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AN EXTENSION OF A THEOREM ON OSCILLATING SERIES

By G. H. HARDY.

[Received November 11th, 1912.—Read December 12th, 1912.]

1. Suppose that \lt X2, X3, ...

is an ascending sequence of positive* numbers increasing beyond all limit
with n. Let n, . v

so that C{(ti) = c1-jrc2-\-...+cp,

if \p ^ (a < Xp+1; and let

K being any positive number. It will easily be verified that

W ~~ K Jo Tj

Then, if o r - C M - ^ C ,

as w-> oo, we shall say that the series Scn is sumniable (B, X, /c)+ to
sum C.

If X,,. = n, this definition of the sum of an oscillating series is equi-
valent to Cesaro's.J

* Aj may be zero.
t That is to say, by Riesz's means of type A and order K. These methods of summation

were introduced by M. Riesz in a note in the Comptes Rendus of 5 July, 1909. A more
systematic account of them, and of their applications to the theory of Dirichlet's series, will
be given in the Cambridge Tract on "The General Theory of Dirichlet's Series" that Dr.
Riesz and I are now preparing in collaboration.

% Riesz, Comptes Rendus, 12 June, 1911. When I speak of Cesaro's methods of
summation I include the methods of non-integral order whose theory has been developed by
Knopp and Chapman (Knopp, Inaugural Dissertation, Berlin, 1907 ; Chapman, Proc. London
Math. Soc., Ser. 2, Vol. 9, p. 369).



1912.] AN EXTENSION OF A THEOREM ON OSCILLATING SERIES. 175

If, in the general expression for C"(<io), we take K = 1, w = X,,, we
obtain

where Gn = c1+c2+...-|-cB.

Thus, when K = 1, Riesz's definition is the natural generalisation of
Cesaro's which arises when we attach weights to the successive partial
sums Cn.

2. My principal object in this note is to prove the following theorem.

THEOREM 1.—If 2cw is summable (B, X, K), and

(1) c» =

then 2cH -is convergent. In other words, no series which satisfies the con-
dition (1) can he summable by Biesz's methods without being convergent.

This theorem is the generalisation for Riesz's methods of summation
of what Mr. Littlewood and I have called the general Gesaro-Tauber
theorem, the theorem* which asserts that a series for which cn — 0(1 In)
cannot be summable by Cesaro's means without being convergent.

I have already published a proof! of the special case of this theorem
in which K = 1, assuming, however, that the X's are subject to the re-
striction

(2) Xn+1/Xft->1.

When this last condition is satisfied my theorem, and its extension to
general values of K, may be deduced as a corollary from Mr. Littlewood's
extension of Tauber's theorem. I This method of procedure is, however,
open to several objections. In the first place, Mr. Littlewood's theorem
is a more difficult theorem than that which we are using it to prove.
Secondly, the proof also depends on another theorem of which no proof
has yet been published, viz., the theorem that, if 2cw is summable
(B, X, K), to sum C, and 1,cne~KiiX is convergent for x > 0, then

* Hardy, Proc. London Math. Soc, Ser. 2, Vol. 8, p. 307.
t L.c, p. 313.
J Littlewood, Proc. London Math. Soc, Ser. 2, Vol. 9, p. 434.
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as s -> 0.* Finally, until a proof is given of Mr. Littlewood's theorem,
which shall be free from restrictions on the A's, we are compelled to
adhere to the assumption (2). The presence of this unnecessary restric-
tion is at any rate an aesthetic blemish in the theorem.

The idea of obtaining a direct and general proof of the theorem, which
should be free from any restriction on the A's, was suggested to me by
Dr. Riesz. Dr. Riesz himself indicated to me the general lines of a proof
in the case K = 1. The form of this proof was different from that
which I adopted in my previous paper. I find, however, that the line of
argument which I then followed can be adapted so as to lead to the
desired result, and I have followed it here, as the preliminary transforma-
tions on which it is based seem to be of some interest in themselves, and
can be applied for other purposes.

8. I proceed now to the proof of the theorem. I write

and use B(a>), B"(w) to denote the sums formed from the 6's in the way in
which C(oo), CK(co) were formed from the c's. It is evident that there is no
loss of generality in supposing K to be integral. Further, we may suppose
our series to be real A

We have

to* <OK + l Au^a>

Hence (a) the necessary and sufficient condition that the series 2cn, if
known to he summable (B, A, K + 1 ) , should be summable {B, A, K), is that

B"(co) = 0(a>«+1).

» For the case * = 1, see Hardy, I.e., pp. 311 et seq. Dr. Riesz has found a proof of a
theorem a good deal more general than that stated in the text, which will be published in
the Gambridge Tract already referred to.

The steps of the deduction referred to in the text are as follows. From (1) we infer the
convergence of 2c,,e "*•»x for K > 0. From the summability of 2c,,, and the theorem stated in
the text, we infer the existence of the limit as x ->0. Finally, from (1), (2) and Mr. Little-
wood's theorem, we infer the convergence of 2 c,,.

t Cf. Hardy, I.e., p. 303.
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A • d (CK+l(a))} K + 1 v / , Xn

Again, — \ = - V 2 ( 1 - —

Hence (/3) £/ae necessary and sufficient condition that the series
should be summable (B, X, /e+1) *s that the integral

should be convergent.

I shall now show that, when the c's satisfy condition (1) of the theorem,
(J3) implies (a). From this it will obviously follow that the summability
of the series implies its convergence.

We have, in the first place,

Now, let us suppose that (a) is not true, and that e.g., the upper
limit of o)~K~1BK (&>) is positive. Then there is a positive constant H, such
that

(2) BK (w) > HwK+1,

for values of <o exceeding all limit.
Suppose £ > to. Then

(8) BK(i)-BK(a>) = K f BK~l{u)du.
Jot

Also I-B*-^)! = | 2 (u—XJ""1 bn|

Hence

(4) | B"(i)-BK(a>) I <K \ uKdu =

A,, ^ n

(it Tf

(u—wr ldio=—if.
o K

Let Q = (1+P)w,

where p is a positive constant to be chosen later. Then, for w < $ < Q,
SEB. 2. VOL. 12. NO. 1170. N
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we have, by (2) and (4),

i *

But, when H and if are given, we can evidently choose p so that

H - l

Then B*(i)>$Hcf+1,

for w < ^ < Q,

That this should hold for values of w exceeding all limit is a contradiction
of the hypothesis (J3). The theorem is therefore established.

4. I add some remarks relating to the case in which the increase of
the X's is rapid and fairly regular.

Suppose that AW+I/A« ^ 1+<S > 1»

where 8 is a constant. Then the condition (1) of the theorem reduces to

c, = 0(1).

But, in this case, more is true than is asserted by the theorem. It is, in
fact, true that no series can be summable (R, X, K) unless it is convergent;
in other words, for such forms of \n, Riesz's methods are completely
trivial; they sum convergent series and convergent series only. This can
be deduced from another of Riesz's theorems, viz., that* if 2cn is
summable (B, A, K) to sum C, then

This conclusion, so far as it goes, bears out Mr. Littlewood's conjec-

* A proof of this theorem also will be given in the Tract.
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ture* that, for such " regular high indices " Xn, the existence of the limit

lim 2cffle~A»*,

always involves the convergence of 2cn.

5. Landau has generalised the " general Cesaro-Tauber " theorem by
substituting for the hypothesis

the less exacting hypothesis cn = Oz(l/>i),

that is to say, cn > —K/nA

There is, of course, a corresponding extension of Theorem 1, which
runs as follows.

THEOREM 2.—A series 2c,,, for which

(1) Cn = OL (Xn~X>1-1)

cannot be swmnable by Biesz's means unless it is convergent.

The proof of this theorem requires merely a slight modification of the
proof of Theorem 1. We have

(1) cn > -

If

(2) B

for values of <a exceeding all limit, we take

and show, by substantially the same argument! as in § 3, that

We thus prove, as in § 3, that

,.— B"(co) _
lim —n- -

* Littlewood, Froc. London Math. Soc, Ser. 2, Vol. 9, p. 446.
| Prac Matematyczno-Fizydznych, Vol. 21, p. 97. In Landau's form of the theorem cH

must obviously be supposed to be real, or it must be asserted explicitly that both the real and
the imaginary parts of cn satisfy his condition.

% The only difference is that we use algebraical inequalities instead of inequalities be-
tween absolute values.

N 2
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In order to prove that the lower limit of indetermination is also zero,
that is to say, that the inequality

BK(co)<-Haf+1 (fl>0),

cannot hold for values of to exceeding all limit, we need only modify the
argument to the extent of considering an interval

(1 — p) (a = 0 < (• < co,

instead of an interval co < £ < Q = (1 +p) w.*

* Either interval would have served our purposes in proving Theorem 1.


