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Abstract

For-hire services have emerged as promising solutions to meet mobility demand in customized ways. Yet, they
still have to achieve profitability: this requires developing the service quality to achieve attractiveness to
potential users. Among quality factors, the availability in time of space of modal resources such as vehicles and
parking slots is prominent. It follows that models targeted to aid decision-making in the planning and
management of for-hire services have to deal with availability as an endogenous property that varies over time
and space and depends on the real-time disaggregate conditions of resource occupancy and trip demand.

This paper brings about a microeconomic model of supply and demand for a for-hire service in which
availability is represented explicitly. The specific function is formulated under a particular form related to a
stylized urban area. After providing the model formulation, which involves probabilistic assumptions and
calculus, we use it to investigate the issues of demand-supply equilibrium, service profitability and business
model optimization.
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1. Introduction
1.1. Background

The rapid development of wireless communication technologies have enabled the emergence of various taxi
hailing apps (i.e. Uber, Lyft, Ola...). The transaction time is incredibly reduced and the costs for suppliers and
users are significantly decreasing. As a result, the demand has been boosted and it is strongly believed that the
taxi market efficiency will be improved. This transformation has then motivated several researches, which are
investigating the conditions of optimizing the matching between cabs and riders while ensuring the economic
and social sustainability of the service.

Therefore, researches concerned by taxi service issues have investigated the regulation and pricing strategies
while integrating the waiting time of customers as a demand variable (Douglas, 1972; De Vany, 1975; Manski
and al., 1976; Hackner and al., 1995; Cairns and al., 1996). In 1998, Yang and Wong introduced a taxi model
applied at a network level (Yang, and al., 1998). The traffic equilibrium optimizes the utilization of taxis with
reducing their searching time of customers for a given distribution of demand. The model was developed
progressively to include traffic congestion (2001), elasticity demand (2001), social welfare (2002) and
externalities (2005). In 2010, Yang and coauthors explicitly introduced a meeting function to investigate the
searching and meeting frictions between customers and taxi drivers (Yang, and al., 2010; 2016). The meeting
rate and the number of waiting customers jointly determine the customer waiting time. In other terms, they
consider that the customers’ waiting time is not only dependent on the taxi availability but also on the number of
waiting customers. In next years, Yang and coauthors used elasticities of the meeting function to the number of
vacant taxis and the number of waiting customers to analyze the service profitability and the social optimum for
the monopoly. The model is applied on a simplistic network.

1.2. Objective

This paper is devoted to specify the meeting efficiency by defining the availability function of a private taxi
service. The specific function is the minimum time for a customer to get a cab. We formulated the function for a
stylized urban area, that we called Orbicity. The area is in form of a ring where origin and destination trips are
distributed uniformly. The sensitivities of the demand to the fare level and availability time are introduced.
Further, the service production process is defined to meet efficiently the demand. Based on the constructed
model, we investigate the conditions of the traffic equilibrium. Then we turn to analyze the optimal business
model profitability for three market’s configuration: the monopoly, the social optimum and the second-best
optimum. We bring out simple analytical formulas to compare these three markets.

1.3. Method

Our model combines the spatial modelling of the traffic and the microeconomic modelling of the taxi service.
We built progressively the spatial model by defining the geographic parameters, the demand distribution and the
technical process of the service production. Then, we construct a microeconomic model where the rules of
assignment taxis to users is defined, and the production costs are defined per cab and unit of time. Finally,
combining these two models under stationary operating conditions we analyze the service profitability for
operators and regulators.

1.4. Structure of paper

The rest of the paper is organized in four parts. First, we describe the geographic model and present the supply-
demand model of a for-hire service with emphasis on availability. We define the according fleet size, the
production costs and the traffic equilibrium. Secondly, we briefly describe the problem of the monopoly. We
analyze the profitability conditions and the optimal fare level, access time and fleet size. Then, we consider that
the regulator ensure the social welfare and investigate the impact on the operator. Observing that the demand
volume is reduced, we studied the second best optimum under budget constraint.
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2. Supply demand model
2.1. Service production

Consider a city in the form of a ring with radius R; let us call the city Orbicity. The demand volume Q is
distributed uniformly along the edges of the ring. It is generated along the study period H according to the ratio
A= Q/H. Let N the fleet size. The cab busy times include the ride times, say t; on average per trip, plus the
transaction time t; and the access time, denoted t,. The latter is called the availability time. At instant h, let

note n the number of occupied taxis and k* the number of vacant taxis: k¥ =N —-n>0. If k* =0then the
client is put in the waiting list. Denote 0 €]—m,+m[ the angular deviation between the position of vacant taxis
and the position of the new request. Specifically, assume that the vacant taxis are located at the destination of the
previous rider. Since the origin and destinations are distributed uniformly, then Vie{1,2..,kt}, 6; also

distributed uniformly in J—m,+n[. The distance Ljbetween the vacant taxi i and the client is equal to
Li = R|6i| where |6;| is uniformly distributed in ] 0, [. Then the cumulative distribution function is

min{x, 7R} (1)
R

FO(x) = PHL; <x}=Far(X) avec Fag (x) = ooy

The nearest vehicle is located in the distance Lmin = min{Li g e{ZLZ,...k*}}

Since the destination points have the same probability to be chosen by the user, then the vacant taxis have
independent positions which are distributed uniformly according to the function Far(X). Therefore, the

cumulative distribution function F{ (x) of the minimal distance verify

1- Frﬁ]';:) (x) =Pr{minL; > x}
=i, k"3 PHL; > X}
= [licg2, . k*y (1-Far (X))
l P’ 00 =1=[1=Fag (001 .
The expected value is

—(k* 7R + + R +
Lo = ElLpin K71 = [ xeFE) 00 =[x FlS, 0038 - [ R (0 0x

:ﬂR_ﬂRf[l—(l—u)k*]du :ﬂle(l—u)"* du
0 0

R
k*+1

Finally

_ 2 _ )
Y*) -2 with p=2v/7R

B(k++1)
We find the form of access time used in the literature (for instance, Douglas, 1972; De Vany, 1975; Cairns and
Liston-Heyes, 1996; Yang et al., 2002, 2005). Thereafter, we assume that the average availability time (denoted

~V(k+)

t) is approached by the function t, applied to the average number of vacant taxis K.The average number of

occupied taxis N is defined by the product of the temporal flow A and the mean ride time tagr =t +{g +t7

(Little’s law). Then we have

__z @
B(N +1-7)

(d]
Q
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By combining (3) and (4) while introducing for simplification &= A(t; +1tg), the number of occupied taxis is

S N+1+4& N+1-¢ | 82/ (®)
2 2 (N +1— &)

And in turn the availability function of the service is

6
M(l_ 1_M) (6)
24 (N +1-¢&)y

Furthermore, since N =&+ At = At zq7, then using (4) the fleet size is given by N +1—n =2/(Bta)

If we neglect -1, then the fleet size is expressed by

Q 2 (7)

N(taQ):ﬁ(tRT +t)+E

2.2. Costs function

The production costs on a daily basis amounts to:

Cp(N,Q) = x(N)+Qc, (tr +1), (8)
Wherein: C is the total production cost, y includes the costs of depreciation, driver wages and cost of the
transaction platform, and ¢, is the running cost per cab and per unit of time. The function y increases with N .

Assume that y=d y/d N is constant.

Since the fleet and the availability time are linked through (7), then the production costs could be expressed with
respect to the availability time and the demand volume as

Ce (1,Q) =Cr(N(t,Q),Q) = 1(N(t, Q) +Qcu (tr +1) ®)
Thus, we observe that the availability time and the demand volume influence the production costs through their
fixed and variable parts. By noting ¢ =cCy+y%/H and {=cutr +ytrr/H , the derivatives of the cost with
respect to the availability time and the demand volume are respectively

oa N Q2 o 24 (10)
atCP_Zat +ch_}f(H ﬂ[2)+QCu_QCu ﬂtz'
d (11)

“¢, =ﬁ(tm+t)+cu(tR ) =cit+l.

The function (10) increases with t. It is positive for t~t*=,/24/(#Qc;) . The function (11) is positive and
increases with t .

The average production cost per trip is higher than the marginal cost oCpl 0Q . Itis equal to

. - (12)
P _Z ¢, (ts +t):§+cjt+2—z

Q Q Qpt

2.3. Demand model

Assume the demand function is

Q=D(z,t) (13)
Wherein Q represents the quantity of passenger trips by cab on a daily basis and 7 the fare of a cab trip. The
demand volume decreases if the tariff and/or the availability time increases (i.e. 3D /dt < 0, dD /0t < 0).

Let us gather the respective influences of fare level 7, run time tg, transaction time £; and availability time t onto
the user into a generalized cost of trip as follows, wherein o denotes the money value of time to the user:
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g=r+a(ty + 1t +1) (14)
Assume further that the demand volume depends on g only (Q =D(g)) with constant elasticity ¢. Then the
derivatives of D with respect to the tariff and the availability time can be expressed by

0D/ot=dD/dg =eQ/ g (15)
oD/ot=0dD/dg=caQ/g (16)

In addition, lete; and &t be the elasticity of the demand with respect to the tariff and the availability time. That
means that

D 17
tle, = =gle
oDl or
18
te ——2  —glas (18)
oD/ ot
Thereafter, we assume that the demand volume depends on g according to the relation
(19)

Q=Qy(-L)*
Jdo

2.4. Traffic equilibrium

The traffic equilibrium is obtained when the supply function and demand function are satisfied at the same time.
In other terms, it corresponds to

20
g NH=C g h BRIHB - fom () #0)
2Q/H (N+1- 2y

21

Q=QO(T+a(tRT+t))5;from (13) (21)
0

That constitutes a system of non-linear equations that can be solved using the fixed-point algorithm:

Step0. Set an initial value Q. Let k = 0.

A . . - 8Q® /H
Stepl. Calculate the availability function according to t®) = w 1- 1—u)
2Q® /H (N+1-8)

. tor +t0)
Step2. Update the demand volume according to Q™ =Q, (M)L

0
Step3. If QD) — Q)| < g, then stop where 6 is a predetermined convergence tolerance. Otherwise k = k +

+1 and return to Stepl.

3. Supplier behavior as a monopoly

The service supplier aims to maximize the profit which is the difference between commercial revenues and
production costs

Pp(N,7,Q)=7zQ-Cp(N,Q)

To maximize the profit, the service provider could act on two levers: the fleet size and the service fare. Then, the
service supplier can be cast into the maximization program:

maxy . Pp(N,7,Q) st. Q=D(z,t) et t=Tx(N,t;,tz,Q)

To deal with the constraints simply, it is easier to embed the mutual dependency of demand volume and
availability time in an adapter profit function:

Po(z,t) = 7.D(z,t) — Cp (t, D(z, 1))

To look how the adapted profit changes with tariff and availability time, we differentiate I5P (z,t) with respect to
Tand t yielding
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(22)
0 (ety=ps 2D _9Cp 2D
or ar Q or
: Cp_ 0C (23)
L pp(eny=rZ2 e 0Ce 0D
ot ot ot 0Q ot
Then, the first order optimality conditions can be expressed using (15) and (16) of the generalized cost
: C (24)
iPp(r,t):O :>(T_6CP)——— :T—%=—g
or aQ * or Qe
25
0Cp _Cp oD _0Cp g #)
O Bu(n,t)=0 = (- 2Cp) 2D _3Cp =7 /
' Q7 at et aQ o4 o ot aeQ
From (24), (25) and (10) we get then that at the monopoly optimum we have _8_9 (cfj— 2x ) s0
& aeg Qﬂtz
' 26
2L i (26)

Qpt2

Conditions of profitability
The profitability condition for the service provider states that the tariff is higher than the mean cost per trip
(z=2Cp/Q). Thus, the tariff which optimizes the profit have to respect the following condition

(+cfin-9=2 @)
e Q
By substituting (12) and (17) into the condition (27)
Q> (-¢, _1)—' fe <-1 (28)
A Heity T

Proving that the profit is positive only and only if ¢, <-1, or &£ <—z /g .We consider thereafter that ¢ = -2

Solution of the monopoly problem
Substituting Erreur! Source du renvoi introuvable. and (11) into (24), the tariff is

t(1+¢€) = £ + (eCi — o)t — atrr Which yields

—at +_ 29
= Sedln | B9 4g) = 4(Q) ()
l+e l+e

And in turns using the availability time and the generalized cost are respectively

o =1 (30)
@rcpa

A _ 2 (et (31)
g(Q>=1j—g[4+atRT+,/%]

The demand function verify D™ (Q) = afRT +7(Q)+a t(Q)=9d(Q) . It is a fixed-point problem in Q only. The
functions D(-1) and t decrease with Q . Also, © decreases with Q when £ <—1 and o >&cf . In addition,
the existence and unicity of a solution depend on the function D. For instance, consider the favorable situation
where DD (Q).\/a is a decreasing function from the value Qo such as D™ (Q).\/Q, > §(Qy)/Q, - Since the

function in the right is an increasing one and not upper bounded, then there exists one and unique intersection
point between the two functions, and this solution is higher than Q.
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~ st
Consider y=% et x=i {M Since Q=Q0(i)5, then (31) is simplified as
9 9o B 90

8(Q) = %[ ygo + Xgo/Qo / Q]. So using the reduced variable g'= g/ go, this equation could be expressed as

g'=1, - (y+xg"=")
+&

Since & =2, these equations are simplified, 9" = Y/( —X) and:

1_x (32)
QM =Qy(2—)?
y
M y (33)
g :go%_x
X ~ (34)
t™M _ - 9,(Q/Qp) 172 :%li
a+C, a+C, 5—X
~ 35
TM+atRT:gM—atM:goly (l_ a+x) ( )
E_X O.’+Cu

Note the unit profit Cp/Q=¢ +(a+2c¢i)t and the tariff is 7 =2 + (a + 2¢. )t + atry . They increase with
the availability time. The unit profit is independent on demand and access time. It is equal to

1-CplQ=C +atgr =trr i/ H+Cytg +atpr (36)
The total profit is then directly proportional to the optimized volume of demand Q*.

a+cl
x

In addition, the fleet size is N =Qtpgr/H+2/ X :Q*(ﬁtRT +( +ﬁ)t*) which increases with Q *and

a+c;

t*. The productivity by taxi is Q*/ N =1/(Etrr +(ﬁ+7“)t*) depends only on t*.

4. First best social optimum

The social surplus is defined as the summation of consumers’ net benefits and producers’ profit. Since the
demand depends on the generalized cost only, then the consumers’ surplus is given by Pp(g) = f;w D(g')dg’

The social surplus is then:
+o , (37)
Py =Po(9) + Pp = | D(g)dg’ +7D(g) - Cp

Considering that the service provider have two main levers, the tariff and the accessibility time, let assess the
sensitivity of the social surplus to these two variables. The derivatives of the social surplus with respectto 7 and
t are

. . 0Cp - Cp - - : (38)
2Ps(t,ﬂs):—D+D+1:D—aCP D=(r—&)D by noting D = dD/dg
ot aQ oQ

: PP, (39)
2F>S(t,r)=—ocD+mcD—aCF’ _an2Ce
ot ot oQ

Conditions of profitability
By reminding that ép/Q =aép/6Q+2){/(QBt) , then the service is unprofitable. The net profit is negative

and decreases with the time availability. It is equal to Pp, =Q7 —Cp =Q(0Cp/6Q — Cp/Q) =—24/ A . In other

terms, the subsidy required to ensure the equilibrium for the operator is equal to — |5P =271 pt.
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Solution of the social optimum

The first order optimality conditions are

R C (40)
ips(t,r):o then = 2C° ,
or 0Q

o (41)
Ce =—aD.

0 0
—P:(t,7) =0 then
at s( 7)

From (41), we obtain that Qci—2y/Bt2 =—aQthen 2y /PQt2 =a+cC{. Using xand Yy as defined above,
then the system defined by t, t and Q

1o~ 2
t=—20_xQ/Qy) * = (Q) (42)
a+c,

c L~ ) (43)

T=C+0o X(Q/Qo)~z = t(Q) , using (40)

o+Cf

9(Q) = go(y +X(Q/Qv)?) . since g(Q) =T(Q) +au(trr + t(Q)) (44)
(45)

_1

DY(Q) = 9o (y +X(Q/Qp) ?)

As for monopoly, we could demonstrate easily that there exists a unique solution for (45) which is higher than
Qo Furthermore, since the generalized cost for the system is lower than that for the monopoly, g < § then

CS > Q and inturn t <f and T <% . That means that the regulator needs to reduce the availability time and the
tariff. Also, the fleet size should be higher than that for a monopoly. In particular, let us introduce another time
the reduced variable g'=g/g, =y+xg'*'?. Then for the elasticity 6 =-2, g’=y/(1—X). The previous
equations could be simplified as

1-x (46)
Q% =Qp(—)?
y
9% =goy/(L—x) (47)
t0=_% ¥ (48)
a+c; 1-x
o, = o o y a (49)
77 +atyr = —at” =g,— (- X
rRT=0 Yo 1 x ( s, )
Comparing to the monopoly profit yields
g° t° O+ atgr % -X 1 (50)
g t TV tatgy 1-x 2

. 1 . . . .
The ratio is less than 3 since x €10, [, which means that to ensure the social welfare, the generalized cost and

the availability time have to be reduced by more than two times comparing to the monopoly situation. By
reducing the availability time t, the unit production cost is reduced since CP/ Q=¢+(a+2cH)t
The total profit will be reduced by more than 4 times, since it depends on Q only.

In addition, the productivity by taxi is Q/NI =1/(ﬁtRT+(ﬁ+a}C3)t) decreases with t. As a result, the

reduction of t involves higher productivity, so better utilization of taxis.
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5. Second best optimum under budget constraint

Running a private industry while maximizing the social optimum involves substantial subsidies. To avoid
subsidies, another solution consists on maximizing the social welfare given the constraint that revenues cover
costs. This second-best social optimum is obtained by the following program

max.; Ps(t,t,Q) st Q=D(r,t) and 1Q=Cp(t,Q). (1)

Solution of the second-best optimum
We can form the following Lagrange function:
() =Ps (1 t,Q +1(1Q-Cr(t,Q) = [ "D+ L+1)(Q-Cr(t.Q) ; Q=D(x1).

Where y > Qis the Lagrange multiplier. The conditions of the first-order optimality conditions yield to a system
of three equations:

(52)

OE197=0 = 3D+ (1+7)(r—8Cp/3Q).D =0 (3)
PEIot=0 = —aD+(+)[aD.(r—0Cp/8Q)—8Cpl ot] =0 (54)
PE/0y>0and y.0£/0y =0 =7Q-Cp(t,Q)=0 (55)
And in turn
@+ )z -8Cp/0Q).D = —yD (56)
2% (57)
= +Cf
pQt2
e y (58)
r=&=§+cat+ﬁ=§+(a+203)t
Q QPt

From (58) and using (11), we conclude that 1—0Cp/ 0Q =2y /QPBt = (au+cif)t, which by substitution in (56)

gives (ou+ci)t =—y'D/D, considering that y' =y /(1+7).

Let introduce the generalized cost. We have D/D=g/&so0 (o.+Cii)t =—gy'/ €. From the definition of g we

have —e(o+Ci)t/y' =g = atrr +T+at = atrr +C +2(c+C )t . As a result,

_ C+ater (59)
(a+ci)(—ely' -2)

And in turn, we can deduce Ty, g,and Q,:

t

r=¢+(a+2c), (60)
_ T (61)
g, = (o+ci)ty o= o AT
Y 1+2y'/e
- (act 62
Q, = 2;(+ - 2;((Ol+~Cu)2 (2+£,)2 (62)
Bla+c t®  B(S +atgy) 4
So using x, Yy and the reduced variable g', then
_ doy (63)
" (a+ch)(-ely' - 2)
g y (64)
9r “15 2y'le
2y(a+cy) X\2 £ 2 (65)
Q, =—FET _Qp()2(2+5)
T R

From (61) and (64) we conclude that ' verify
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| 2’Y' te |2/a (2’}/’ + 8) = y1+2/£X72/a (66)
Y g
In particular, considering that € =—2, then | 21_7 |* (L—7") =xso0 y"=2x, and then we conclude that
Q°=Qy(1-2x)/y)* (67)
9% =goy/(L-2x), (68)
69
te=_90 ¥ (69)
oa+ci 1-2x

- (70)

€ +atrr =g€ —at€ =go y @a- ¢ X).

1-2x a+Cf
Comparing to the monopoly problem, we observe that

g¢ _t¢ tC+ater _}-x 1 (71)

gM tM M iyoter 1-2x 2
Comparing to the monopoly situation, the generalized cost and the availability are divided by two. The tariff

level is more than two times less: tC =1 (tM™ —at~RT). In addition, the demand volume is divided by 4

Q¢ =4QM which means using (36) that the total profit is reduced by more than 4 times.

6. Conclusion

We have provided a microeconomic model applied on a stylized urban area to analyze the conditions of
profitability and optimize the business model. The availability time is a critical factor of service quality so of the
demand volume. That is in turn beneficial to the supplier in both the production of availability and the
production cost. These interrelations are described through the traffic equilibrium.

Starting from a situation of monopoly, we provide the market conditions of profitability and determined the
system’s optimality conditions for a given demand elasticity. Then we explored the optimum conditions in order
to maximize the social surplus. As for microeconomic theory, further development may be target to explore the
system optimization, the duopoly and oligopoly issues, the regulation impacts.

The spatial model that we suggest “Orbicity” allows approaching results with simple relations. We could
imagine that the stylized network is a transit service operating on-demand in a fixed line as a form of ring.
Further development of the spatial model would permit to represent more complex networks.
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