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THE PRINCIPLE OF RELATIVITY IN ELECTRODYNAMICS
AND AN EXTENSION THEREOF

By E. CunNINGHAM.
[Received May 1st, 1909.}*

Introductory.

1. The absence, as far as experiment can detect, of any phenomenon
arising from the Earth’s motion relative to the electromagnetic @ther has
been fully accounted for by Lorentzt and Einstein,] provided the hypo-
thesis of electromagnetism as the ultimate basis of matter be accepted,
so that the only available means of estimating the distance between two
points is the measuring of the time of propagation of effects between the
bodies, such propagation taking place in accordance with the equations
of the electron theory. It has been proved not only within the limits
of experimental accuracy, but exactly, that any actual effect is completely
obscured by the fact that the observer necessarily shares in the motion
of the earth, and has therefore different measures of time and space from
those which he would have if he did not do so. The foundation of this
theory of relativity is the set of relations subsisting between the space
and time measures of two observers having a uniform relative velocity.
If this is v and the axis of z is taken in the direction of v, these relations
are T=,8(t— %) X=B@—vt), Y=y, Z=2 ()
where B = (1—v%cAH 1
The analytical result obtained is that, if e, », » are vectors and p a
scalar satisfying the equations

—1- (%% +pu) = curl &,

-1 Q;—"= curl e
¢ Ot ’

dive = p,
divk = 0,

* This paper contains in an abbreviated form the chief parts of the work contributed by
the Author to & joint paper by Mr. Bateman and himself read at the meeting held on
February 11th, 1909, and also the work of the paper by the author read at the meeting held
on March 11th, 1909. t Lorentz, Amsterdam Proceedings, 1903-4, p. 809.

1 Einstein, Ann. der Physik, 17. Cf. also Larmor, Aether and Matter, Ch. x1.
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so that ¢, h are the electric and magnetic intensities, p is the density
of electricity, and « the velocity of convection in a sequence of electro-
magnetic phenomena in the mther, the observer being at rest relative
to the @ther, then the quantities E, H, U, P given by the equations

Ex = e, Ey = B(ey—vhsfc),  Ez= Ble.+vhyc);
Hx =y, Hy = B(hy+’l’ea/0): H; = ,B(hz—'vey/c) H

P = Bp(l—vu,/cd),
U = B~ (1 —vus/c) ™ { B wa—0), uy, us},

of which the last is deduced without further assumption from (1), satisfy
the same equations in (X, Y, Z, 7).

Thus E, H, U, P are quantities which can consistently represent
a sequence of phenomena in which the second observer is supposed to
be at rest in the ther. '

The relations given above are reciprocal, and it is proved that the
charges in corresponding elements of volume at corresponding times are
the same in magnitude. Thus it is impossible for either observer to
deduce from any experimental observation that he is at rest in the true
eether and that the other is moving or vice versa.

This being so, the relations connecting the values, as estimated by
the two observers of all physical quantities, must be such as to leave the
constitutive equations for material media invariant also. This aspect of
the question has been discussed by Minkowski,* Frank,t and Mirimanoff. {
The two former agree in stating that the Lorentz equations must be
modified if the theorem of relativity is to be maintained in its entirety;
but the last-named shews that this may be avoided, and that the relativity
is complete and exact provided a change is made in the constitutive
equations as ordinarily given. The modification required is of the second
order of small quantities only in the equation ‘

D = eE+(e—1)[U, Bl/e,

which has been verified to the first order by H. A. Wilson, and is of the
first order in z/c in the equation B = uH. Thus the suggested equations
are not contrary to experiment. The first part of the present paper is
a verification of Mirimanoff’s results by a process of averaging.§

* @ott. Nachr., 1908, p. 53.

t Ann. der Phys., 27, 1908, p. 1059.

1 A4nn. der Phys., 28, 1909, p. 192.

§ Frank (Ann. der Phys., 27, 1908) gives a verification of Minkowski’s result by a similar
process, but the investigation does not appear to take into account the Rontgen current-
curl [pu].
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The second part deals with a new transformation or, rather, group of
transformations, which shews that a uniform translation through space
is not the only type of motion which it will be impossible to detect so
long as our measures of time and space are of electrodynamic origin.
It has been pointed out by Minkowski that in a space of four dimensions
in which the coordinates are (z, y, 2, cta/—1), the geometrical transform-
ation employed by Einstein, is simply a finite rotational displacement of
the whole space about ¥ =0, 2=10. The equation V*¥V =0, t.e.,

0 o 0 p O _
(‘a;;ﬂa,—yﬂ“a?z"?ﬁ)"—‘)’

is known to be invariant for such a transformation.

But this equation is invariant for a larger group of transformations
than that of rotations, viz., for the group of conformal transformations
in the four dimensional space, which, as is known, is built up out of
inversions with respect to the hyperspheres of the space.* The question
arises whether the theorem of relativity also holds for the types of motion
of an electromagnetic system derived from one another by such a trans-
formation. The following investigation shews that this is so, and develops
a scheme of correlation between the physical quantities in the system
and its transformation. The constitutive equations take exactly the same
form as in the first part of the paper.

The motions that arise in these transformations are naturally a good
deal more complicated than in that of Einstein. In that case, a fixed
configuration transforms into one every point of which has the same
velocity of translation. But, in the present case, under the simplest
operation of the group a fixed system becomes one in which the whole is
expanding or contracting radially about a point in a certain way, which,
though analytically simple, is difficult to describe geometrically. But the
important property of it is, that any sphere which is expanding with
velocity equal to that of light transforms into a sphere expanding (or
contracting) with equal velocity.

It may be remarked here that it appears to be impossible for a uniform
velocity of rotation of an electromagnetic system to be obscured in the
way in which the types of motion above mentioned are. For, without
considering the electromagnetic equations at all, if a disturbance propagated
with velocity ¢ equally in all directions is to transform into the like, it
follows that the space (z, y, 2, «ct) of the one system must be conformal

* This was pointed out to me by Mr. Bateman, a conversation with whom suggested the
present investigation.
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with the space (X, Y, Z, «T) of the other : inasmuch as

X2 48Y?+622—c%T?* =0
must be a consequence of

Sz +8y*+ 622 —c*8 = 0.
We may, however, prove that no conformal transformation in this space
exists which will transform every point at rest in the space (z, y, #) into
a point moving with angular velocity about a fixed line in the (XY2Z2)
space. Thus, as in material dynamics, the equations of electrodynamics

will not be preserved in the same form for a set of axes rotating uniformly
relatively to the space in which they are satisfied by actual phenomena.

I
Some considerations concerning the Lorentz-Einstein Transformation.

2. The following relations arising immediately from the Lorentz-
Einstein transformation are used in what follows.
The velocities of a moving point in the two systems are connected thus:

Wy = ux-—v)/ m"‘) l
) (2)
Wy = wn / ( - ”c—”;“) J

the suffixes # and N denoting components in any direction perpendicular
to v.
The relative coordinates of two moving points (z, y, 2), (z', ', 2")* :

) vw}
X'— 2
. (8)
N'—N = @' —n)+vw, (' —x)/ 1— 'uw,)J
The relative velocity of two moving points:
= (oi—wy) [ 81— P9 (1— VW=
TVX— Wx = (’w;.; ’lbx)/IB C ) ( 62 )
Wi— Wy = (wi—wn) [8(1— 25) L@
—vwn('wa—fw,)/ﬁc 1— v'w,) (1— vzv,)

* Inasmuch as the relative coordinates are changing, it is necessary to specify exactiy
when they are measured. The expressions given are the values at the instant at which the
second point is at (z'y'z’). n,7%', ..., here stand for either coordinate perpendicular to z, =, ... .
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If a denote a volume which is moving with velocity (w., wy, w.), the
corresponding volume A4 is given by

A= a/3(1~”g;”). (5)

In applying the transformation to the consideration of the number
of free electrons per unit volume, it must be remembered that they are
moving with different velocities, and that this velocity affects the relative
volumes which they occupy in the two systems of coordinates.

But the magnitude of the charge of each electron and the number of
them are unchanged. If, therefore, we confine our attention to a group
of electrons all having the same component of velocity w, in the one
system and W in the other, the volumes occupied, da, d4, are conuected
by the relation (5).

Thus this group contributes to the density of the free electricity as
measured in the two systems different amounts, dp = Ze/da, 6P = Ze/dA.

Using (5), we have ,
5P — _ BZe (1 _ vwm)
SA “da A/

Let w, be the mass velocity of the moving medium as distinguished
from 1w, the velocity of the individual electron.

Then
— @ 1( - 32%) - —;)T ('w;——wz)}

_ _vw, o Bu Ze(w,—w,)
- '8<1 c”) P Sa

B(l— E'1—&) dp— —@ 0z

where &7, is the contribution of the same group of electrons to the con-
duction current through the medium.

This last relation is true for each particular value of %, so that on
summing for all electrons, we have

VW, Bv .
P = ) I
=B <1 s ) p pe Js (6)
an equation identical with Minkowski’s and Mirimanoff’s.

Similarly the contributions of the same group of electrons to the

SER. 2. vor. 8. No. 1041, ‘ G
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current density in the two systems are,

=S
_ Ze(W—W)
8J = A

these being vector equations.
Using equations (8) and (5) these give

_ Ze (W —w,) _ s — v W, s
&J, 508 (1 _v:;m) p <1 — "’zg-") B (1 + p ) 9
Se | i, (wr—1w,) |

BT ()
cﬁ

8T, = &j.— %;i W.8ja

Summing for all electrons, we obtain Minkowski’s equation,

Jz = B]; (1+ 2 ZZ’)
. cW, .

Jy =]y"lB e 2 Js

J; = 7.2— IBI;I;VZJ‘Z

The Polarization p and Magnetization m.

[Feb. 11,

)

So far no distinetion has been made between various types of motion

of the electrons; but now they must be differentiated.

Consider first the so-called polarization electrons which move with the
body, but have an electric moment. Taking da, 4 to be the volumes
occupied by such a polarized element, its contributions to the polarization

in the two systems are related as follows :

ZeX

6Pz=—a-,

where X is measuréd relative to the centre of the element.
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Using (4) and (5) this becomes

Similarly, 6P, = =+ '

=213 (l—lcﬂ) y+'§-'ic—u;~1’-§ Loy, (a)

and 6,Pz = ﬁ (1 i "«'g{;_:c) 6p7+ 6%;0_2 apa:’ soe

Since the polarization electrons have no velocity relative to the body, they
contribute nothing to the magnetization in either system.

Consider next the magnetization electrons, that is, systems of electrons
spinning round centres fixed in the body and having a magnetic moment ;
possibly also an electric moment in a moving system.

If these have an electric moment, consider the contribution to the
polarization

_ZeX _ Ze o) 5 Zex
Pe= S8 = 28 (1) x=52,

where we consider in the first place only those electrons having & definite
value of w, and afterwards effect a summation.
Similarly 8Py, 4.e., ZeY /64, becomes, after reduction,

B (1-— vwx) Spy+ ,3:;&0 L6p,+ [—? Om,

02

and likewise 6P, = (1 — ’fci‘;—) Sp.+ 52.}"5 Spa— écﬁ om,

In the same manner for the same group of electrons
$Mx = o e | Y(Wy— W) — Z(Wy—Wi)} 34,

which, on reduction, becomes

dmg— (Bv Wy dm,~+ Bv W5 8m.)[c?,
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vg’,) oM.

and, similarly, My =8 (1+

From these, by addition, the formul® of transformation are seen to be
exactly those given by Mirimanoff, viz., '

PX =pz ]

, . v
Py—_-ﬁ(l_’l)zg)py_*_ﬁ_zg“_’sz-{—%??z;" @)
P;=p (1-— ”Z‘;”) »:+ '82;0: P %’-:m,J

My = me—Br(Wydm,+ Wzom.)|

My = /3(1+ vg’,) . . (9)

It is thus verified, by direct method, that the equations of the field as
given by Lorentz for moving ponderable bodies are left unchanged by &
transformation in which the pairs of vectors (e, b), (d, h—[pw]/c) are
correlated in the same manner as were (¢, #) for the free sther.*

The constitutive equations now become

Dy = eEx ]
) a ) - (10)
(1—%) -DN = (6-— ':—2) EN+"Z‘ [’U, GB—H]N J
pH = B+@—1)[v, El/e, 11
JX = O'E,\’/ﬁ ) (12)

Ty = Bo(Bu+[v, Bljo) )

The first and last of these appear to be the exact forms of the better
known approximate equations

D = ¢E+(e—1)[w, B,
J = o(E+[w, B)),

and reduce to these, if u = 1 and if v*/c* is neglected.
The middle equation has as yet no experimental corroboration.

*gCf. Mirimanofi, loc. cit.
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8. The Mechanical Action of Radiation on a Bounding Surface under the
Lorentz-Einstein Transformation.

M. Planck* in & recent paper has shewn, from thermodynamic con-
siderations, that the pressure of radiation in equilibrium in an enclosure
must be independent of the motion of that enclosure, and obtains relations
between the energy per unit volume, and the temperature of the radiation .
when considered at rest and in motion in turn. Inasmuch as energy and
pressure are independent of thermodynamics, it seems appropriate to
shew here that Planck’s results for those quantities are an immediate
result of the foregoing transformation.

Taking the expression for the force per unit area on a moving surface,*

P = %r [9¢/e,+ 21 h,—n(ed' +RR)},

this being a vector equation, we adapt it to the case where the surface is
moving in the direction of the axis of z with velocity v.
The equations of the transformation are

e;: Ex, 6;,=EY/B’ e;:‘EZ/B’
h, = Hy, h’y = Hy/B, h; = HZ/B-

Let the element of area upon which p' acts be ds, the normal having
direction cosines (I, m, n), and let the transformed area be dS, with normal
(L, M, N).

Then lds = LdS, PBmds= MdS, Bnds = NdS.
Making these substitutions in p' and reducing, we obtain
'ds = S
pxds = deS yp [EH]de,
where Py is the component pressure per unit area on dS at rest as given
by the electric and magnetic intensities £, H.

L

Likewise pyds = 3 PydS,
plds = L P,ds.
B

* Annalen der Physik, xxv1, No. 6 (1908).
t Cf. Abraham, Theorie der Elektricitit, 11, p. 333. Notice that in this expression

¢ = e+ [whlle, W = h—[we]/c,
8o that ¢', »' are not the electric and magnetic intensities in the Lorentz-Einstein trans-
formation.
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Now pass to the consideration of the equilibrium radiation within a cavity
in a body. The pressure is normal to the surface and the vector

ﬁr [(EH) vanishes at all points.

Thus Py=LP, Py=MP, P;=NP.
Hence pxds = LPdS = Plds,

Pids = %MPdS = Pmds,

plds =—[13 NPAS = Pnds.
Thus the pressure in the moving cavity is in the direction (I, m, n),
and is equal to P.
Let the expression for the energy of the field be now similarly treated.
i 9 2 .
o @+ = o | B H B (143 ) (B Hy+ B+ HD)

2
+8% @, H,—5,8 |

In the cavity at rest when the radiation is in equilibrium, the mean
values of (Ex+HY), (Ev+H>), (Ey+H>) are each equal to 3(E*+H?),
and that of (EyH;—E;Hy) is zero, the average being taken over any
interval of time very small, but large compared with the periods of the
constituent radiation.

Hence, denoting mean values by a stroke,

87 €+n) = 8T (Z+H) {§+ 3(62—'02)} ’
- 834 =
or €T 8(d—)
In identical manner, Planck’s equation
. =
g - 3 (62__,02)
18 obtained.
a__ .9
) S P _1f— OV
Finally, p=P=3%E e
40 _
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II.

4. The group of conformal transformations in four dimensions referred
to in the introduction ean be built up of transformations by inversion in
the hyperspheres of the space.

To establish the new theorem of relativity it is sufficient to consider a
single member of the group, 7.c., a single inversion. Let the centre of
inversion be taken as origin.

The analysis is best carried out in spherical polar coordinates, so that
the geometrical correlation of the two systems is

_ K R
B=oap T=p=ap

the angular coordinates remaining unaltered.

Geometrical relations arising immediately are first given.

If u, U are the velocities of a moving point and the corresponding
point in the other system,

P+ u, —2c*rt
Mtu,— 2+

_ (P=c)un
rtu,—12 422’

UR =
UN=

In particular, if v is the velocity in either system of a point corresponding
to a stationary point in the other,
v = 2c%rt
2 + 22’
and is a radial velocity.

As in the former transformation,

P4
r—c?’

B =@1—vYAt=

and, using this, the above equations become

—— _W—v
Ur = 1—u,v/c*’
— Un
BUy = 1—u,v/c*

If we write k%A = (R?—c*T?), and consider a small volume at rest in
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the (r, #) system, we find that to an observer in the (R, I) system its
dimensions radially are diminished in the ratio —1 : BA, while trans-
versely they are diminished in the ratio 1 : A.

Thus a minute sphere, in the one system at rest, is observed in the
other to be an oblate spheroid in the other, the axis of revolution being in
the direction of the radius R, and the ratio of the axes being 1 : 8.

Passing to the field equations of the electron theory, and putting them
in terms of polar coordinates, it is found by direct transformation that the
following transformation leaves them invariant, A being written for

(P—AOR;
E_R = Xaen

Ey = N’B(—es+vhy/c),
Ey = N'B(ey—vho/c),
Hy = — N\,
Hy = NB(ho+ves/c),
Hy = NB(hy—veo/c),
P =—AB(1—u2/c?p,

together with the transformations in velocity and coordinates given
above.

It is a consequence of this result that, if e, &, u, p are the slectric and
magnetic intensities, the velocity of convection, and the density of
electricity in a given set of phenomena, then another set of phenomena
consistent with the fundamental equations is expressed by the quantities
E, H, U, P, so obtained if expressed in terms of the variables B and T.
The relations between the two sets of quantities are completely re-
ciprocal. '

Further, there is exact correspondence of charges. For, if the ratio of
a small element of volume 7* sin 68r805¢ moving with velocity u, to the
corresponding element R?sin §6RJ0J¢ moving with velocity U be calcu-

lated, it is found to be
—23(1 —ou,fcd),

that is P/p.

Hence it is impossible for an observer to discriminate between the
gequence of electromagnetic phenomena as he knows them and the
sequence obtained therefrom by this transformation. So long as his
measures of time and space are dependent on electrically constituted
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apparatus, the change in the space coordinates will be obscured by the
change in the measure of time which will be automatically made.
It may be worth while to give the following forms of the transforma-
tion :
Ex = k(P =) (P =) e,—2 { (P +27) e,—zye, — xze,}
—2ct (Yhe—2hy)), ...,
Hy =k (-2 [— (P—) he+2 { P+ 2D hy—zyhy—z2h,}
~2ct (ye,—ze,)],
or, in vector notation,

E = k(=320 {(P =) e+2[r[re]] —2ct[rh]},
H = k0= { — (P~ h—2[r[rh]]—2ct[re]} .*

Invariants and Constitutive Equations under the Transformation.

5. The theorem of relativity being established, it is possible to deduce
from any known set of phenomena another which geometrically is the
transformation of it. The values of physical quantities in the new
phenomens will be obtained from those in the old by the equations obtained
in the last section. The results so obtained are quite analogous to those
in § 2, and will be given below. Two quantities that are invariant will be
mentioned first.t

The following equation is immediately established:
(B +Ei+E;— Hy—Hy— Ho) = N [ei+es+ 65— hi—ho—hy).

Thus, if /, L denote the differences of the magnetic energies in the two
systems per unit volume,

L =)\
R, T)_ 1 B _ 1
Now e — % and - =5

* Mr. Bateman has suggested to me that the formule of transformation for the scalar

and vector potentials are :—
¢ = B {va,jc~o},

Ap = BA {a,—'mp/c},
AN = —AQy.

t These invariant equations hold equally in the case of the Lorentz-Einstein transforma-
tion. Cf. Planck, loc. cit., in reference to the invariance of the kinetic potential.
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Hence LR?sin 0dRdHd¢dT = 1P sin 8drdfdedt;

and therefore for a closed system, if we integrate through the whole
volumes and corresponding times,

H LadvdT = H ldvdt.

Thus, if the electrodynamic equations are based on the principle of least
action, the action being the time integral of the difference of the magnetic
aad electric energies of the system, we may say that the action is in-
variant under the transformation.

The other invariant is expressed in the equation

ErHp+EoHo+EsHy = — A (er he 60 ho 64 hy)-

Thus, if the electric and magnetic vectors are at right angles at any point
in the one system, they are also at right angles at the corresponding point
and instant in the other. :

Consider now the conditions which hold at a reflecting surface which
is at rest in the (», ¢) system, viz.,

b _ b _ &
I " m  a’
lh,+mho+nhy =0,

where (I, m, n) are the direction cosines of the normal to the surface
referred to the directions of (r, 8, ¢) respectively.

The mechanical forece per unit charge moving with the surface in the
transformed system is

- _ Dg) =N (e, -, — %)
F= (B, Bo—2Hy, Byt 2H) =N (o %).

B 2
F, _ F, _ F,
Hence T =BT TR
But if we consider corresponding areas ds, dS and their projections, we
obtain lds 2

=7
LdS  R? o

mds _ nds _ 7rédr
MdS — NdS  RJR’

ér being an element of length at rest.
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mds nds

H — 2 = 0 = _ )2
ence MdS dasS N8,
I _—m|B_ —n/B_ 1
th t —_— = —_ o e .
S0 a8 L n[ N P (Sa'y) ’
Fp, F, __F
and therefore T == —QN .

Again, LH,+MHy+ NHy = — Nk (lhe+mhg+nhy),
since _ meg—neg = 0.
Hence LH,+MH,+NH, = 0.

Thus the conditions for & moving reflecting surface are satisfied at the
transformed surface.
Thus .a perfect reflector transforms into a perfect reflector.

6. There is no difficulty in adapting the analysis of § 2 to the new
transformation if the following form of it is noticed.
The differential elements in the transformation are connected by the

equation SR = A1B(—8r+v3b),
R - v
3T = A-18 <6t— 0—257-),
where, as before,
A= P=cB)K, v =2Ut/*+, B=@1—0vcH) L

Thus within a small element of volume the space time coordinates are
changed by a transformation of the same form as the Lorentz-Einstein,
save for the magnification factor A~!, and a difference of sign, which itself
disappears in a sequence of two such transformations, e.g., in an infini-
tesimal transformation of the group.

The same is true of the fundamental equations connecting the magnetic
and electric intensities in the two systems.

If, therefore, we confine our attention to a portion of matter contained
within a volume which is small, but large enough to allow of the process
of averaging commonly employed in molecular physics, we shall obtain re-
sults similar to those of the last section. It will be enough here to give
the equations without the analysis, referring to the corresponding equa-
tions of previous sections.
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The velocity of a moving point

Wr—0

v
1——=
¢

I/Vﬂz—

, @)
Wa = - Mvw
8 (1-%)
where Wy is the velocity in any divection perpendicular to R.

The relative velocity of two moving points

Wi—Wr=— Z;:;_wr W,
2 — Y _ r
8 (1 ¢ > (1 _cf) @
Wo— Wy = wn—;(:;; _ wn'z; g)ﬁ,—w,) —
’8(1_ c;) fe? (]_ c"T) (1_ c“f)

The distance between two points (r, ), (+', ¢') at the time T corresponding
to (r, ¥),

- o
B = B (1 —vw,/c? l
AON = én+ __vwndr R ®
(1 —owl/c?
da

3 —— 4
The element of volume \°64 = Ba—owd 7k (5")

The density of free electricity

—A\"%p = B —vw,/c) p—Bujs/c. ’ (6")
The current density A8Jr = B(1 +vWE/c“)jr} an
— ATy = ja—BoWjild* |
The polarization
A_QPR = Py
A"2Py = — B(1 —vwy/c?) po— Bvwe p,fc*— Bomg/c . . 8"

NP, = — B(1—vwy/c®) ps— Bvwy pe/c+ Bome/c
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The magnetization

_x—ZMB — rm,,r—BU (W977149+ W¢m¢)/6‘2 ] 9"
P

A My = BA+ovWr/cH)m,

7. The question now arises as to whether in a ponderable body the
transformations above given between (E, H) and (¢, h) stand as they are, or
whether they should be really between (E, B) and (¢, b). Examination
shews that relativity is fully maintained if the latter is adopted in
accordance with Mirimanoff’s paper on the Lorentz-Einstein transforma-
tion. We know, changing (H, h) into (B, b) that the transformation
obtained leaves invariant the equations

1 0b
< = curl e,
0 = div b.
The transformation being now
Er = N, Br = — 2%,
E; = \*B(—ep+vbyfc), By = NB(bs+vey/c) } , (10"
Ey = N*B(—ep—vbofc), By = AB(by—veo/c)

with the use of (8'), (9"), the following equations are deduced :

Dy = N\4d,, Qr = — N\,
Dy = NB(—ds+vgs/c), Qo = NB(ge+vdy/c) L, (11")
Dy = NB(dy—vqsfc), Qs = N'B(gs—vdsfc) )
where the new quantities are defined by
D = E+P, d=e+p,
B=M+H, b = m—+h,

1 o
Q=H——[PU}, g=nh——[pu]

These together with (6'), (7') will, by comparison with the transformation
in its original form, leave unchanged the equations

L (g—? +pu> = curl ¢,

c

p = divd.
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These equations expanded hecome the second and third of Lorentz’ equa-
tions for ponderable bodies.

If, now, at a point (zyzt) the velocity » vanishes, and we assume that
consequently d = e¢, b = uh, we at once obtain from (7'), (10'), (11') equa-
tions identical with (10), (11), (12), § 2.

Thus, if we assume those equations together with Lorentz’ fundamental
equations, to be the correct scheme of the electrodynamics of moving
bodies, we arrive at the conclusion that that scheme is invariant, not only
under the extension of the transformation of Lorentz and Einstein given by
Mirimanoff, but also under the transformation obtained by inversion in
the four dimensional space here developed, and therefore also under a
transformation obtained by combining any number of such operations.

The Transformation of the Conditions holding at a Surface of
Discontinuaty.

8. In a paper in the Annalen der Physik,* starting from the equation

% (%It—) +S> = curl H,
Einstein and Laub deduce that the conditions to be satisfied at a surface
of discontinuity in the material media ave that the following quantities

must be continuous in crossing the surface :

D, {H+~[DW]. , B, |E—[BWI}

n denoting the direction of the normal, and 7% of a tangent line to the
surface. S, as in Minkowski’s paper, denotes the sum of the conduction

and convection currents.

If we apply the extended transformation to these conditions, we find
that they are not conserved. But if we take the Lorentz equation which
is obtained from that above by the substitution of the vector

Q=H—L[PW] tor Q,
the conditions are that

[ 1 | (g 1
b foriom), B {5 1o

n

* A. Einstein und J. Laub, 1909, 2, p. 446,



1909.] THE PRINCIPLE OF RELATIVITY IN ELECTRODYNAMICS. 95

shall be continuous, provided there is no true electricity on the surface of
separation.

There is no difficulty in proving that these conditions are conserved
under Mirimanoff's extended transformation.

It will be proved now that they are also conserved under the transfor-
mation by inversion, and therefore by the most general transformation of
the whole group which leaves the fundamental equations invariant.

From the equations (18'), we obtain if we write

H' = H+ S [EW] = @+~ [DW],

2
He=— 1_"%{ — ;”,f<wrh;+wohs+w¢h;)}w
62
H = ——"—T % .
8(1—2) '
H:b = ____X;DE_ ]1«'»
B (1_ c“’r) /

If we consider an element of length (3s, 4S) of which the components
are (7, dn), (6R, 6N) in the two systems respectively, én, SN being the
components perpendicular to 7, R respectively, we have equations
analogous to (4),

A~1ér
SB=— N
-
SN = A2 {611-{- VWndr } .
=]
Hence
H:6BR+HuyéN
— A [ 6y L8 _ v, hetwa ) VWi Ton ]
T (e 2}
= (Wb,

=
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A
)

Thus, since 63/ds does not depend on the physical properties of the
medium, and is consequently continuous in crossing the surface of dis-
continuity, H' will be continuous in those directions in which 2’ is con-
tinuous, and discontinuous in those directions in which %' is discontinuous.

or HséS = hsSs.

Exactly the same is to be proved of E' = E — -% (BW] by means of (10').

Taking the component of D perpendicular to the same element, we have

2

DiSN—Dy6R = \d, {{5,»+ _vi"_'ﬁ__)}
V]
C

e 5

Adr o V0 v v
a <1— ) 2 dawn— 2 L
o, | n CQ + 02 r il ¢ nl)
- .
where /,, denotes the component of /' in the direction perpendicular to

r and n.
Thus, on simplifying,

DadN—DyéR = Ndsda—dubr)— —522 00,
(=)

Thus D will be continuous in any direction in which d is continuous, pro-
vided the componens of 4’ perpendicular to that direction is continuous.

Hence, with what has just been proved as to the continuity of A', it
follows that the condition of the continuity of the normal component of
d is conserved ; and in the same manner it may be shewn of the normal
component of b.

The Pressure, Energy, and Momentum, under the Generalized
Conformal Transformation.

9. Let the physical quantities considered in § 8 be now treated in the
light of the inversion in four-dimensional space.

If the elements ds, dS are corresponding elements of area of which dS
is at rest in the (R, T) system, and (I, m, n), (L, M, N) are the direction
cosines of the respective normals, by considering the projections of the
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areas, we have

where A=—_"",

nds __ mds _ 7ror

NdS ~ MdS  RGR’

in which ér, 6R are corresponding elements of a radius, SR being at rest
in the (R, T) system.

Hence 2 = - B

ds nds 1
d mds _ nés . _ -
an Mas — NaS~ KB
Using these and the final form of the transformation of the electric vectors
in § 8, the following equations are obtained exactly as in the last section :

peds = A" P— 2 [EH), } ds,

peds = — A%P,dS/B,
p¢ds = - A2P¢dS/)8,
p and P being the mechanical forces per unit area according as the element
is observed in the (r, ¢) or (R, T) system.
If the element dS belongs to the wall of a region in which there is
radiation in equilibrium [EH), is zero as before if the time-average be
. taken, and P is normal to d8S.

Thus prds = A*PLAS = APlds,
2
Pods = — %PMdS = A*Pmds,
A2
pods =— B PNdS = A*Pnds.

Thus p is normal to ds and is equal to A*P.
For the energy the transformation gives

(e 22)

=&
2
=4 Bt k8 (14 %) B+ B+ Hi Hy— 2 (B H,— BB,

SER. 2. VOL. 8. NoO. 1042. H
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so that for the radiation in equilibrium

_ A A0 _ 4 82407
€T3 B l 1+262-—’I)2J =4 3(c2—vz)E'
. _— ct—v
ThllS p:AP:—‘AE:me.

This is the same equation as that obtained in § 8. Exactly in the same
way for the momentum is found the result

A 4p

=4_ E=——e¢
g 3oy 33+ 0?



