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1. We owe to Mr. A. Thue* the important theorem:

If F{u, v) is a homogeneous form with rational integral coefficients,,
and is not a power of a linear or quadratic form, then the equation

F{u,v)=f

has, for every / = £ 0 , at most a finite number of rational integral solu-
tions.

It was shown by Landau, t in response to a question+ in I'lntermediaire
des Mathematiciens, and by use of the particular case of Thue's theorem
in which F is a cubic form, that the equation if—2 = xB has only a
finite number of solutions. The method may be extended, by the aid of
considerations drawn from the theory of ideals, so as to lead to the follow-
ing theorem :

The equation

(1) aif+by+c = dx\

where n^S, a=fcO, &2—4ac ^ 0, d^=0, and all the letters denote
rational integers, has at most a finite number of solutions.

* " Om en general i store hele tal uliisbar ligning," Skrifter tidgivnc af Videiiskabs-
Selskabet i Christiania, 1908 I, Mathematisk-Naturvidenskabelig Klasse (1909), No. 7, 15 S.;
" liber Annaherongswerte algebraischer Zahleu," Journal filr die reine imd angewandte
MatJiematik, Bd. 135 (1909), S. 284-305. In the sesond memoir the theorem is proved only
for an irreducible F(u, v) ; but the extension to the general case (treated in the first memoir)-
is immediate.

f L'Intermddiaire des Mathematiciens, t. 8 (1901),, pp. 145-147, and t. 20 (1913), p. 154..
i 1360.



1920.] THE DIOPHANTINE EQUATION ay*-\-by+c = dxn 277

This theorem, the proof of which is the object of the present note, is
new only when n > 3, for when n = 3 it results immediately from a
combination of Thue's theorem with the results obtained by Mr. Mordell,
from the theory of numbers and the theory of invariants, in his memoir
" Indeterminate equations of the third and fourth degrees-"*

In the special case when a = 1, 6 = 0, d = 1, n^d, our theorem
shows that:

If all squares and all n-th powers ^ 0 are arranged together in order
of magnitude, numbers which are both squares and n-th powers occurring
only once, in a series

* i ( = 0 ) , * 2 ( = 1 ) . < M = 4 ) > • • • » * » » * m + i . • • • »

then zm+\—zm tends to infinity with m.

This special case is trivial! when n is even; it may be expressed, when
n is odd, in the form:

/ / S(0 denotes the distance of t from the nearest rational integer, and
x runs through all rational integers > 0 which are not squares, then

[For, if the sign is chosen appropriately,

{x*n ± 9(.e»M))3 = xn ± 2ariil $(

is a square, whose distance from x"1 is

| ± 2x4TO9(x4)l)+(9 (^ ) l ) )2 |<

and tends to infinity.]

2. Proof of the theorem.—The equation (1) may be written

(2az/+6)2-(62-4ac) = 4adxn.

Hence, if (1) has an infinity of solutions, so has an equatiou

(2) if-k = lx" (fc=£0, 1^0).

We need therefore only consider the equation (2). There are two cases.

* Quarterly Journal of Pure and Applied Matliematics, Vol. 45 (1014), pp. 170-186. See
also the note "A statement by Fermat," Proc. London Math. Soc. {Records <£c), Ser. 2,
Vol. 18 (1919), pp. v-vi.

"f Since then every zm is a square.
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I. Let k be a square m?. Then

(y-\-in)(y—m) = lxn.

We ignore the trivial solutions x = 0, y = ± w. Any prime factor of
y-\-m, which is not a factor of 2m or of I, occurs in y-\-m with a multi-
plicity divisible by n, since it does not divide y—m, and divides lxn

exactly as often as xn. Hence

where pi, P& • ••,#; are the different prime factors of 2ml, the exponents
alt ..., ctj are positive or zero, and z is a rational integer. If every a, is
reduced to modulus n, we obtain

(3) y + m = qun,

where q can assume only a finite system of values, exclusive of zero. In
exactly the same way

(4) y~-in = rv'\

where r can assume only a finite system of values, exclusive of zero.
For each pair q, r, occurring in (3) and (4), the equation

2m = qun—rvn

has, by Thue's theorem, at most a finite number of solutions; for the n
roots of qr'l — 7' = 0 are all different. Thus at most a finite number of
values of y are possible.

II. Suppose that k is not a square. Then in (2) x f̂c 0, and so the
ideal equation

holds in the quadratic corpus P(\/k).* Every prime ideal which divides
[y+V^"]f hut neither [2<s/k] nor [t], occurs in [y+>\/k] with an expo-
nent divisible by n; for it does not divide [2\/A;], and therefore not
Q/-V*]- Thus

where p1, ..., P; are the different prime ideals which divide [2\/k. I], the
exponents av ..., a,j are positive or zero, and * is an ideal. If each a* is

• [a] denotes the principal ideal (Hauptideal) of the integers of the corpus divisible by a.
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reduced to modulus n, we obtain

(5)

where Q belongs to a finite system of ideals, and u is an ideal.
It is enough to show that, for a fixed <J, (5) can be satisfied by an ideal

tt for at most a finite number of values of y. If this were not so, there
would be a class of ideals ft such that (5) could be satisfied by an ideal u
of 3a for an infinity of values of y. If to is a fixed representative of the
class inverse to it, so that* uto ~ [1], then it follows from (5) that

qu» ^ [ l ] ,

q - q (ulu)M ~ to11.

There are therefore two integers s and y, of which s may be supposed
rational, and both are independent of u, in the corpus P(<\A"), such that

Mq = [y]to".

It now follows from (5) that

MEy+V*] = Hqu« = [y]to«u* = [y](tou)" =

where g is an integer of the corpus. Therefore

where e is a unity.
If k < 0 the number of unities is finite, and if k > 0 all unities are

expressible in terms of a fundamental unity n in the form ± rf, where
t. is a rational integer. Thus every unity is the product of (a) a unity
chosen from a finite system, and (b) the n-th power of a unity. Accord-
ingly

(6) s(y + Vk) = P£n,

where ft belongs to a finite system of integers of the corpus, excluding
zero, and £ is an integer of the corpus. It is therefore enough to show
that, for a fixed positive or negative s, and a fixed non-zero fi, at most a
finite number of values of y can occur in (6).

We choose a base 1, w of the integers of the corpus. Then

f = U + VO),

where u, v are rational integers. Denoting generally by nr the number

* The symbol ~ denotes equivalence.



280 THE DIOPHANTINE EQUATION ay2-\- by-\-c = dx11.

conjugate to n, we have,* from (6),

w—«'

The right-hand side is a binary form JP(«t, v) with rational integral co-

efficients, since for every integer fi = uo-\-vou> the number — 7̂ = v0 is
to"™* to

rational and integral. If S is a root of SH = £'/£• and p runs through
the n-th roots of unity, then

F(u, v) = , IL \u-\-voo—pS{u-\-V(o)\.
w—w

No two of the linear factors are the same, or differ only by a constant
factor; for, if p1 =£ p2,

—PiSco' = 1, — I , ft)

1 , ft)'

= d% (pi—/oa) («'—<») =^ 0.

Thus Thue's theorem may be applied to (7); at most a finite number of
values of ic and v, of f, and of y, can occur ; and our theorem is proved.

3. Prom our theorem it is very easy to deduce that of P61ya:+ the
greatest prime factor of ay2-\-by-\-c ( a ^ O , b2—4«c ^= 0) tends to infinity
with \y\. For if, for an infinity of values of y, aif+hy+c wei'e com-
posed only of a finite system of primes pu ...,pj, then for every fixed n
greater than 2, and for at least one number d, formed by powers of these
primes, the equation (1) would have an infinity of solutions.

Gottingen, December 14th, 1919.

• Compare the similar argument used by Polya, " Zur urithmetischen L'ntersuchung der
Polynome," Math. Zeitschrift, Bd. 1 (1918), S. 143-148 (S. 147i.

t I.e., S. 144.


