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Abstract

We derive a flow formulation of differential-algebraic equations (DAEs), implicit differen-
tial equations whose dynamics are restricted by algebraic constraints. Using the framework of
derivatives arrays and the strangeness-index, we identify the systems that are uniquely solv-
able on a particular set of initial values and thus possess a flow, the mapping that uniquely
relates a given initial value with the solution through this point. The flow allows to study
system properties like invariant sets, stability, monotonicity or positivity. For DAEs, the
flow further provides insights into the manifold onto which the system is bound to and into
the dynamics on this manifold. Using a projection approach to decouple the differential and
algebraic components, we give an explicit representation of the flow that is stated in the
original coordinate space. This concept allows to study DAEs whose dynamics are restricted
to special subsets in the variable space, like a cone or the nonnegative orthant.
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1 Introduction
We consider differential-algebraic equations (DAEs)
F(t,z, &) =0, (1)

where I € C*(Z x Q, x Qz,R") is defined on open sets Z € R, Q,,Q; C R*. DAEs model
dynamical processes that are constrained by auxiliary algebraic conditions, like e.g. connected
joints in multibody systems, connections or loops in networks or balance equations and conser-
vation laws in advection-diffusion equations, see e.g. [6l 9, 10, [1T), 14} [16, 21}, 29] 311, [35] 4T, [42]
and the references therein.

We derive a flow formulation of the DAE by defining a mapping that uniquely relates an
initial value with the solution through this point. For ordinary differential equations (ODEs)

i = f(t,x), (2)

the concept of the flow is well studied [I}, 23, 24] 45], and allows to study properties of like
invariant sets, stability, monotonicity or symmetry, see e.g. [1, 23], 24 [45] 20].

Similarly, for differential equations on manifolds there exists the concept of the flow, allowing to
study system properties and their preservation in a numerical simulation, see e.g. |22l [19] 20]
and the references therein. Under certain smoothness assumptions, DAEs can be considered as
differential equations on a manifold, cp. e.g. [19, 29, [42], thus allowing to extend the notion of
a flow implicitly to implicit systems.

For DAEs in the form (I, a flow formulation has been considered in [30] to study stability
properties. As stability is a coordinate invariant property, in [30] the flow is constructed using
variable transformations to separate the differential and algebraic components in . To study
coordinate dependent property like the invariance of special sets in the state space, like cones or
manifolds, however, we need a flow representation that is stated in the original coordinates.
Using the framework of derivatives arrays and the strangeness-index [29], we identify those DAEs
that are uniquely solvable on a particular set of initial values. Using a projection approach
to decouple the differential and algebraic components without changing the original coordinate
system [3], we construct an explicit representation of the flow. Considering the time-derivative of
the flow, we obtain an explicit representation for the linearization of solutions of . Specifying
our results for linear systems, we generalize Duhamel’s formula to DAEs.

2 Preliminaries

We consider time or time-state dependent projections, i.e., matrix functions P € C* (ZxQ,R™™),
k > 0, that satisfy P%(t,z) = P(t,z) for every (t,7) € T x Q. Then, the classical properties
of constant projections pointwise extend to the function P, cp. [3]. In particular, P € R™*™ is
called orthogonal if P is pointwise symmetric, i.e., PT(t,2) = P(t,x) on T x Q. The complement
P¢:=1, — P of a projection P is again a projection and satisfies range(P(t,z)) = ker(P(t,x))
and ker(P¢(t,x)) = range(P(t, z)).

In particular, we consider projections that are induced by the Moore-Penrose inverse. For a
matrix function E € CF(Q,R™™), the Moore-Penrose inverse ET is pointwise defined like
for constant matrices, cp. e.g. [, 12, 18|, i.e., ET(z) := (E(x))", where (EETE)(z) =
E(x), (E*EE*)(z) = E*(2), (B E)@))T = (E*E)(2), (EE*)(@))" = (EE*)(x) for z € Q.



For every matrix E(xz) € R™", there exists a unique Moore-Penrose inverse [15] and if E(z) is
nonsingular, then E¥(z) = E(x)™! [4]. If E € CY(Z xQ,R™*") and rank(E(t,z)) = d on Z x S,
where S C Q is an open set, for every (tg,z9) € Z x S, then there exist neighborhoods Zy C Z,
U(zo) C Q, such that EY € CY(Zy x U(xg), R™*™) [3, Lemma 2.3]. If E € C*(Z,R™*") and
rank(E(t)) = d on Z, then ET € CK(Z,R™™) [3| Lemma 2.3]. For E € CYZ x Q,R™*"), the
product (EE1)(z) € R™*™ is the orthogonal projection with range((EE™)(z)) = range(E(z)),
ker((EE")(x)) = corange(E(z)) and (ETE)(z) € R™ ™ is the orthogonal projection with
range((ETE)(x)) = coker(E(z)) and ker((ETE)(z)) = ker(E(x)), cp. [12, p.9].

Furthermore, we use the concept of time-varying subsets, in particular time-varying manifolds,
as they arise in the analysis of DAEs. For an interval Z C R and a family {S(¢) }sez of subsets
S(t) € R", such that there exists S(t) € R™ for every ¢ € T, we call the set S := (J,c7 {{t} xS(t)}
a time-varying subset on Z. Extending the standard definitions of charts and coverings, cp. e.g.,
[13, pp. 5], [32, pp. 97], [29] pp. 198|, we can give a time-varying subset the structure of a manifold,
cp. [3]. Here, it suffices to introduce time-varying manifolds as time-parameterized level sets as
they arise in the analysis of DAEs.

Lemma 2.1. A time-varying subset S C RxR™ is a time-varying, embedded C*-submanifold with
dim(S) = d if and only if for every (to,xo) € S, there exist neighborhoods Iy C R, U(xy) C R™
and a function G € C*(Zo x U(xo), R"~9) that satisfies rank(DG(t,x)) = rank(G.(t,z)) =n —d
on G=Y(0) and (Zo x U(x)) NS = G~1(0).

Dropping the time-dependancy, Lemma corresponds to the characterization of a C*-
submanifold S C R™ as level set of a submersion, cp. [13] pp. 3],[32, pp. 97],[25, p. 10].

Finally, for a locally Lipschitz function flI:)iCp € C(IxQ,R™) defined on an open set ZxQ C RxR"™,
the ODE

T = f(tvx) (3)

is uniquely solvable for every (to,20) € Z x Q with solution = € C((ty, 1), Q), where t& € 9T or
limt%t(j)[ min{dist(z(t), 8Q), [|z(t)|| 7'} = 0, cp. e.g. [5, p.44] and [I, p. 105]. For (to,zo), ty,ts
are called the negative and positive escape time, respectively, and (to,tg ) the mazimal interval
of existence, cp. [1, p.101].

The unique relation between a given initial value and its associated solution motivates the defi-
nition of the flow, see e.g. [1l p.133], [5, p. 49].

Lemma 2.2. Consider the ODE . If f € C’Lip(I x Q,R™), then there exists a function

loc

QI xI xQ —= R, (tto, ) — @9(150,3:0), that satisfies the following properties for every
(to,z0) €I x Q and t € [to,t]).

(I’I}O (t(), 1‘0) = xo, (4&)
(pl}(to,(l)jc(to,x())) = (I)sc(to,:ro), (4b)
Y (to, m0) = f(t, B (to, x0))- (4c)

For every (to,wo) € Cryut1, on [to,tg ), the solution x of is given by x(t) = ‘I)?}(toﬂa“o) and
@Sé)(to,xo) € CY([to, tg,R™) on I x Q.



The characteristic properties reflect the unique solvability of if f is locally Lipschitz
on Z x €. Property uniquely relates the flow ®¢ with the initial value (Zg, o), property
(4b|) ensures that every solution can be maximally extended on 2 and property claims that
@?(to, xg) solves the differential equation .

For linear ODEs

& =A(t)r+0b(t) =: fap(t,x), (5)

with A € C(Z,R*") and b € C(Z,R"), linearity implies that fa, € CLP(Z x Q,R™) if fay €
C(Z x R",R"). The maximal interval of existence is given by (ty,tJ) = Z, cp. [5, p.48|. The
flow @y = Py A 1S an affine linear transformation of the initial values, whose system matrix
is given by the homogeneous flow ®4 induced by fa := fap, cp., e.g., [46, p.163|, and that

generalizes Duhamel’s formula [46] to linear systems with time-varying coefficients.

Lemma 2.3. Consider the ODE with fap € C(Z xR, R™). OnZ x T x R", the flow ® 4

s given by

By, (to, z0) = B4 (to)g + / (®14D)(5) ds, (6)

to

where ® 4 is the homogeneous flow induced by fa. The flow ®4 is pointwise invertible with
(®4(t0)) " = @R (1)

3 A flow formula for DAEs

To define a flow for DAEs, we need a set of initial conditions on which the implicit equation
is uniquely solvable and solutions can be maximally extended. There are several approaches to
study DAEs like derivative arrays [6, 8, [7], projector chains [16}, 33, 34}, [43] or a structural analysis
[39, 40] that differ in the way they separate the differential and algebraic components and in the
regularity assumptions on the system. Related with these approaches are different index concepts,
like the differentiation or strangeness index, the tractability index or the structural index, which
measure, roughly spoken, the complexity of solving a given DAE in terms of the necessary
differentiations. A comparison of the different index concepts is given, e.g., in [II], 37]. We
follow the concept of derivative arrays and the strangeness index as developed in [26], 27 28], 29],
because it is applicable to a large class of DAEs and provides a suitable framework to construct
a flow.

3.1 Nonlinear differential-algebraic equations

For the DAE with sufficiently smooth system function F', the derivative array of size ¢, £ € N,
the derivative array of size £ is the inflated DAE

F(t,x, )
d .
S F(t,x, o)
Frot,z, @, ...ty = [ —0 (7)

0 ) .
LrF(t, @, i)



obtained by successive differentiation. Every sufficiently smooth solution of F'(t,x, %) = 0 solves
the inflated system . Vice versa, if (t,z, , ..., x(é)) solves the derivative array , then (¢, z, &)
also solves F'(t,z,%) = 0. For a derivative array of suitable size, the idea of the strangeness index
is to filter out a set of differential and algebraic equations that uniquely determines the x-part
of this solution (¢, z, , ..., x(g)). This may include algebraic equations for derivatives of x, so we
consider formally as an algebraic equation for the algebraic variable zp := (¢, 2, v1, ..., vp41)
with v, = 2(®)(t), k = 1,...,£ + 1. The algebraic solution set is denoted by

Frp(0) ={ze € TxR" x ... x R"| Fy(z) = 0}. (8)
To solve the derivative array locally for (¢, x, @), we make following assertions on the Jacobians

My(2¢) = Ouy,...vpr FFe(20),  Ne(2e) = 0:FFpe(2e), 9)

containing the partial derivatives of Fry(2¢) with respect to the variables vi,...,ve41 and z,
respectively, cp. [29, p. 155].

Hypothesis 3.1 (|29]). Consider F: D — R™. Let there exist p,d,a € No, n = d + a, such
that F € CFH(D,R"), Fgl(O) # 0 and for every z,0 € FJI(O), there ezists a sufficiently small
neighborhood U(z,,0), such that the following properties hold.

1. OnU(zu,0) N F71(0), rank(M,,(2,)) = (1 +1)n — a and there exists a pointwise orthogonal
matriz function Zy € C*(U(z,,0), RUHDNXY with vank(Za(2,)) = a and (Z§ M,)(z,) = 0.

2. On U(zu0) N Fljl(O), rank(Z1 N, (z,)) = a, where N, = N,[I,,0], and there exists a
pointwise orthogonal matriz function T € CH(U(200), R™) with rank(T1(z,)) = d and
(Z3 NuT1)(2) = 0.

3. On U(zu0) N Fu_l(O), rank(F;(t,z,2)T1(z,)) = d and there exists an orthogonal matriz
71 € R with rank(Z;) = d and rank(Z¥ F;T1(z,)) = d.

The minimal ps for which F' satisfies Hypothesis on D, is called the strangeness index (s-
index) of [29]. If F has s-index us and satisfies Hypothesis with ps + 1,d,a, we say
that has regular s-index ps [29]. If F has (regular) s-index p = 0, then F' is called (regular
and) s-free [29]. If F is s-free, then the Jacobians F}, F, satisfy the assertions of Hypothesis
implying that every algebraic equation a solution of satisfies is explicitly contained in
. Conversely, if F' is of higher index, then there are algebraic equations hidden in the systems
and have to be filtered out by differentiation. Numerlcally, s-free systems can be solved with the
same accuracy as ODEs; cp. [29, p.251|. To match the smoothness assumptions of Hypothesis
3.1}, we can reduce the domain of definition .

The set of functions satisfying Hypothesis with integers u,d,a and p+ 1,d, a is denoted by

C’ﬁ (D,R") := {F € C*(D,R™)| F satisfies Hypothesis

with u,d,a and p+1,d,a }, (10)

7d7a7reg

where ¢ > p + 1. Initial values that are part of a vector in the algebraic solution set are
summarized in the set of consistent initial values

Crp = {(to,z0) €T x Q|3 (v1,..0,vp41) € Wy X R" x ... x R
: (0, 20, V1, oy Upg1) € Fu_l(O)} (11)



Similarly, tuples (to, zo,4o) part of a vector in Fﬂ_l(O) are summarized in the set of consistent
wnitializations

['F,u = {(to,l’o,’ul) € Fﬁl(O) ’ 3 (1)2, ...,U,H_l) ER"x...xR"
: (to,xo,vl,vg...,v#_;_l) S Fu_l(O)} (12)

For functions F € C’ﬁ;’t?reg(D,R”) and initial values (to,x0) € Cru+1, the DAE is uniquely

solvable and the solution is maximally extendable on Cp 41, cp. [28] and [29, p. 163, p, 167].

Theorem 3.1. IfF € CLL;L,TEQ(D,R”), then the DAE (1)) is uniquely solvable for every (to, xo) €

Crut1- The solution is x € C*([to, 1), R"), where t§ = sup{t > to | (t,z(t)) € Crpt1}

The positive escape time tAO+ denotes the time where the derivative array ceases to satisfy the
rank assertions of Hypothesis @ for example because the Jacobians M,,, N,, suffer from a rank
drop in t = L‘O+ .

As a consequence of Theorem [3.2) we consider the initial value problem (IVP)

F(t,x,@) =0, FeCht og(DRY) (13a)
x(to) = o, (to,w0) € Crput1, (13b)

and define a flow on the set of consistent initial values Cr,;41.

Corollary 3.1. Consider the DAE (13a)). There exists a function ®p: Crue1 X I — R,
(t,to, z0) — Ph(to,z0), that satisfies the following properties for every (to,zo) € Cput1 and
t € [to, tg)-

@2 (o, z0) = o, (14a)
D (to, P (to, 20)) = P (to, 7o), (14b)
F(t, ®%(to, o), % (to, o)) = 0. (14c)

For every (to,20) € Cryut1, on [to,tg ), the solution x of is given by x(t) = D% (to, z0) and
) (to, x0) € C'([to, 1), R™) on Crpis1.

The function & in Corollary is called the flow associated with the DAE (13a)). Like for
ODEs, the characteristic properties reflect the unique solvability of the IVP and the
extendability of solutions on the set Cr ;1. In contrast to the ODE flow ®; that is defined on
the full phase space, the DAE flow ®r is defined only on the set of consistent initial values.

Remark 3.1. For a particular problem or a clever formulation of the DAE , the smoothness
assumptions of Theorem[3.9 may be significantly relazed to prove the existence and uniqueness of
solutions on a particular set of initial values. Consequently, for these problems, the flow can be
defined under less restrictive smoothness assertions. Treating a more general class of problems,
however, we have to assume that the system function is sufficiently smooth to set up the full
derivative array of size p+ 1, such that we can show the uniqueness and existence of solutions.

To represent the flow and its linearization explicitly, we use the strangeness-free (s-free) formu-
lation |28, 29], which gives an equivalent formulation of by specifying the same solution. In
contrast to , however, this surrogate model is s-free and regular at the solution x and the
differential and algebraic equations are explicitly given.



Theorem 3.2. /28, [29] Consider the IVP (13) and let x € CY([to, g ), R™) be its solution. There
exist functions Fy € C*([to,td) x U(z) x U(%),R?) and Fy € CY([to,t5) x U(x),R) defined on

neighborhoods of x, such that on [to,far), the function x is also the unique solution of

Fi(t,x, &) =0, x(ty) = o, (15a)
Ey(t,z) = 0. (15b)

~ ~

In particular, F = [F], F{T € C}, (([to, £¢) x U(z) x U(E)) O Lyg1, R?).

d,a,reg
Remark 3.2. The functions Fl, Fy are obtained from the derivative array by choosing a suitable
parameterization of the algebraic solution set .FEL(O) along the solution x of , ep. [28] and

[29, p. 163, p. 167], and are defined until x leaves the algebraic solution set ]:;L(O) For a given

p and a consistent initial value (to,xo) € Cput1, the functions Fl,ﬁg are specified along the
solution x up to nonsingular transformations, cp. [2, Thm. 4.2.1].

Remark 3.3. The assertions of Hypothesis can be checked numerically along a numerical
solution za of by computing the derivative array, e.g., by automatic differentiation [177],
and SVDs for the Jacobians M, (za), Nu(2a) [15, 29]. Similarly, the construction of the s-free
formulation can be incorporated in the numerical simulation, see [29, Ch.6]. As the Jacobians
M, (za), Nu(za) only approzimate M, (z), Nu(z) and the computed values pa,da,an are based
on numerical rank decisions, these values only indicate the true values p,d,a. In cases of doubt
a higher value of p should be chosen to ensure that all hidden constraints are explicitly given, see
[29, p. 281], [36].

To compute a consistent initial value zg € F;rll, one can either use a fizpoint iteration on the
derivative array, the Gauss-Newton method [28], or decompose the variables with a time-varying
transformation, cp. [30]. The latter, in particular, may be very costly, however, in some cases it
may be the only way to construct the needed starting point for the remodeling procedure.

We use the s-free formulation to compute the solution of (I3). On [to, ) x U(z) x U(), the
s-free formulation F' induces the state-dependent space decomposition

R"™ = coker(F}(z)) @ ker(F3(2)). (16)

To implement the decomposition , we pursue the projection approach considered in [3]. As
we use the flow formula to study positive DAEs, cp. [3], i.e., systems for which every solu-
tion starting with a componentwise nonnegative initial value stays componentwise nonnegative
for all its lifetime, we wish to avoid the change of coordinates occurring when using variable
transformations. To realize the partitioning , we consider the Moore-Penrose projections

Pup(2) == (F ;) (2), Pip(2) =L, — Pup(2) (17)

that are pointwise defined on [to,fg) x U(z) x U(#). On [to,ig) x U(x) x U() N LF 41, the
Moore-Penrose projections Pasp, P]\JZ p associated with IVP ([13) satisfy the following properties.

Lemma 3.1. Consider the IVP and let z € C([to,tl),R") be its solution. Along ,
there exist neighborhoods Up,,,(z),Up,,,»(#) C R™, such that Pyp € CY([to,t]) x Upy,p(x) X
Upy, » (2),R™M). On ([to, td) x Upyp(x) X Upy,p(2)) N Lp i1, rank(Prp(2)) = d and Pyp is

independent of the chosen remodeling F.



Proof. We first prove the proposed properties if Ppsp is evaluated on the solution z and
its derivative ©. On (t,z,Z), the remodeling F is s-free, cp. Theorem implying that
rank(ﬁ’i(t, z,#)) = d and thus rank(Pyp(t,z,#)) = d on [tg, 1), cp. [12, p.9]. Then, there exist
neighborhoods Up,, . (x),Up,,, (&) of x, such that Pyp € CL([to, 1) x Upy,p (%) x Up,,p (3), R™),
cp. [3l Lemma 2.2|. Furthermore, on (t,z, ), the remodeling F' is specified up to nonsingular
transformations, cp. Remark ie., if Uy € R4 U, € 02(1/{(@,0),]1%““) are pointwise or-
thogonal matrix functions and U = diag (Uy,Us), then F = U TE also satisfies the assertions
of Theorem and F (t,z,2) = ng(t,x,jr)U(zu) for z, = (t,x,v0,...,vu41) € .7-";}(0), cp. |3
Lemma 2.4]. On [to,?7), then it follows that

(F;Fx)(t7x’x) = Fﬂb(tax7i)(UTU)(ZN)Fi(tax7i') = (F;Fx)(t’xvl‘)’

implying that the Moore-Penrose projections provided by F' and F agree on (t,z,%). As the
remodeling F' € C%([to, 1) x U(x) x U(x),R") is s-free and regular on [to,td) x U(z) x U(%) N
LF 41, cp. Theorem (3.2} it yields a s-free formulation for every IVP (13) with initial condition
(to, o) € ([to,tg) x U(2)) NCFr1. Repeating the given arguments for the solution 7 associated
with an initial condition (f,%0) € ([to,t{) X Upy () N Cryut1, We have proved that the given
assertions are satisfied pointwise on ([to, td) X Upy,p(z) X Upy»(2)) N LE i1 O

For every z € [to, ) X U (z) x U (1), the projections Py/p, Pi;p induce a variable decomposition
Pyp(2)z € coker(F3(z)) and Piip(z)zker(Fy(2)) for € R™. For the solution x of ([13), we
consider the space decomposition along (¢,z, &) and set

xq:= Pyp(t,z, &)z, x4:= Pip(t,z, ). (18)

Solving the s-free formulation for &4, x4, we obtain a differential equation for x4, while the
components x, are fixed algebraically.

Theorem 3.3. Consider the IVP (13)). Let EF e C%([to, 1) x U(z) x U(%),R™) be an s-free
remodeling and Pyp € CY([to, 1) X Upy,p(z) X Up,,p (3), R™™) the associated Moore-Penrose

. . 1 A+ n . . .
projection. Let x € C*([to,ty),R"™) be the solution of and let xq,1, be given by with
z=(t,z,x). On Iy, via the components x4, T,, T is the unique solution of

tq = hyp(t,za), wq(to) = Prp(20)zo, (19a)
Tg — gMp(t,xd). (19b)

The functions grp € C*([to, 1) xU(x4),U(z4)) and harp € C*([to, 1) xU(z4), R™) are uniquely
defined by as the implicit solution of

Fy(t,2q + 2o, harp(t, wa) + gup(to, 2a0)) = 0, (20a)
By (t,xa+ gup(t,za)) = 0. (20b)

Proof. = Let x € C*([to,t7),R") solve (I3). First, we show that there exists t; € (t,t), such
that, on Zy := [to,t1), Ta, Tq solve

&g = hympo(t,za), z4(to) = Pyp(20)xo, (21a)
T = gmpo(t, zq), (21b)



where gnpo € CHZo x U(xap),U(Tap)) and hypo € CHZo X U(zap),R™) are locally de-
fined on neighborhoods of x40, 20 as implicit solutions of . Exploiting the uniqueness
and smoothness of the s-free formulation and its Moore-Penrose projection, we can smoothly
extend garpo, harpo to functions defined on the full interval [to, tAa' ).

To solve the algebraic equation (15bf) for the components z,, we show that along z, Fy, Pyp
satisfy the assertions of the projection-based Implicit Function Theorem, cp. [3, Thm. 3.1|, with

Q=1,i.e.,
(FQ,xPJ\JﬁP) (F2 :cPMP) (2) P]\J/_[P(Z)a (22a)
(Fo.Pilip) (FouPizp) " (2) = L (22D)

is satisfied pointwise on ([tg,fo) X Upy,p(z) X Upyp(£)) N Lpyuyr. Since rank(PMp) = d on
([to, tg) X Upy,p(z) X Upy, p(2)) N LE 41, cp. Lemma there exist neighborhoods U(x),U(i)
and a pointwise orthogonal function T = [T, T3] € Cl([tg,t+) x U(z) x U(E),R™™) with
span(7i(z)) = coker(F;(z)), span(Ta(z)) = ker(Fj;(z)), such that

(FopPiip)(2) = ([0 FpoTy] T7) (2),

cp. [3, Lemma 2.2]. To compute (F27xPAJZP)+, we show that Fx72T2 is pointwise nonsingular. As
F € CJ 4 qreg(([to, 1) x U() x U()) N Lyuy1, R™), on ([to, £]) x U(x) x U(£)) N Lyu41, Hypothesis
implies that rank(Fy ;(z)) = d, rank(Fy,(2)) = n — d and ker(F} z(z)) N ker(ng( )) = {0}.
Hence, R” \ (coker(F ;(2)) Ucoker(F .(2))) = {0}, implying that, on ([to, fg) x U(z) x U(&)) N
L1, there exists a partitioning R" = coker(Fy ;(2)) @ coker(Fh.(2)). With ker(Flz( ) C
coker(F . (2)), it follows that F2v$‘ker +(»)) Is pointwise nonsingular on ([to, t5) x U (z) xU(Z))N
L, +1. By the choice of T, then the Moore Penrose inverse is given by

cp. [3, Lemma 2.3]. Hence, condition is satisfied pointwise on (¢, z,%). Repeating these
arguments on ([to,d) X Upy,p(z) X Upy,» () N LFut1, we have proved the assertion. As the
remodeling F' € C2([to, tg) x U(x) x Ux), R") yields a s-free formulation for every IVP (13)
with initial condition (fo,Z0) € ([to,td) x U(x)) N Cru+1, we can repeat the given arguments
for every solution  associated with an initial conditions (fo, o) € ([to,t5) X Upyp (7)) NCr i1
This proves that condition is satisfied pointwise on ([to, tg ) X Upy, » (¥) X Upy, p (£)) N LFpt1-
With this observation, we can solve the algebraic equation for the components x, using the
projection-based Implicit Function Theorem, cp. [3]. Setting ya := Pup(2)y, ya := Pip(2)y
for y € R" and x40 := Pyp(20)r0 and x40 := PA%[P(,ZO)JUO, where z = (¢, z, %), there exist neigh-
borhoods Zy C [to,fg), U(zap),U(za0) C R™ and a function garpo € CH(Zo x U(xap),U(24a0)),
such that (¢,y) solves if and only if (¢,y4) € Zo x U(z40) and yq = grpo(t, ya). Choosing
Ty sufficiently small such that Pyp(z)x € U(xq,0) on Zo, then x, solves on 7.

To solve the differential equation for the derivatives &4, we again use the projection-based
Implicit Function Theorem modified for the application to implicit differential equations, cp. |2}
Lem. 3.1.3]. Due to the properties of the Moore-Penrose inverse, (Fj;PMP)( ) = Ey (z) is satisfied
pointwise on z = (,, ), implying that (F1 ;Pyp)(2) = F14(2) as Fj [FT 0]7. Then,

1,2
(Fl,d:PMP)+(F1,abPMP)(Z) = Pyp(2), (24)
(FraPyp) (FraPup) ' (2) = I, (25)



is satisfied pointwise on ([to, ) X Upy, ,» (¥) X Upy,p(3)) N LE 41 and by [2, Lem. 3.1.3], choosing
T, sufficiently small, there exist neighborhoods U (i q0),U(14,0) C R™ and a function h € C*(Zp x
U(xq0) XU(24,0) xU(E0a0),U(Ea0)), such that y € C1(Zy, R™) solves on 7 if and only if the
components yy = Prrp(2)5, v = Piip(2)y 58858 (1 v Yo ) € To XU (240) xU(zw0) xU a0)
and 4 = h(t,xq4, T4, T4), where the function h solves

Fy (t, g+ T, h(t, T4, Ta, Ta) + :ba) =0.

As (F;Piyp)(2) = 0 on ([to, &) x U(z) x U(#)) N L 41, neither Fy nor the implicit function h
depend on the particular value of &, and we set h(t,zq,z,) = h(t, 24, Zq, £q,0). For the solution
x, this implies that &4 = h(t,zq,2q) for (t,24,2.) € Lo x U(zq0) X U(zq0). Replacing z, and
Tq,0 Using equation , we get that

h(ta xd) = h(tv Zd, g(t7 .%'(]), gMP(t(]a .%'(])) :

Choosing Zy sufficiently small, such that (xq,zq,Zq) € U(z40) X U(xa,0) X U(Tq0) for t € Iy, we
find that = solves .

Now, we show that the implicit functions garpo, harpo can be extended onto the full interval
[to,far). We set x1 := x(t1), where Zg = [to,t1). Then, (t1,21) € Cru41 and the IVP

F(t,xz,z) =0 z(t1) =21 (26)

is uniquely solvable with x € C([t1,tJ),R"). In particular, can be remodeled along x
using the F C?([to, 1f) x U(x) x U(&), R™) serving as s-free remodeling of (13). Then, the
Moore-Penrose projections induced by and as well as the differential apd algebraic
components x4, z, agree. However, we assume that the implicit functions solving F'(t,x,4) = 0
in the neighborhood of (t1,x1) are given by gyp1 € CHZTy X U(xq1),U(241)) and hprpy €
CHzy x U(xq,1),U(%q1)). The domains of definition of grrps, harpi, @ = 1,2, are open and we
can assume without loss of generality, that there exists a nonempty interval Zn C Zy N Z; such
that x4(t) € U(xqn) = U(zao) NU(xg1) on In. On In, both garpo and garpy specify the
components x,, implying that

za(t) = gupo(t, wa(t)) = gmpa(t, za(t)). (27)

Since gyrp; € CHTixU(way),U(24,)) for i = 0,1, and garp; € CHZn xU(z40), R™) in particular,
the identity implies that the composition

o gMp70(t,$d(t)), t e [to,tm),
gup(t,xq) == {gMP,l(t,a?a(t)), FE [t try), (28)

satisfies gyp € CH((Zo UTh) x (U(za0) UU(xd1)), Uew), Where Uey C U(z400) UU(z4,1) and
t1, = supZ;. Similarly, on Z, the components &4 are equally and uniquely specified by the
functions hyrpo and hpsp 1, implying that

Ea(t) = harpo(t, za(t)) = hapa(t, za(t)). (29)
Since hyp; € CHT; x U(xq;),R™) for i = 0,1 and hapo, hvpa € CHZn x U(xzqn),R™) in
particular, then implies that the composition

harpo(t,zq(t)), t € [to,tm),

(30)
h’MP,l(ty"Ed(t))) te [tm,tlﬂn),

hyp(t,xg) == {



satisfies harp € CH((ZoUTh) x U(za0) UU(z4,1), R™). Repeating this continuation process along
x, we can successively extend gprp, hasp onto [to, faL).

It remains to show that gasp, harp do not depend on the choice of the s-free formulation. If
F(t,z,2) =0, 2(ty) = xo, F(t,x,i) =0, z(to) = o (31)

are two s-free formulations of then there exist pointwise orthogonal matrix functions U; €
R Uy € C*U(20), R¥*), such that

F(t,x, i) = UL (2,)F(t, z, %), (32)

where z, = (t,z,v0, ..., Uut1), CP. Remark Both systems can be remodeled as described

above, i.e., there exist implicitly defined functions gap,gup € CHZo X U(wap),U(T4,0)) and
hyp, hMP,O e Ot (I() X Z/I(a:d@),l/{(:bd,o)) satisfying

F(t,xa+ gup(t, za), hap(t, wa) + gnp(t, v4)) =0, (33a)

F(t, g+ gup(t, za), harpo(t, 2q) + garp(t, za)) = 0. (33b)

Along x, the Moore-Penrose projections induced by F and F agree, cp. Lemma and the

differential and algebraic variables x4, x, coincide. Regarding relation and noting that U is

pointwise orthogonal, the functions hpsp, gasp solving (33b)) also satisfy (33a)). As the functions

gmp, harp are the unique solutions of the implicit equation F(t, za+gmp(t,zq), h(t,xq) =0, cp.
[3, Thm. 3.1] and [2, Lem. 3.1.3], it follows that hy;p = harp and gyrp = gurp-

< Let z € Cl([to,tJ),R") be the solution of and let be constructed along z. Let
y € CY([to, tg),R™) solve on [tg, ) via the components y4 and y,. We prove that x = y on
[t07 tg) If Ya = gMP(tv yd) on [tov tg)) then

on [to,td) by the construction of gysp. If, in addition, 94 = h(t,ya) on [to,f] ), then
Fl(t7 Y, y) - Fl(tv Y, hMP<t7 yd) + gMP(ta yd))

By the construction of hpsp, noting that P o(2)anp(tya) = Prrp(2)(Wa + Ya) + darp(t, ya) due
to Yo = Pﬁp(z)ya — Prrp(2)ya, this equation reads

Fi(t,y,9) = Fi(t,y, h(t, ya, gvp(t,ya), e (to, ya0) + Pizp(20) (Ya,0 + Yap))
+ Pup(2)(Yd + Ya) + Grp(t, 7a))
= Fi(t,y, h(t,ya, garp(t, va), arp(to, Yao) + Pizp(20)(Ya0 + Ya0))
+ Pazp(2)gmp(t, ya))-

Using that 9, = Pi;p(2)0a — Parp(2)ya and range( Pz p(2)) = ker(Fj(2))), we find that
F3,(t,y,9) = (FsPizp) (t,y,9) = 0.

As F; = [FIT 4+ 017, it follows that FYy is independent of #,. By the definition of A, then

0= Fi(t,y, h(t, ya, grrp(t, ya), up(to, Ta0) + Pizp(20)(Tao + Za0)) + Pizp(20)daep(to, Yao))
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In combination, and imply that y solves on [tg, ). As F € Cg;ireg(D,R"X”)

and (to,z0) € Crpu+1, then y solves the original problem and since the solution is unique, it
follows that = = y on [to, {7 ). O

We call and the functions hyrp, garp the Moore-Penrose remodeling of the IVP ([13]).

Remark 3.4. In Theorem[3.3, we decouple the differential and algebraic variables using that the
differential and algebraic equations ([15a)), (15b)) are explicitly given in the s-free formulation. To

remodel a general s-free DAE
F(t,z,z) =0, (36)

we can filter out the differential and algebraic equations using the Moore-Penrose projections
Qup(2) = Fi(2)F (2), Qup = In — Qup. If is s-free, then and only then

(Qﬁpﬁmpﬁp)+(QﬁPFzPﬁp)(z) = Pi;p(2), (37a)
(QJ\L/[PFmPﬁP) (QﬁPFxPﬁP)JF(Z) = Qf/[P(Z) (37Db)

is satisfied pointwise on F~(0) and we can remodel the DAE as in Theorem solving
(QipF)(t,x,%) = 0,(QF)(t,z,&) = 0 for g4, x4, respectively, cp. [2, Thm. 4.3.1].

Condition is satisfied if and only if the matrix (FxQTQ)(Z) is nonsingular, i.e., if and only
if the remodeling F s s-free, cp. Hypothesis (3.1)). Thus, condition allows to check if
the computed remodeling F indeed is s-free. Similarly, the DAE 18 s-free if and only if
(Sgﬁ’x,ng)(z), where Pﬁp =ToT] and Q*JP = 5257, is nonsingular.

Solving the decoupled system , we find that the differential components z, are evolved by
the flow ®,,,, induced by the function hysp, while the algebraic components z, are coupled to
this evolution by the function gp;p. In combination, we obtain an additively composed solution
formula of consisting of a dynamic part related with ®;,,, and a constrained part specified

by gmp.

Lemma 3.2. Consider the IVP and let x € CY([to,ts),R™) be its solution. Set zy :=
(to, z0, Z(t0)). On [to, 1), the solution x is given by

{E(t) = (I)ZMP (to, PMP(20)$Q) +9gmp (t, @ZMP (to, PMP(Z())JJ())), (38)

where P € Cl([to,ty) % Upyp(x) X Upy,p(2),R™M), gyp € CL([to, 1) x U(xa),U(zq)) and
hap € CY[to,td) x U(xq),R™) are the Moore-Penrose projection and remodeling induced by
(13) and ®y,,, is the flow associated with hyp.

Proof. Along the solution x, we can decouple the IVP as decoupled system for the
components x4, 7,. With hyp € Cl([to,t]) x U(xq),R"), the ODE (19a)) induces the flow
®},,,p, such that, on [tg,tAarL

zq(t) = @, (to, Parp(z0)z0). (39a)
Inserting (39al) into the algebraic equation (19b)), we obtain that
2a(t) = grrp(t, ), (to, Parp(20)10)). (39b)

With x = x4+ x4, we have proven the representation . Noting that Pyp, garp, harp are Cl-
functions, we have verified that the representation is continuously differentiable on [tg, faL ).
O
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The solution formula is defined for every consistent initial value and on the full interval of
existence of the associated solution. Thus, it gives rise to an explicit representation of the flow
Op.

Theorem 3.4. Consider the DAE (13a)). For every (to,zo) € Crut1 and zo = (to, zo,v0) €
L1, on [to, 1) the flow ®p is given by

% (to, x0) = @}, ,, (fo, Parp(20)w0) + garp (t, ®,,,  (to, Prrp(20)20)), (40)

where P € Cl([to,t]) x Upyp(x) X Upy, (), RVM), gup € CL([to, 1) x U(xa),U(z4q)) and
hyp € CHto,ty) x U(zq),R™) are the Moore-Penrose projection and remodeling induced by
and ®y,,, is the flow associated with hpp. Furthermore, the flow ®r satisfies

Parp(t, @k (to, m0), Dl (to, 70)) ®l(to, 20) = ®j, . (to, Parp(20)wo), (41a)
Piip(t, @5 (to, m0), Dl (to, 20)) Dh(to, z0) = gnp (t, @, (to, Prrp(20)w0))- (41b)

Proof. By definition, the function @%)(tg, xo) agrees with the unique solution of the IVP for
every (to, zo) € Crpu+1, Cp. Corollary Using formula , we have verified the representation

(40)-
As a consequence of the construction of hap, on to,t§) the associated flow ®p,,, satisfies
(IDZMP(to,PMP(ZQ)(IZo) € coker (Fx (t, @%(to,xo),@}(tg,xo))), cp. [2, Theorem 3.2.2|. Hence,

Pizp(t, @5 (to, m0), D (to, z0)) @, , (to, z0) =0, (42)

on [to,s). Similarly, garp(t, z4) € ker(Fi(t, z, %)), cp. |3, Thm. 3.1], implying that

Pap(t, @5 (to, m0), D (to, 20)) garp (. @4 (to, Prrp(20)70)) = 0, (43)
on [tg, ). From and (43), we conclude that @%) (to, o) satisfies on [to, td). O

The flow formula reflects the two flavors of a DAE: Parts of the solution are evolved by a
flow, while the other part is coupled to this evolution via an algebraic relation. For the overall
solution, this results in a dynamic evolution which is constrained to a flat subset in the state
space. Locally, this constraint can be represented as a time-varying manifold.

Lemma 3.3. Consider the IVP and let F = [FL, FI1T € C2([to, 1) x U(z) x U(&),R™) be
an s-free remodeling. For every (to, o) € Crut1, the following assertions are true.

~

(i) The set Mp(tg,z0) := Fy'(0) is a time-varying, embedded C?-submanifold with
dim(MF(to,xo)) =d.

(i) The set Mp(to, o) is independent of the chosen remodeling F .
(iii) The set of consistent initial values satisfies (([to,]) x U(z)) N Cru+1) C Mp(to, z0).

(iv) The flow ®p satisfies P (to, z0) € Mp(to, 70)(t) for t € [to, t]).

12



Proof. (i), (iv) For the remodeling F' € C?([to, t§) xU(x) xU(#), R™), we have that rank(DFy) =
rank(Fh ) =n—d on Cp, N (Zo x U(xo)) as F' is s-free, cp. Hypothesis Hence, the algebraic
solution set F; 1(0) a time-varying submanifold embedded in R” with dim(F;1(0)) = d, cp.
Lemma ﬂ As the function @%) (to, o) solves the s-free remodeling, it follows that ®%. (¢, z0) €
Mp(to, xo)(t) on [t(), 7?8_) )

(ii) Given p and an initial value (to, o) € Cppy1, the remodeling F5 is specified up to nonsingular
transformations of the matrix Zs, cp. Remark [3.2] These transformations do not alter the
solution set F; 1(0), hence Mg (to, o) is independent of the choice of F.

(iii) The remodeling F' serves as s-free remodeling for every initial condition (fo, #9) € ([to, g ) X
U(z) x U(#)) N LE,1. Hence, ([to, 1) x U(x)) N Cr vt C Mp(to, zo). O
The projection properties allow to access the differential and algebraic solution components
zq and z, by projecting with Pyp(t,z,#) and Pi;p(t,z,4), respectively. Analyzing system
properties like stability or positivity, this allows to specify the condition on the differential and
algebraic solution components, cp. [2 ch.5|.

The representation is uniquely defined by as the MooreA—Penrose projection Pysp and
remodeling gysp, hasp are independent of the chosen remodeling F'.

Remark 3.5. The non-autonomous DAE can be autonomized by setting
Fou(z,2) =0, (44a)

: i—1 t] . t
Fou(z,2) := [f(t,:v,;t)} ,  zZ:i= L] , Zi= LJ , (44b)
cp. [29, p. 159]. If F € crtl (D,R™), then Fayu € crtl (Qp x Qz, R™Y) ep. [29, p. 159], and

w,d,a w,d+1,a
the flows ®p and ®r,,, associated with F' and Fay are related by
¢ . t
Prulfo) = [¢%(t0,xo)} ' (43)

3.2 Explicit remodeling using constant Moore-Penrose projections

The decoupled system ([19)) is constructed by decomposing the variables along the solution x,
yielding a smooth decomposition of the differential and algebraic components on the full interval
of existence. To explicitly compute the remodeling and the flow formula , however, we
need to consider the explicit variable decomposition

g — PMp(to,.%'o,U())Q?, Tgqg — P]\J/'[P(to,xo,vo)x (46)
induced by evaluating the Moore-Penrose projections in a consistent initialization (tg,xg,vg) €
£#+1.

Lemma 3.4. Consider the IVP (13). Let F' € C?([to,tg) x U(x) x U(&),R™) be an s-free
remodeling and Pyp € CY([to,td) X Upy,p(z) X Upy, (), R") the associated Moore-Penrose
projection. Let vg € R™ be such that zy := (to,z0,v0) € Lrut+1 and consider the variable
decomposition . Then, there exists t € (to,tg), such that, on Iy := [to,t1), the function
r € CY(Zy,R™) solves if and only if its components x4, x, solve the decoupled system
x'd = hMpp(t, l‘d), xd(tg) = PMP(Z())x(), (47&)
Tgq = gMp70(t, xd). (47b)
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The functions grypo € CH(ZTo x U(xa0),U(Ta0)) and harpo € CHZo x U(zap), R™) are uniquely
defined by as the implicit solutions of

Fi(t, 24+ 2a, harpo(t, 24) + garpo(to, Tap)) = 0, (48a)
FQ (t, g+ gMp’()(t, ch)) =0 (48Db)

and satisfy grpo(t, xq) € ker(Ppp(20)) and harpo(t, z4) € ker(PﬁP(zo)) + (PMPP)(ZO).

Proof. The assertion follows using similar arguments proving Theorem If 2o := (o, zo, v0) €
[to, ) X Upy,p () X Up,y, (&) N L 11, we have shown that P(z0), Fb(20) satisfy condition [22).
By the projection-based Implicit Function Theorem [3, Thm.3.1], then there exist neighbor-
hoods Zo,U(z40),U(24,0) and a function garpo € CH(Zo x U(xa0),U(xa0)) such that (¢, x) solves
Fy(t,x) = 0 if and only if (£, 24) € Iy x U(xo) and z, = grrpo(t, zq), where x4 = Pyrp(20)x
and 7, = Pi;p(20)z. In particular, gapo(t,7q) € ker(Puyp(20)). Similarly, condition
is satisfied in zp, and following the steps in the proof of Theorem we can construct a
function harpo € CHZy x U(xap),R") such that (t,z,) solves Fi(t,x,&) = 0 if and only
if 24 = harpo(t,z4). In particular, harpo(t, zq) € ker(Piip(20)) + (ParpP)(20)f. Hence, for
t1 € (to,tg) sufficiently small, the function z € C*(Zp,R™) solves (I3) on Zy := [to,t1) if and
only if its components x4, z, solve the decoupled system (47)). O

Using the local (in time) Moore-Penrose remodeling , we can explicitly compute the solution
x of and hence the flow by proceeding piecewise along x.

Corollary 3.2. Consider the DAE (13a)). For every (to,zo) € Crut1 and zo := (to, o, v0) €
L1, there exists t1 € (to, tg), such that, on Iy := [to, t1),

D (to, x0) = P}, (to, Prrp(20)70) + garpo (s @iy, (fo, Parp(20)0)), (49)

where grpo € Cl(Zy xU(xq,0),U(xq0)) and harpo € CY(Zy xU(xq,0), R™) are induced by Pyrp(2o)
and @hMP’O is the flow associated with harpyp.
On 1y, the flow @ satisfies

Parp(20)®%(to, 20) = P}, ., (fo, Prrp(20)20), (50a)

Piip(20) @5 (to, 20) = grrpo(t, 4, . o (to, Parp(20)20)). (50b)

In a numerical solution, the projection properties allow to check the consistency of the
numerical solution za by projecting with Ppp(z0) and Pj;p(20), respectively, and checkin the
relation A No = g(tn,2a N a). As the projections Pyrp(2), P]\%[P(zo) are constant, this test is
independent of the numerical solution.

3.3 Linear differential-algebraic equations

For linear systems
Fpap(t,z, &) := E(t)t — A(t)x — b(t) =0 (51)

with E, A € CY(Z,R™") and b € C*(Z,R"), the derivative array is linear in the state zy and
the block matrices My, Ny are defined globally on Z x R™ independent of a particular initial value
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(to,x0), cp. [29, p.81]. For sufficiently smooth functions Fg 44, the assertions of Hypothesis
are satisfied globally on R", cp. [29, p.108], i.e., Fg ap € Cﬁdareg(]D),R") if Fpayp € CHD,R"),

where D =7 x R" x R". If Fg a3 € Cﬁz7z7reg(D,R”), then is uniquely solvable for every
initial value (tg,zq) € Ce,Apu, Where Cg ap, = Cry, and the solution is defined on the full
interval Z. The s-free formulation F % A of is globally defined on ID and independent of the
initial value, cp. [29, p.109, 111]. A function z € C'(Z,R") solves on Z if and only if =

solves

B A b
FEA’b(t,w,:v)—[O]:r |:A2:|SU LA)J = 0. (52)

The Jacobian Fj = E is independent of the state x and hence the Moore-Penrose projection
Pyp(t) = (ETE)(t) is globally defined on D. The remodeling hysp, garp is explicitly given as
affine linear transformations that are globally defined on Z x R™.

Theorem 3.5. Consider the DAE (Bl) with Fpap € Cﬁ;lamg(ID),R”). Let FEAB €
Cl

0.d.a.reg(D,R") be an s-free remodeling and Pyp € CH(Z,R™ ") the associated Moore-Penrose
projection. A function v € C1(Z,R") solves with x(ty) = xo, (to,x0) € Cp.appu, if and only
if the components x4, x4 solve

Tqg = hMP(ta JZ’), (533)
Ta = gup(t, 24), (53b)

where hMp(t, JZ) = Dd(t)x + bd(t) and gMp(t, de) = Da(t)a:d — ba(t) with

D, = (E+A + PMP)PMP, byg := E+B — (E+A + PMp)ba, (54&)
Dq := (AyPiip) T Ao Pyrp, by := (AyPizp)Th. (54b)

In, particular, hyp € C(Z x coker(E(-)), R™) and gryrp € CH(T x coker(E(-)), ker(E(-))).

Exploiting the linearity, we can specify the solution formula and construct a globally defined
representation of the flow ®p 44 := Ppy , -

Theorem 3.6. Consider the DAE with Fpap € CL”;;J@(D,R"). Let Pyp and
Dg, Dy, bg, b, be the associated Moore-Penrose projection and remodeling and Pyp = (I, —
Do)Pyp. OnCgapyu x L, the flow ®g ay is given by

t
Bl agltn0) = ¥ a(t0,20) + [ (@l aba) (5) ds — (), (59
to

: ¢ _ ¢
with the homogeneous flow ®% 4 (to) = Parp(t) (@DdPMp) (to)- |
For every t € I, the homogeneous flow ®g 4 possesses the semi inverse (@%’A(to))gmv = @%’A(t)
satisfying @%7A(t)<b%’A(t0) = Pup(to) and @tE’A(tO)CI)%’A(t) = Parp(t).
Like for ODEs, the flow @, , , is an affine linear transformation composed of the homogeneous
flow @ 4 and an inhomogeneous part induced by b. For constrained systems, however, only the

parts of the initial value and the inhomogeneity lying in coker(E(-)) are dynamically evolved,
while the components in ker(E(-)) are fixed by an algebraic relation. Formula (55)) generalizes

15



Duhamel’s formula to linear constrained systems with sufficiently smooth coefficients.

As the projections Pyp, P]\%[P are linear in the state x, the projection properties allow to
access the differential and the algebraic solution components independently of a a given solution.
Thus, we can check the consistency of the dynamic and algebraic approximations x4 A and x4 A
of a numerical solution za =~ x exactly by projecting onto coker(E) and coker(E), respectively.
The semi-inverse (<I>tE 4(t))9m = <I>tE°7 4(t) allows to recover the initial value zo from a given
solution <I>tE7A(t0) for every time t € 7.

For linear problems, the solution manifold is a time-varying linear subspace that coincides with
the set of consistent initial values Cg 4 -

Lemma 3.5. Consider the DAE with Fg ap € Cg;}a’mg(ID), R™). The set of consistent initial
values Cg ap,u 15 a time-varying, affine linear C'-subspace on T and ME a(to, x0) = Ce,Abu
for every (to, o) € Ce,ap,u- The function Pyrp—p, (t,x) = Pyp(t) x — ba(t), is an affine linear
projection onto Cg Ap -

Proof. An initial value (to,z9) € Z x R™ is consistent if and only if FE Aiio(to,zo) = A (to)zo —

b — _ -1
ba(to) = 0, cp. [29, p.111]. Hence, Cg ap,, = FE,A,B;2
In particular, as F; ;; . is an affine linear function, its algebraic solution set is a time-varying,

(0), implying that CE,A,b,p, = ME,A,b(tO7 330).

affine linear subspace on Z, cp. [3, Lem. 2.6] and [2, Rem. 2.4.3].

By construction of the function garp, Cp A, = FE:,%&,B;Q(O) further implies that (to, z0) € Cg A,
if and only if P]&P(to)xo = (DaPMP)(tO)CCO — ba(to), i.e., if and only if Tro = PMP(tD) — ba(to).
Hence, Cg Ay, = range(Pap,—p,)- Noting that PypD, = 0 and Do Pyp = Dg, cp. , we
verify that Pyp = (I, — Do) Py p is idempotent and hence Pysp s, (¢, x) is an affine projection
onto Cg A ppu- O

Hence, we can validate the consistency of a numerical solution A using the projection Pasp —p, -

Remark 3.6. For constant coefficients E, A € R™" and b € C*TY(Z,R"), the Moore-Penrose
remodeling is given by Dg := ETAPyp,D, = (AQPAJ;[P)+A2,bd = Et(b — Aby), by =
(AQP]JWP)+b2. The homogeneous flow @ 4 reads (th,A(tO) = Py p ePat=t) py .

3.4 Linearization of the flow

To study properties of the DAE like invariant sets, stability or positivity, we need the
linearization of its solutions. For the ODE , the linearization of a solution z in a point
(to, o) is explicitly given by the function f, i.e., z(t) = 2o + (t — to) f(to, zo) + O((t — t9)?) if
f € CHZT x Q,R™). For the DAE , the derivative & of a solution is specified implicitly
only. Having a flow ®r, however, that coincides with the solutions, we can define a vector field
Tr: Crput1 — R™ that assigns the derivative Cb%(to,xo) to every (to,z0) € Crpu+1, i€,

TF(to, xo) = é%(to, .%'0).

For F € C*2(D,R"), the linearization of the solution in (to,z0) is given by z(t) = x¢ + (t —
to)Tr(to, o) + O((t — t9)?). We call Tr(tg,z0) the tangent field of ®r. Using the explicit
representation of the flow &, we can explicitly compute Tr.
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Lemma 3.6. Consider the DAE with flow ®p. For (to,x0) € Cpput1, let vo € R™ be
such that zg = (t(),.%(),’l)()) € ,CF,#Jrl. Let Pyp € Cl([to,f—oi_) X UPMP(JZ) X UPMP(:t),Rn) be the
Moore-Penrose projection induced by and harpo € CH(Zy x U(xap), R™), grpo € CH(Zy x
U(xa0),U(xq0)) the Moore-Penrose remodeling obtained using Pyp(z0). Then, the tangent field
Tr is given by

Tr(to, x0) = harpo(to, Prup(20)z0) + gaipo(to, Prup(20)20)- (56)

Proof. For (tg,z9) € Cpyu+1 and vy € R™ such that zy = (t9,20,v0) € LF 41, there exists an
interval Zp on which the solution is represented using the Moore-Penrose remodeling garpo €
CHZo x U(x40),U(Tap)) and harpo € CHTo x U(zg0), R™) induced by Ppp(20), cp. Lemma
Considering the time derivative of formula and evaluating in t = tg, we obtain formula
(p6)- O

For linear problems, using the flow formula , formula can be specified as affine linear
transformation.

. . put+1 n
b ) . ) as s va
Corollary 3.3. Consider the DAE (51) with Fg ap € C (D,R™). Let P and Dy, Dg,bg, b

w,d,a.req

be the Moore-Penrose projection and remodeling induced by and Pyrp = (I — Do) Pyp. On
I x R™, the tangent field of s given by

Te,ap(t,2) = Ti,a(t) © + (Parpba — ba) (1), (57)

where the homogeneous tangent field Tp 4 is given by Tg a(t) = ((75Mp + PrpDa)Pup) (t).

Remark 3.7. For constant coefficients E, A € R™" and b € CHHL(Z,R™), the tangent field is
gwen by Tp ap(t,x) = Te,a(t)r + (’PMpbd — ba) (t) on Cg,apu, with the homogeneous tangent
field TE,A(t) = (PMPE+APMP)(t).

If F(t, 2, &) = @ — f(t,x) with f € CLP(T x Q,,R"), then & = & and &L (t,x) = f(t, ) on
T x Q. Thus, the tangent field 77 coincides with the system function f.
We use the tangent field to study properties like flow invariance, stability and positivity of the

DAE (T3a) in [2].

4 Examples

We illustrate the remodeling by the Moore-Penrose projection and the computation of the flow
for a linear and a nonlinear DAE. For details of the computation, see |2, Ex.4.5.1, Ex. 4.5.2].

Example 4.1. We consider Fg Ay € CY(T,R") with

¢ ¢
% \t/tgl 0 2(t4+2)2  2(t+2)2VE+1 0 by
p= |0 o A |- Y o =]

= AT | TV Vi I el
0 0 0 -1 -5 bs

7 :=(—1,00) and b1, ba,b3 € R. We first show that Fg ayp is s-free and already in the remodeled
form with By = el A = el'A, Ay = [e2,e3]T A and fl = ef'p, fg = [e2,e3]"h. On T,
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rank(E) = 1 and rank([ea, e3]T A) = 2, so it remains to prove condition , cp. Remark .
With

1 0 0
BT = t1+1 00
0 00
the Moore-Penrose projections are given by
25 Y/ =5 1 VL
S R 7 S
PMP: +2 +2 0] PMP: ) +2 0 (58)
0 0 0 0 0 1
Then,
1Ly VT 4 0 _\/t1+2 0
AsPygp = | VEZTH VERTE ) . (APyp)t =10 YL 0
0 0 1 t+2
0 0 1

and we verify by direct computation that Pyrp and A satisfy condition (22]).
Now, we compute the Moore-Penrose remodeling gyrp and hyrp with

1 VT

b

t+2 T2 0 ViF2
D, = | _Vitl t41 0 b, = | b2ViHT
t+2 t+% 9 a \/m Y
L —1 RV =S 1 bs
r t11 1
2(;2)2 2(t+2)2 0 1
= Vitl 1 — b2
Da T2+ 22(tH) | 2(t+2)%(t+1) 0|, ba=(br+ (t+2)3/2) V6+1
i 0 0 0

The variables are partitioned according to

\/t+1(\/t+1m1+w2) xr1—+/t+1xo
t+2 t+2
Tg = Vitlz +) . Ty = | _MiHl(mi—vitles) | (59)
t+2 t42
0 T3

In conclusion, the Moore-Penrose remodeling consists of the ODE

. t4+1 VL 0 1
Ld,1 2(t42)2 2(t+2)2 Ld,1 1
i = Vi+1 1 TR
d,2 “amrorarn  aeerarn V| | P42 + (o (t+2)3/2) Vit (602)
Zd,3 0 0 0| L%d3 0
and the algebraic relation
ba
La,1 0 0 0 Td1 t42
_ _ | b2vit
Ta2| = 01 01 8 Td,2 2 s . (60b)
La,3 - VAL Zd,3 bs

18



To compute the flow ®p, ,, we note that [e1, e2, 01T Prrp = [e1, e2,0]T Parp and [0,0, 3] (ET A+
PMP) = 0 on Z, such that we can simplify the system matriz according to Dg = PMP(E+A +
PMP)PMP =(ETA+ PMp)PMp Thus, ODE according to

. . D) 0 0

Dy =Pup(E*A+ Pup)Pup = (ETA+ Pup)Pupr=| 0 —sgmgrm O

0 0 0

. t t+1)(to+2 r
Noting that ft 2(%-*-2) ds 21 [% | and fto m ds = ln[%], cp. |38, p. 96, 98],
we get that exp ft 57 8+2) ds) = ﬁvttjﬁ and exp(fto —m ds) = \/77% Vigﬁ and the flow ®p,
restricted to Cg, 4 is given by
; Vito+2
(@p,Prmp)(to) = Fi% Vigﬁ 0| Pup(to).
0 0 1

With ®% 4(to) = Parp(t)(®, P)(to), then the homogeneous flow of the DAE is given by

(t+1)(to+1) + t+1 (t+1)+/To+1 + t+1
t+2(t0+2)3/2 1 (t42)3/2Vt0+2  ViF2(to+2)3/2 T (t42)3/2V/to+1v/t0+2
ot (to) = Vi+1(to+1) + ViFl Vi1Vt +1 + Vi+l
£,A\N0 Vi2(tg+2)3/2 (t+2)3/2\/t0+2 ViH2(to+2)3/2 T (t42)3/2/to+1VE0+2
Vit2 (t03+21) + m\/@ + 1 0
(to+2)3/ Vit+2 \/to-i- (to+2)3/ Vi+2y/to+1vto+2

From this formula, we can compute inhomogeneous flow according to

t
Bl 4 s (to,x0) = By 4 (fo)ro + / (Bl aba)(s) ds — ba(t).

to

To compute the set of consistent initial values Cg 4, we compute the projection

t+1 VL

t42 t+2 0
— | Vi+1 1
PMP - 42 ? of,
1 0
Vi+l
and find that, cp. Lemma ({3.5)),
T1,0— vto+11‘20 b
V42
C — < 20 € R3 _ Vito+l (5010 \/to-‘rlm 0) | _ | boviF1
E,Ab,u 0 T Nz
Vio+1lzio+T2,0 b
T Vhtr T %03 3

Example 4.2. Consider F € C®(D,R3), D = (-1,00) x R? x R?, with
Vitlii+ds Vit lzitao + (Vt+ 1z +a2)?

sVt T o =L t+2)?
F(t,z,%) = e
tr
3 — t+t1f§+x2 -1
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The algebraic solution set is given by

F7(0) = {(t,2,0) € Dl = VET Ty + V(1 +2), 75 = V1t 22+ 2+,

vV v1+v 2(t+1
I - (129324 1) — gy )ws — 23 + Y5 )—2(t+1)}.

To prove that F is s-free and already in the remodeled form with Y = e{F, By = [e2, 63]TF,
we note that the Jacobians

MVit+1 1

) 2z o O

Fi(t,z, )= | 0 0 0f,

L 0 0 O

i 1 IRRvian! 2(Vitlm ) Vi+l 1 + 2(Vt+1z1+x2) 0

2(t+2)vt+1 (t+2)2 (t+2)2 (t+2)2 (t+2)2
F.(t,z, 1) = :Clzt\/_i_g-;-zlxg _(wl—v(ttiéﬂgg)\/m 0 l,
Vil 1
L T2 “i+2 213

satisfy rank(Fy ;(t,z, %)) = 1, rank(Fy,(t,x,4)) = 2 on F~1(0) and the solvability condition
, cp. Remark . Comparing F; and the matrix E of Example we find that the Moore-
Penrose projections induced by F are given by . Noting that

t+2 0
R T1—Vittlzs (Il—\/me)\/m 0 N 1 _/t +t1—z_t1~iiﬂ22)
FZ,xPﬁP = (t+2)* (tSQ)Q 2 ’ (FQ“,EPC)"‘ = TN ST 0 ’
3 (Vt+1z14z2) 1

2x3(1’1—\/ t-i-lxz) 2x3

we verify that 13'2@, P¢ satisfy condition . The varitables xq,x, are given as in . To
compute the Moore-Penrose remodeling gyrp, we solve

- . . L )
F(t,xg+zq,Zqg+2a) = | o 1 =0
La3z — Ld2 —

for x4 and noting that Tqy = —/t + 1z41, we obtain that gyp € C®(Z X Uy, p, R3), where
Uy p = {1 €R3 |45 > —1} and

gMp(t,fL‘d):[\/Q —\/2(t-|—1) \/1+xd,2]T

Then, the set of consistent initial values is given by

CF:{(t7x)GIXR3|-@1:\/H—71$2+\/§(15+2), .%'3:\/1+.%'2+\/W},

To compute the function hy;p, we solve

Fi(t,xg + Tay &g + &q) = Tg2 + 1’3,2 =0

for 24, and noting that x4, = /t + x4y, we get that hprp € C°(Z x R3, R3) with

2 T
— Td,1 Zd,1 _ 2
harp(t, xq) = | — e oty % O
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OnT xUp,,,, Up,,, = {x € R3 | 7W > —1}, then the Moore-Penrose remodeling given by

x3,1 Tq,1
. JEL 4 s V2,
Tq = 2 , Te= | —\/2(t+1)] . (61)

Lq2
0 A1+ 42

On T x R3, the flow Dy, p 15 given by

t+2 4 to+2 4 Td1.0

. S22V FL T 22Vt
_ 11

Dy, 0 (t0s Tag) = T 1 T Td20 )
0
. vVito+1xy 0+T2,0

and with xq1,0 = Vto + 1rg20 and r420 = ioge o we get the DAFE flow
2 + to+2 + Vito+1(v/to+1z1,0+x2,0) +4/2
2t2/t+1 2t2\/to+1 to+2
t _ 1 1 Vitotlzio+z2,0
(I)F(tvaO)— ?—%+T—\/2(t—|—l)

1 1 Vitot+lzio+T20
N
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