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NOTE ON THE EVALUATION OF A CERTAIN INTEGRAL
CONTAINING BESSEL’'S FUNCTIONS

By H. M. MacponaLp.

[Received December 6th, 1908.—Read January 14th, 1909.]

A rarricULAR case of the following integral occurs in Prof. H. Lamb’s

paper “ On the Theory of Waves propagated vertically in the Atmosphere”
(p. 136 supra) :— j

Jnlaz) I (bx) Jm(cz) '™ d2.
0

0
Writing W = s In(az) Jn(bx) I plcz)z' ~"dx
0
and using the relation
+we
J‘m(cx) — L et ™ j’V e&t—c’z’/% t—m—l dt,
271 Y=ot

whera v is a real positive quantity and m > — 1, it follows that

L) +oc
= L c"‘j Y =P I (ax) J,(bx) xt~ ™ dz dt,
b4

2 Jo Jy-we
whence, n > —1,
Y+ oo -
W= -1 cm-zj AT (Tt ™ L,

2 y—ws

+ ¢

or W = 2_1_ a/m—l bm—l c™ Sv e(c’—u.'—b’)tlZc’In(t) t~™dt.

T ' y~w
When ¢?—a?—b® > 2ab, writing ¢®—a?—b* = 2abu,

1 /2 sin(m—m)7 2 1@m-1) H3-m(, )%
j L t™dt = \/; T T e (2 —1) @3 W™

27t Jy—w T

therefore, when ¢*> (@402 m> —1, n>—1,
m—1m—1.—m ; 2 8In(m—n _Bym 1) i
W = a™1pm-1¢ \/; ( - ) em—9 (#2—1)*(2’“ I)Qz_';(#)r

where u = (*—a?—b)/2ab.

* Macdonald, Proc. London Math, Soc., Vol. XXXv., p. 436.
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It remains to evaluate, W when (a+0)® > ¢ for this purpose using the
relation

1
L) = oo ¢ L ¢ 1=/ RADPI 0) dv,*
where n—! is an integer greater than —1.

__1_ m—1gm—1 ,~m
W—Zma ™l

+ooe
o (- 0252 abv) tf3ab (1 __ | NE(A-1) P~ o
«/mpr,)ﬁ_mf_le (L—ARE-DPL () - dvdt,

where [ 1s chosen less than m. Now

{1 . + ot »
N ikt 4l —m i
B e é f’ dt [m > 1)

vanishes whep' «'is negative; and has the value P ~=VIE(m—1—1) when
« is positive ; therefore, when (a—b)® > ¢, W = 0 and, when

@+ > & > (a—bp,

W= s )S (= w71 (L — D P () d,

where u = (a®+b*—cd) /‘-2a,l},/_,.;ind,' using the relation

1 1 30-2)
P50 =1m—p ()" Flontd ntd, 143 30—

1 1
~/(@m) Im—1—1)1(—})

— am=1pm-1_,—m
W = a™b" ¢

1
X j —w™ A= F{—n+43, n4-3, 143, 30—)]dy,
that is,

— gm—1pm=1_,—-m 1 1
W= e /@27y Dm—1—1) M (—n—3%) T (n—13)

XEH(T n—3) IL(r+n—3)
H(l+7.fl)u,(7)

Ma.king the subshtutnon v—u = (1—pu)¢,

Y (”_#)mfl—l (1— )l+'r—-g v = 1 T'u)m“;—i rg—‘m—l—l (1 ;f)r+l—4d§’
5 ’ 0

1 . .
27 S =y A=) iy,
. ,

that is, the value of this integral is

m+r—% H('m’ l_l)H(l"'T_%)
A= T +r—

* Proc. London Mathi Socs, Vol. Xxxv., p. 481.
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therefore
W= m-lbm—lc—m
1 1 = Me+n—PHe—n—3) ,_, s
X VoD Ma—Do(—n— 5 Metm—pOe 2 G—w™
m—1pm—1.om L 1—p)m-d
or W=a™1'b"1¢ V(2W)(ﬁ(—":‘2_§F[—n+1}, n+%, m+%, F1—w],
. 1
that is, W = 7 a1 pm1om (1 — yjten-1) Pz:’;(,u).

Collecting the results,
W=0 [(@a—b?®> c%,
' 1

W= Jam @b e (L= uiem=) PAn(y),
where m = (@*+0*—c)[2ab [(a+b)?® > & > (@—b)],
W= anprigmn ) 2 BT ooy genngi-ng),
where p=(—a’—=b)/2ab [c* > (a+b)?)
and n>—1, m > — 3.

When n—m is an integer greater than —1 these results become
W=0 [@=b> ¢,

_ 1
V= Jam
W=0 [c®> (a+b)?],

where u = (a®+b>—c?/2ab, and in this case pi- _3() can be expressed

in finite terms. The result in the particular case when n = m is,
remembering that " gi-n

50 = M=y
W=0 [(a—0bF> c’],

@™ol (L—pP R PAR(u)  [(a+0) > ¢ > (a—b)),

(A—upon,

a—"b—Me

W= g1 /m II(m =3

{@+b+c)(@a+b—c)(@a—b+c) (—a+b+c)}™?

[(@a+8? > & > (a—b)7),
W=0 (> (+d;

this particular result has been given by Sonine.*

* Math. Ann., Bd. xvI.
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When m = }, remembering that
2 \¢ .
Jylcz) = (—) sin ¢z
T

and writing V= r Jn(ax) J,(bz) sin cz dx,
the above results become 0

V=0 [la—b?> ¢,

V=13%a"2b"tP,_y(u) [@+b)? > & > (a—b)),
where u = (@*+b2—c?/2ab,

V=200 Qun) [ > a0y

where u = (—a*—09/2ad.

When 7 is half a positive odd integer these results become
V=0 [(atb? > ¢
T=13a""Py(w) [(@4+0? > ¥ > (a—=0?
V=0 [&> (a+D)?]

The various known series for the spherical harmonics enable the values of
W or V to be calculated to any degree of accuracy; the values in the
neighbourhood of the discontinuities will be given below.

When ¢?—(a@—2b)? is small and tends to zero, it follows from the series
for Pfl‘_”‘(,u.) in powers of (1 —u) that W tends to

m—3

1 ar-lpm-le—m (1—,“)
A/ (2T) Mm—3)’
that is, to zero when m > 3 ; also, that ¥ tends to the value 3a~%)~*
when ¢®— (@—0)® tends to zero. When (a+0)?—c? is small u is nearly
equal to —1, and it is convenient to replace Pi- _3(@) by harmonics of
—u. If m—3% is not an integer,

COS nm

3—m - sin(n—m)w  Il(n—m) pr-t
P ’('U') cos mw P"' (=w+ cosmm  Il(n4m—1) “"( “),

and therefore, when n—m is not an integer, W tends to the value

1 gm--1 gm-1gm=1,-m sin (n—m) 1Lor—m)
Nz cosmr In+m—1)1GE—m)’
that is, to the value
—_— 1 m=—1 m=-1gm~1_,—m 43 —. H('l’_7n)1—[(m 'Z)‘_)
pgy gm-lgm=l1pm=le=mgin n—m) = H—(n 1

BER. 2. VOL. 7. No. 1014. L
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If m—% is an integer,

Pt‘;(,,;) = co8 (n—m) 7 Pﬁ‘_’;‘(——p)— % sin (n—m) T Qf“_’;(—u),

and, making use of the appropriate expression for Qz__’;(—p.),* it follows
that, when n—m is not an integer, W tends to the value

—_m) -3
—_—— 1 . 2’ﬂ—laM—l b'm—lc-m sin (n—m)vr II('n m) H(m 1)

AT MTn4m—1) ’

when m > 3.

If m =1, and n—} is not an integer, ¥ tends to the value

— L cosnma-thi log {(a+b)2—c*},
2
when (a4 0)*—¢c? tends to zero. If n—m is an integer and m >3, W
tends to zero, when (a4 0)2—c? tends to zero. If m = 4 and n—3 is an
integer, V tends to the value 3sinnra~3b~% when (a+0)®—c® tends
to zero. ‘
When ¢* > (a+b)® the expression for W can be replaced by

1 .
W= —a" 1" 1c-m2"" gin m—n) =

v
1 * - — h n)"~1d
X Ton=1) L e~"(2 cosh {—2 cosh #) ¢,
where 2ab cosh n = 2—a?—1?,

and m is positive.
When 7 tends to zero, this expression, writing e~ = z, tends to

1
_1_ am-l bm—l c—1u21-m ‘.E"'_m(]. _1._)21)1—2 d'l,

sin (n—m) ————l—g
Ten—1 Jo

provided m > }. Hence, if m > 4, W tends to the value
' II(n—m) (m—3)

sin(m—n)w 2,

IIn4m—1)

1 2m—1am—l bm-lc—-m
T/

when ¢ — (a+0)* tends to zero. When m = 1,

V= —Lcos nwa~ b 5 e~"(2 cosh {—2 cosh #)~¥d¢,

v 7

and the limit to which

5 €™ (2 cosh {—2 cosh n)~? d¢
n

* Macdonald, Proc London AMath, Soc., Vol. xxxi1., p. 276.
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tends wheu 5 tends to zero is —log »; therefore ¥V tends to
— 1_ -37-% 2_ 2
5= @ b~¥cos nw log {2—(a+ b},

when ¢?— (a4 b)? tends to zero.

(4ddded January 19th, 1909.]

The following integral is closely related to the integral investigated
above, but differs from it inasmuch as it is continuous for all real values
of a, b, c. Writing

U= 5 Ju(az) I, (0z) K, (cx) 2™+ de,
0

and making use of the relation
En(er) = 1r g=irtete ™) gm=1 g,
o
which is equivalent to
Kn(cx) = 3(ca)™ r e bW g1

0
it follows that

U=%'c_ms 5 e~ ¥4 T (az) T, (ba) s x dads;

) JO

hence, changing the order of integration and using the relation

e300 T (az) J,(hr) 2 dr = 3 g-wmaza c_ul)}s ,
0 c? ¢

U= le—m-2 S'n e—g.—g(au.bs)uc‘?I (@) ™ ds
2 0 n (:2 ’
when n > — 1.
Writing A+ 0+t = 2abu, abs =,
this becomes U= %"(ad) ""‘_'S eTHELL (B L,
0

thatis, U= }c"(ad)~™"! s 1

S su NN ” —ut g+ 2k .
o 2" I (n+k) IL (k) Sn et dt;

, o1 2 II(n4-m+42k) 1
— 10 m-1
hence U = j¢"(ab) E QI I (k) IL(k) ot roeet’

provided that n-+m > —1, that is,
gn+um+2k I <n+m+k> I <n+m—1 +k)
U=3c"@b)™ "' 2 —um 2 1 2n+m+w.-+1 ;
2 s 2 E Lt B IR 1(— D) u
L2
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and therefore

L (=)

2 2
—_ m=1__<} .m
U-— 2 ™ Cc (ab) II(??/) l‘ﬂ-f-m-f-l
n+m+2 n+m+1 1
XF( 2 , —2 — n+l, Ig)-
) wtd o enyn LM II(—) (=13
Now Qn—é (:“)’—e 21).-{-5]1(.’1) 'uu+m+l
n+m+2 an4+m+1 1),
. XF< B , B} , n+1, #2):
therefore
n+m n+m—1
o (57) o (=)

U= 2n+n—§ _n,—.}cm (ab)-m-l 6—(m+§)m

I (n4n) I (—2)
. —102m n+} .
X (@2 —1)=2EmD Q77 ) ;

whence U= 2—5T—§e—(m+§)m c'm(ab)—m—l (#2_1)—3(21)”1) Q:):f;(}l) .

and therefore

5 J, (@z) 7, (b2) Knlcz) &+ dz

0

— 2—% T—.§e-(m+§)m cm(ab)-fm—l (#2_ 1)—}(2m+1) Q::L_}-;(/‘)’

where 2abp = a’+0*+c* (n>—1, ntm>—1).

Remembering that K_,, = K,, it follows that

5 Jn(aﬂ'-) J,,(bz) Km (C.’l}) 2 -"dx
1]
= 2")7rfie(m-b)m ™ (ab)m—l (#2_1)3(%"-1 Qi—:;z (),

where n>—31 m<ntl.

Substituting m = —} in the first result, and writing for K_,(cz)z?,
its value 2~ ¥7wic—¥e~%, it becomes

S e~ Jy(az) J,(bx) dx = &a‘*b‘*Qu-;(ﬂ),

0

a result previously obtained by the writer.*

* Proc. London Math, Soc., Vol. xxvr., pp. 160, 161, 165.
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Again, substituting m = 0, the first result becomes

r Ju(ax) I, (bz) Kolcx) e de = 2‘4w‘*e‘*‘"(ab)“(p.'z—l)‘*Qi_b (),
[

. ® 1
. oy —— —-ny
that is, L Ju(az) J,(bxr) Kylcx) zdx = 575 sioh \/,e ,
where cosh Y = u = (a®+ 6’4 c%/2ab.

Substituting in the first result m = », it becomes

j T (@) T2 (62) K, (cx) @+ de
1]

‘ = 2-tx-dcn(gh)~"—lg=(r+hm (u2—1)-2Gr+D) Q:i(")’
that is,

S Jn, (ax) Jn. (bI) -Kn (CJ;) -En+1 d.E
0
1
= 277 ¢ (ab) " (uP — 1) "D Hé%ﬂggn) 2 (u2—1)-Cn+n).
and therefore

S Ju (az) ., (bz) K, (cx) z"*dz
0
= 21w (e —§) " @b) " P17 (e > — ).



