b1by + 2Dybg + 2b3D7 + 20,56 + b5%)
+ T8(5,%bg + by?bg + byb 2+ b3by 4 2b,bgby + 2b1b3bg

+ 2b,b4bs + 205b4b5)
+ 182(20:%07 + 2830, + 2b.b3° + 36,2042 + 35,2b5*
+ 60,%bybg -+ 66, b3y + 6b1by2hs + 126 bob3b,)
+273(5b, b+ 20b3b5b5 + 200,3b4b, + 20b,b,70,
+ 300,757, + 300,%b;05? + b,°)
+ 2184(2b,°b;s + 5by*bs? + 5b1%b5* + 10b,%byb, + 200,3D,%,)
+12376(0,%0, + 6b,°05b5 4 50,%0,%)
+ 15912(20,7b5+ 75,°0,%) + 7155820,%0, + 167965,10 ]
Phil. Mag. S. 6. Vol. 19. No. 111, March 1910. 2 B
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+ [b11 4+ 13(Dibyo + bsby =+ bybg + byby + bsbs)
+91(b2by + by?by + 01D + Us?hy + bby® + 2b,1babg + 26,165D7
+ 2B,bgbe 4 2babshs + 2bsbibs)
+ 455(b13bg + Dby + bobs® + 35,7030y + 30:12b3bs + 3b1D270g
+ 3,%D,b5 + 3b1byb® + 3b1057by 4 Bbobsh, + 6bidbili)
+ 1820(0%0; + babs + 20,382 + 20.2b3% + 40 2bybg + 45,°b3bs
+ 40,5570, + 65,2b,205 + 6,520, + 120,2b5b;5h,)
618853+ biby® + Bbi#hoby + 5b¥babs + 100,302,
+10b,3b5bg + 106,205%b3)
+ 185645, + 3b57ba2 + 5b3bs* + 65,505by + 15b14D52bs)
+ 50388(6,7by + Th,%bobs + T0,°0.%)
+ 12597000305 + 45,7b,%) + 2939308,°0, + 587860,11] 12

+ [big+ (20D 1 + abrg -+ Wsby+ 2h,be+ 2bsby + 1,2
+35(3by%bro -+ Bha?by + Bhaby? + Bbgl + 61,Dby + 6b,b5Dg
+ 6Dyb,b;+ 6B,bybg + 6byhgb; -+ 6bybeb + 6b3b.bs + 1)
+ 140 (40,3 + 4b,3b, + 65,202 4 65,202 + 12b,2hshs + 12,2050,
+ 125,527+ 125,2bbg -+ 12D:b52h + 12b:b,0,2
+ 125,2h3h + 12b,bg?h, -+ 24b,bybgbe + 24b,bsb,bs + bt)
+2380(B; s + botby + 2b:2b% 4 4b;bob; + 4bPbgb, + 4b;3bbs
+ 4b,b;3b; + 4bybobs® + 65,20,2bg + 6b,2b,b 2
+ 6by2by%b, + 12b,%0,b5b; + 125,b,70:b,)
+ 1428 (6b,b; + 155,42 + 205,363 + 305, *bsb, + 30b,byb
+ 300,b,%bs + 60b,35,2b; + 60D,2b,b, + 90b,2b,2h,2
+ 120b,3bybyb, + b,S)
+ 27132(B,%b, + 35,057 + 6b,5bob; + 6b,%bsh, + 15b,0:%,
+ 15b,%b,b? + 20b,%b%by)
+ 19380 (4b;7bs + 145,052 + 28b,5b,b, + 355, %t + 84b,b,20.)
+ 67830 (35,%bs + 24, 7bob; + 285,5b,3)
+ 248T10(25,%b; + 95,0,%) + 11440665,1% + 2080125,12] '3
AT .
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In order to obtain a complete check, the numerical co-
efficients in the above series have been computed twice with
Professor McMahon’s formula and once with formula (8).
Use has also been made of the partial check obtained by
putting

for in this case

e=y—y+yP— .,

as is otherwise made evident by writing the original and the
reverted equations in the respective forms,

y=(x)(1—=2a)"! and e=y(l+y)~.

‘This result suffices to establish a theorem in regard to the
coefficients of terms of all orders and of a given weight, viz.:
the sum of the numerical coefficients of the terms of even
order is greater or less by unity than the sum of the nume-
rical coefficients of the terms of odd order according as the
weight is even or odd.

There are a number of special series reducible to the form
(1) and therefore capable of reversion in the usual manner.
Such are for example equations containing an absolute
term ¢. It is then sufficient to replace y in (1) by y,=y —c.
If the power series contains even powers only, it may be
written

yzaox?'l‘ a1X4'§-a1X.G+ ey
and this series is reduced to the form (1) by the substitution

a=X2 If the coeflicients of the first successive powers of
& vanish,

Y=C+ W12+, 24 L
and the required transformation is
y =(y—e) = am_1=x”‘.(1 @ a4 ..)
Pir=a+ B’ + Byt + .

There are m reversions in this case corresponding to the
mroots of y;.
Other series containing zero coefficients are reversed by
substitution in the complete expansion. Thus, if the series
2B 2
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contains odd powers only,
biy=by=bs;=... =0,
and the reversed series is
=2+ by2® + [by + 30,7125 + [ be+ 8boby + 1203 27
+ [0+ 106506 + 5b,2 + 550,20y + 550" ¥
+ [ D10+ 1205bg + 12b,bg 4+ T8D,2b,
+ T8b30,2 + 3640530, 4 27305 -1
+ [ b1g+ 14DgD1o + 14b,bs + Th?
+ 105052bg + 2100,0,b + 350
4 5600,3b; 4 840b,°0,2 + 23805b,"D,
+ 142855713
+ e .

Again, if the series proceeds by alternate odd powers
beginning with the first,

h=by=by=by=by=b;=by= ... =0,
and the preceding series reduces to
r2=z+ 6435 + (bg + 5b42)29 + (b12 + 14:1)468 + 35[)43)213 --*- ces @

An important case arises when the number of coefficients
which do not vanish is finite. The reversed series is then
an expression in terms of an infinite series for one real
root of a polynomial of the nth degree*. The first terms
in the solution of the quadratic, cubie, and biquadratic are
given below.

() Solution of quadratic.
y=ayt + a,*
c=a—ba?
a=25+b2? 4+ 2523+ 5b P24 4+ 14b%2% + 42b,528 + 1320827
+4290,728 + 14300,82° + 48628,°210 + 167965 10211
+ 5878611212 + 20801 20,2218 4+
* Joseph B. Mott, “On the Solution of Equations,” The Analyst,

VOE)' 71‘: 1882, p. 104, Merriman and Woodward, ¢ Higher Mathematics,
P- il e
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) Solution of cubic.
(1) y=agr+a®
=y embg®
w=24 by 4 3by2% 4 12037 4+ 550520 + 27352 4 14280,8:3 + ...
(2) y=agv+a2* + a8’
ze=gp—bat—bya®
&L=t byt 4 [bg + 27)12]:3 + [ 50,0, + 5[113:|24
+ 30,2+ 210D, + 145,155
+ [ 28D1by” + 840,%0, + 420 528
+ [ 1205° + 1806,%6," + 33000, + 1328,8] 27
+ [1658,b,° + 9905:°b,* + 12870,°b, 4- 42907 | 2*

{¢) Solution of biguadratie.

(1) y=ape+azt.
2= — byt

== 2 Dozt Ab2T 4 225,720 4 140b4 8

(2) y=agr+a2% - agat.
ze=ip — bot® —=bgat,
B=z 4 by + by + 3D + Thobye®
+ 457 4 120,7] 57+ 450,%hg=* + [ 55bbs® + 550,4]2°
+{2265" + 2860,%b5 ] 210+ [ 546052057 + 2735,5] 21

~+ [455byb5® + 18208,%h,] 212+ [ 140b5* + 47605, 552+ 1428h,6]219 4.

(3) y=0px+ a,8* + a;a® + azat.
=& — by = boa? — by,
=24 612"+ [ by + 20,2 )23 + [y + 5bby + 5b )4
+ [ 66105+ 30,7 + 2156, + 145,4]2°
+ [ Thoby+ 28(6,26; + b,bo%) + 846,%h, + 425,58
+ (86, + 402+ T28,b,0, + 1207 + 1206,%5,
+ 1800,%b,% + 33058,*b,+ 1325,° ] 7
+ (458,852 + 450,2b; + 165155 + 495,28,
+49561°b; + 9905,°b,* 4 12875,°b, 4 4295,7] <3
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The preceding expressions are not always sufficiently conver--
gent* to be useful in practice. They may be made convergent,.
however, by substituting an approximate value of & in the
original equation. It thus becomes possible to obtain all of’
the real roots of any polynomial. After one or more of the-
roots aj, ag, a3, ... have been obtained, use may be made of
the relationst

Q= —(a‘+ag+a3+ ces O(u)

a1= (ot ogeg+ ... an_yan)

Qo= =~ (atluzu?, + 22122171 + ... a;l_zan_lan)
a,,.(— 1) "(a1a2a3 fee “}L—lan)a

in the evaluation of the remaining roots. A method for
determining all of the real and imaginary roots from a single-
series has been given by McClintock §.

Following are some examples :

(1) y= coshX~1= —:5?(,2 + Z}é—; + é—{—: + ..
=
z=2y ; bl._—-%é; bzz—li—tliT);
X’:x:;—%ﬁsi’—}- %:3——5%0:4+§11—5(~):5 .
== %3/” B 5 s
(2)y=-:§;_— Ir’“dw: v—-—T‘% + 2‘1@55— 3—?;—77 + ...
'::%_;Z/;bz——%;bi %O;be-zlé,
o=Et %:3*‘ 37‘0‘5+ %zw 24‘:236683) @+ 137488;076 Mt

= 0'8862 2693y +0-2320 1367y° +0-1275 5618y
+0:0865 5213y" 400649 5962y3+0:0517 3128y1 ...

% For a proof that the reverse series converges in the same domain as
the original series, see Harkness and Morley’s ¢ Treatise on the Theory
of Functions, p. 116.

+ Burnside and Panton’s ¢ Theory of Equations,” Chapter III.

1 Bulletin Am. Math. Soc. i. 1894, p. 3; Am. Jour. of Math. xvii,
189?, Pp. 89-110. Merriman and Woodward’s ¢ Higher Mathematics,”
P 27.
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(3) a®~24*+202=2

L gl
0= 0% + a:3
1 ]. 1
=10’ h= 155 B="g
2=0140001—000003 —-0-000002=0°100968.
(4) =17
X =£l’1+2
a8 + 2422+ 322,=1
1 3,1 . 1,
poot el ettt e
1 3 1 1
=397 51-—'—;‘; 52=—'1, bs—*g’é-

2,=00312500—0-0007324 + 0-:0000266 —0-0000011
=0030543 x=2:030543.

Substltutmg the original letters y, ao, @i, as, ..., and
arrangm the terms with respect to the successive powers of
the a’s, the general equation 18*—

_Y my +[ a’ ] [__ A’ L g0 O]y
ap a a’ ag’ “0 a, aglag
2 b3
a1 (l ay (13 Qg as 1y
1475 —21%0 6= B
+ a,’ ag’ + aoao a® aplua
ala
+[—42 5+s4£ —9g 2%
Gy @y

2 5

a 4 ag Az a7y
+7—1(—-4%+ ,) +TE22 S
Qy a aoao Ay ] Oy

6
+ [1321% -330“ o 1204 %
2} ag’ &
0 a_z__ g g% @_)
+3ba,0"( ay’ + ao ao ao+%
a2 3 4 "6 Y
12— + )+ Al

# See also “ Inverse Interpolation by Means of a Reversed Series,” this
Journal, May 1908.
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[ 100® | 1907 @8 o 0" ds
| 4297 +1287 0 205
al(_g% | % a_l( @@_25)
+165a—03< 6a02+a0)+45a0" 11a0a0 ay
5% “23_.333) ?,1(_1 2 a4 @)
+ laao(llegs 3:202 +90‘o anao+ao

3

a Ao A as ag Ay az 11
+ 9—?(—5—2—3+—)+9~ 4 LA
ay g o dy A9 dod ag

The last equation is quite sufficient for relations involving
experimental data. In many other cases, however, such for
-example as the construction of mathematical tables, it is con-
venient to have the equation in the more extended form, and
thereby save the labour of making many tedious transforma-
tions, or of devising new methods for the development of the
inverse (or anti) functions. The second of the preceding
problems is a case of this kind. Another important application
consists in being able to estimate, without reversion, the error
due to neglecting terms of a certain order in the reverse
series. For example, the error due to neglecting the term
in 2 in problem (1) is of the order of magnitude of
58786 x 12~ x (2¢)12, ‘or roughly 3 x 10~%'?, while the same
error for problem (3) is approximately 6 x 10-¢x 3'%. Since
in the first case y may exceed unity, the series will not
always suffice for computation, but in the second case y=0-1
and inspection shows that the remaining terms in the co-
efficient of 2% will not greatly exceed 58786 X &, consequently
the error arising from the omission of 2% in this series
probably does not exceed 1026,

U.8. Geological Survey, Washington, D.C.
October 1909,

XXXVIIIL. Friction in Gases at Low Pressures.
By J. L. Hoca *.

NDER the title “ Friction and Force due to Transpira-

tion as dependent on Pressure in (ases,” there was
published + some time ago an account of some experiments
made to determine the relation between the friction of a gas
and the pressure in it, and also the relation between the

#* Communicated by Professor Trowbridge.
t Proc. Am, Acad. pp. 42-46 (1906).-



