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Positive Solutions for Systems of Nonlinear
Third-Order Differential Equations with p-Laplacian

Li Xiguang

Abstract—In this paper, by constructing a special set and utilizing
fixed point theory, we study the existence and multiplicity of the
positive solutions for systems of nonlinear third-order differential
equations with p-laplacian, which improve and generalize the result
of related paper.
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I. INTRODUCTION

HE boundary value problems of differential equation with

p-Laplacian arises in a variety of problems related to
applied mathematics, physics and engineering. However there
is still a little research about it. In recent years, some results
concerning the problems have been obtained. We refer the
readers to [1]-[6] and the references cited therein. In the thesis
[5], the author investigated the following elliptic systems:

Au+ Mey (| z ]) f(u,v) =0,
Av + piks(| @ |)g(u, v) = 0,
u [oo= v |sn= 0.
In the thesis [6], the author investigated the following
coupled singular boundary value problems:

(@p(u” (1)) +wi(t)fu(t,0(t) =0, te(0,1),
B O 1 on Pt ) =0, £ € (0,1)
aqu(0) — 51”/ (0) =0,v1u(l) + 51u (1) =0, w (0) =0,
av(0) — Bav (0) = 0,72v(1) + 20 (1) = 0,v" (0) = 0.

Motivated by the thesis [5], [6], in this paper. We
consider the following systems of third-orderdi boundary value
problems:

(ép(u”(£))) +wi(t)fi(t,u(t),0() =0, te€(0,1),
(60" (1) + wr() olt, (1), v(0) = 0. € (0,1),
aqu(0) — 6114, (0) =0,v1u(l) + 51u (1) =0, w (0) =0,
a20(0) — Bav’ (0) = 0,79v(1) + 620" (1) = 0,0 (0) = (()1

where ¢,(s) =| s [P s,p > 2,05, > 0,5;,6; > 0,
fi € C((O7 1) X [0,+OO) x [07+OO),[O,+OO)), wl(t) €
C((0,1),[0,+0c0)) and f;,w;(t) may be singular at ¢ = 0, 1.
In thesis [5], the control functions need to be continuous
and monotonic. In thesis [6], fi and f> are functions of
one variable. Different from the works mentioned above, our
purpose here is to deal with more general functions than that of
thesis [6]. Moreover, the conditions that we used are weaker
than that of thesis [5]. The organization of this paper is as
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follows, we shall first introduce some definitions and lemmas
in the rest of this section. The main results will be stated and
proved in Section II. In Section III, we present an example to
check our result.

For the sake of convenience, we first give some conditions.

(Hy)fi(t,u(t),v(t)) < gi(t)hi(u(t),v(t)), gi(t) : (0,1) —
[0,4+00) may be singular at t = 0,1, h;(u,v) : [0,400) X
[0,4+00) — [0, 4+00) is continuous, i=1,2.

(Hz) w; € C((0,1),[0,+00)),w; may be singular at ¢t =
0,1, and

1
0< / w;i(8)gi(s)ds < 4o0.
0

(Hs) (w.v)
. hi(u,v 1
0 <limsup ————— < n¥
(u,v)—0 (u U)p_l !
and L
0< limsupM g_l.
(u,v)—0 (U‘ + /U)pil
(Ha)
~1 fi(s,u,v)
(Ml fl) t< (Ergl)l_r)l(i (u+v)p 1 = < 00,
" falsuv) _
M;'6)P~t < liminf 2223207
(My &) Jminf 2T (o)1 =
(Hs)
h
0 < limsup M < n{’_l
(u,v)—00 (’LL + v)p_l
and L
0 < limsup Lv)l 571
(u,v)—o0 (u +v)p*
(He
_ fi(s,u,v)
Mt D < liminf 222 <
(M0 < Il (w1 <
or

fg( U, v)

My 16)P~ < liminf
(M5 ') (Hn)m (u+v),,1_

where 7; and & (i = 1,2) are constants such that

0 < ni( max/ Gi(t, T)gbq(/ w;(s)gi(s)ds)dr) < %

and

S -
&/9 Gi(iy'r)(bq(/g wi(s)ds)dr > 1.
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It is easy to show the systems (1) are equivalent to the
following integral equations

ult) = /0 G (1, 7) by / 1(5) 1 (s, u(s), v(s))ds)dr,
o(t) = /O Ga(t, 7)o / () fa(s, u(s), o(s))ds)dr,

(2)
where ¢ is a constant such that % + % =1, and
lOB) oy
P oy oo,
Pi
where
pi = a7y + a6 + Biyis
@i(t) =y + & — it,
i(t) = Bi + ait,0 <t < 1.
Let

A, 0)(t) = /O G (£, 7) / ()1 (5. u(s), v(s))ds)dr,

B = [ Gatt 1ol [ ats)alo, o) vls)isyir
Fu,0)(t) = (A(u, 0)(t), B(u, v)(1)).
Then systems (2) are equivalent to the fixed point equation
F(u,v) = (u,v)
in the Banach space ' = X x X, where
X = {uzu,gplu’)

The following fixed -point theorem of cone expansion and
compression type is crucial in the following argument.

Lemma 1 [7] Let K be a cone in Banach space E. Assume
Q1,5 are open subsets of E with 0 € 1,0 C €, and let
F:KN(Q2\ Q) — K be a completely continuous operator
such that either

|Full < ullu € K (00, | Full > lull,u € K ()02

€ C'0,1]}.

or
IPull > Jull,u € K (o0, ]|Full < ull,u € K [)0%a,

then F has a fixed point in K ()(Q2 \ 21).
In what follows we set

[, o) = ffuull + [0l
where
Jull = s (o).
In order to apply Lemma 1, we let K be the cone defined
by
K ={(u,v): (u,v) € E:u,v >0,

i (u(t) +0(0) 2 M(|u ] + v ).
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where 6 € (0,1), M = min{M;, M>}, and

0;i +0vi 0o+ B;
Yi+0i " i+ B

M; = min{ 1.

Lemma 2 [8] If p > 2,11)+ % =1, then

| $q() = q(y) [< Pq(x —y).
Lemma 3 Suppose that conditions (H;)—

F: K — K is completely continuous.
Proof: First we show that F'(K) C K.

V(u,v) € K,t € [0,1], we have

(H>) hold, then

A(u,v)(t)
- [ Gittrian / () 2 (5. u(s), v(s))ds)dr
0 0

1 T
< / G (r, 7)o / w1(5) (5, u(s), v(s))ds)dr.

Hence

[ A(u, v)|

§/0 Gl(T,T)¢q(/O w1(8) f1(s,u(s),v(s))ds)dr

Gi(t, 7')

On the other hand, for ¢ € [0, 1—-0], )
i\T, T

we have

> MZ‘,T (S [0, 1]7

min  A(u,v)(t)

0<t<1-—-6
-, i, [ Grtm10 [ r) 165,61, w06 asyin
> My [ Gilrr)o / 1(5)f1(5,u(s), v(s))ds)dr
>, A, v) |
Similarly
nin B(u,o)(0) 2 My || Blu,v) |
Thus
min (A, 0)(0)+ Blu,0)(0)

> 9<rtn<1{17 A(u,v)(t) + <Itn<1{1 B(u, v)(t)

> My || Au,v) || +My || B(u,v) ||
v), B(u,v)) |-

We conclude that F(K) C K.
Next we show that F': K — K is completely continuous.

> M || (A(u,
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Let VD € K be a bounded set, i.e. 3M > 0 such that L
V(U,U) € K7 H(’LL,’U)” < M7 we have = |/ (Gl(thT) — Gl(t277—))
0 T

A )0 X4l /0 w1(8)g1(8)hr (u(s), v(s))ds)dr]

_ / G (t, 7) by / "1 () f1 (s u(s), v(s))ds)dr, 1
0 ’ +] / (Galtr,7) — Gr(tz, 7))

< /0 G (7, 7)bgl /0 w1 (8)g1 ()1 (u(s), v(s))ds)dr % / wa(3)ga()ha(u(s), v(s))ds)dr]

max ¢q(hy(u(s),v(s)): 0<s<1 1
S{l Gq(ha( ()T()) <s<1} SI/(G1(t1,T)—G1(t2,T))
></0 G (T, T)qbq(/o w1(s)g1(s)ds)dr 0
x max{¢pq(h1(u(s),v(s)) : 0 <s <1}
< {HllaX ¢q(h1(u(8)7v(f)) 0<s<1} )
X/o Gl(T,T)dT¢q(/(] w1(s)g1(s)ds) ><¢q(/0 w1(s)g1(s)ds)dr |
= N1 < 0.

1
+|/O (Ga(t1,7) — Ga(ta, 7))

ol A(u,v) ||< Ny.
So || A(u,v) < N x max{pg(ha(u(s),v(s)) : 0 < s <1}

Similarly,
1
| Bu,v) [[< N < oo. <4 / wa()ga(s)ds)dr |
JO
Hence, <sts=e
This means that F(K) is equicontinuous, so F(K) is
| Flu,o) || =[l A(u,0) | + || Blu,v) | relatively compact in K.

< Ny + Ny < +00. Finally we show F': K — K is continuous.
Let {(un,v,)} C K be sequence such that (up,v,) —
(ug,vp),n — 00, we have
Correspondingly, F': K — K is bounded uniformly.

Now, we show that F' is equicontinuous. The continuity of | F (tn,, v5) () — F(ug, vo)(t)]
G;(t,s) on [0,1] x [0,1] implies that G, (¢, s) is continuous

uniformly. i.e. L 1
Ve > 0,3 > 0, such that V¢ € [0,1], [t1 — t2| < J, we have < /0 Ga(r, T)|¢q(/0 w1 (8)f1(5, un(s), vn(s))ds)
1
Gi(t1,€) — Gita, §)] - s T
Ot -Gl e [ 01(5) (5.0, ()
. 1 1
><qz5q(/0 wi(s)gi(s)ds)) ™t +/O Ga(r, T)|¢q(/0 wa(8) f2(s, un(s), vn(s))ds)
1
Hence, VD) € K, we have ~0u( [ ) a0 (s), vos)) )

|F'(u, v)(t1) = F(u,v)(t2)]
= [(A(u, v)(tr), B(u, v)(t1)) = (A(u, v)(t2), B(u, v)(t2))]
= [(A(u, v)(tr) = A(u, v)(t2)), (B(u, v)(t1) = B(u, v)(t2))|

< |(A(u,v)(t1) 7A(u,v)(t2))| +/() GQ(Ta T)dT|¢q(/0 WQ(S)(fQ(Saun(S)vvn(S))

+‘(B(u7v)(tl) - B(U,U)(tg))l. 7f2(57u0(8)77)0(5))d5)"

< /0 G (r, 7)dr| g /O w1(8) (f1 (5 tn (5), v (s)

—f1(s,u0(s), vo(s))ds)|
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By (Hs), Lebesgue dominated convergence theorem and the

continuity of f1, fo, we have
|1 F (e, vr) — F(ug,v0)|| = 0,n — oo,

thus I is continuous.

By above arguments, we claim F' is completely continuous.

II. CONCLUSIONS

Theorem 1 Suppose that conditions (H1) — (H4) hold,

then systems (1) has at least one positive solution.
Proof:

By (H3), we may choose r > 0, for any ||ul|| + ||u| < r

we have

ha(u, ) < g~ H(u+0)P 7,
and

ha(u,v) < 7)571(11 + )Pt
Set

O = {(u,v) : (u,v) € K; || (u,0)[| <7}
If (u,v) € K (08 then |lul| + ||v]| <, we have
A(u,v)(t)

= [ Gittmisn [ nlhiits,uts).olo)as)ar,
0 0
g/o Gl(t,T)¢q(/OTwl(s)gl(s)hl(u(s),U(s))ds)dT

<o)l o [ Gt [ (el ds)ar

< 3w, o).
Which implies
4G, )] < 5w
Similarly,
Bl )(1) < 3w,
Hence, for (u,v) € K ()08, we have
1,0}l = AGw, )] + 1B, o)l <l (,0) ]

By (Ha), if we further assume

M_1 p—1 lim inf f1(87u7v) <
L R

then there is an R > r, for any ||u|| + |[Jv|| > R, we have
fi(s,u,v) > (MY (u+ )P
Let R > max{R, M; 'R, My 'R}, we set
Qo = {(u,v) : (u,v) € K;||(u,v)|| < R}.

If (u,v) € K ()09, then

International Scholarly and Scientific Research & Innovation 12(9) 2018

3)

Au, v)(3)

1 1 T
:/0 Gl(i,T)%(/o w1 (5) f1 (5, u(s), v(s))ds)dr

1
-7
2

1—60
> M /9 Gi(2.7)

xqbq(/; wi(s)(u(s) 4+ v(s))P~ds)dr

T

>l + 10 [ Gul o [ tdsyar
> )l
which implies
4G, o)1 2 i, 0)1

el ’

Similarly

1B (u, 0)[| = [|(u, v)]-

An analogous estimate holds for f5 in condition (Hy).
Hence, for (u,v) € K ()02 we have

1w, )| = [[ACw, )| + [|1B(w, 0)[| = (w,0) | (4)

By Lemma 1, F' has at least one fixed point (u,v) €
KN (Q2 \ Q1). So, systems (1) has at least one positive
solution.

Theorem 2  Suppose that conditions (Hy), (Hz), (Hs),
(Hg) hold, then systems (1) has at least one positive solution.

Proof: By(Hs), there exist Ry, e; > 0, for ||ul|+||v]| > R,
we have

hi(u,v) < (n; — )P H(u+v)P~h
Let

a = max max{¢,(hi(u,v)) : u(t) < Ro,v(t) < Ro},

a a
R > —,—h
max{€1782}
We set

Q1 = {(u,v) : (u,v) € K; ||(u,v)|| < R},
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if (u,v) € K98, then
Alu,v)(t)

- [ Gitena | "1 ()1 (s, u(s), (s))ds)dr
0 0
< / G (t,7)u / "1 ()91 (5) (u(s), v(s))ds)dr

_ /O G, 7)oy wi(5)g1(s)

lwll+lvl=Ro

xhy(u(s),v(s))ds)dr

Gi(t,7)oq w1(s)gi(s
+ /0 (t, 7)o </M+MSRO (8)on(s)

xhy(u(s),v(s))ds)dr

< (m —=e)([[u@)] + lv@®)]) /0 Gi(t,7)

q wi(8)gi(s)ds)dr
<0 (/IUI|+|UII>R0 (e)gn (s)de)

1
ta / G (t, 7 wi(5)g1 (5)ds)dr
0 [lu|[+]lv||<Ro

< —_
< [0 = en)(lull + vl + o] max / it 7)

xqbq(/(: w1(s)g1(s)ds)dr

1
< Sl o)l

Similarly,
B, )(t) < 3w,
Hence, for any (u,v) € K ()91, we have
1 (u, ) || = [ACw, 0) | + [ B(w, v)[| <l (w,0) || (5)

On the other hand, by (Hg), if we further assume

U liming 5%
(u,0)—0 (u 4 v)P~1

(M )P~

b

then there is an 0 < r < R, for any ||u|| + ||v|| < r, we have

fils,u,v) > (M7 (u+v))P 71

Set
Qo = {(u,v) :

similar to the proof of Theorem 1, for (u,v) € K [ 0Qa, we
have

1w, 0)|| = [|ACu, 0) || + | B(w, 0)|| =] (w,0) [} (6)

(u,0) € Ki|[(u,0)[| <7},

International Scholarly and Scientific Research & Innovation 12(9) 2018

An analogous estimate holds for fo in condition (Hg).
By Lemma 1, F' has at least one fixed point (u,v) €
K N(21\92), so system (1) has at least one positive solution.
Theorem 3 Suppose that conditions (Hy) — (Hy) and (Hg)
hold, then systems (1) has at least two positive solutions
(ug,v1) and (uz,ve) with ||(u1,v1)|| < r < |[(ug2,va)].

Proof By (H,) if we further assume that

(M 1¢)P~! < liminf Sils,uv) < o0,
(u,v)—00 (U+ ’U)p_l

then we choose a Ry > r large sufficiently, for any |jul| +
[lv|| > Ri1, we have

fi(s,u,v) > (M7 (u+v))P~t

Set
Qr, = {(w,v) : (u,v) € K;[[(u,v)[| < R1},
similarly, for any (u,v) € K () 9Qg,, we have
1 (u, v)[| = [|A(w, 0) | + | B(u, ) [| = (w,0) | (7)

An analogous estimate holds for f5 in condition (Hy).
On the other hand, by (Hg) we assume that

fi(s,u,v)

(u+v)p—1 = 00,

(M )Pt < (hm)mf

we choose Ry < r small sufficiently, for any ||u(t)|| + ||v(t)]]
< Ry, we have

fl(svuv ’U) > (Milgl(u + ’U))pil.

Set
Qr, = {(u,v) : (u,v) € K;|[(u, v)[| < Ra},
similarly, for any (u,v) € K () 9Qg,, we have
1 (u, )| = [[A(w, 0) [ + [[B(u, 0)[| = (w,0) [ (8)

An analogous estimate holds for f5 in condition (Hg).

By Lemma 1, F has at least twice fixed points
(ul,vl) c ﬁRl \Ql and (UQ,UQ) (S ﬁl \ QR27 SO
systems (1) has at least twice positive solutions with
[[(ur, vl <7 < [ (ug, v2)].

Theorem 4 Suppose that conditions (Hy)— (Hs) hold, then
problem (1) has at least two positive solutions (u1,v1) and
(uz,v2) with ||(ug,v1)[] < R < [|(uz, v2)]|-

The proof is similar to the Theorem 3, we omit it.

III. EXAMPLE

As an application of Theorems 1 and 2, we give an example:

(t)))/ + M =0,

6\'/15(1 >y
(Gpw(1))) + DTN _
6/t(1 1)

u(0) = u(1) = 0, u////(O) =0,
v(0) =v(1) =0,v (0) =0.

(¢p(u”
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1

where p > 2,01 > as > p— 1. wi(t) = ——,

YT — 1)

fz(tg u, U) _ (utv)*i

6 /t(1—t)"

Let

gi(t) hi(u,v) = (u+ v)*,

1
RN

1

1 s

w;(t)gi(t) = ———— and wi(s)gi(s)ds = —,

O9(t) = J =y ad [ ilats)ds = g
Theorem 1 holds.

If o < as < p—1, then Theorem 2 holds.
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