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ON FUNCTION SUM THEOREMS CONNECTED WITH THE SERIES

@0

By L. J. Rogers.

[Received February 12th, 1906.—Read March 8th, 1906.)

1. The transformation of the series
2 3
s+ g+ +on
or more generally the integral
dz
—J’o log(l-—a:) ;— ,

where z is a real quantity, has been considered in Bertrand’s Calcule Intégral
§ 270 (1870), and connections are there established between this function
of z and the same functions of its co-anharmonic ratios 1—z, —i—, l%z’
T z—1

o Rl It will, however, be more convenient and will lead to
coneiger resulis if we take the function
_ (log(1—2) , logz |
%50{ P + 1'—1' J dx; (1)

which, if z is real and not greater than unity, may be represented by
2 3
z+—§; +-;§ +...4+%logz log (1—2),

the logarithms being taken in their real principal values.
Calling this function Lz, we see immediately that

Lr+L(1—2)=1L1, 2

and, since log z log (1—=2) has zero for its limiting value when z = 0, we
see that L1 = =% )

The equation (2) gives us a connection between fwo L functions whose
arguments depend on onme variable. This relation, we may shew, is a
particular case of a linear connection between 7#°+1 such functions whose
arguments depend on % independent variables.
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Let
y=1=pyx4pye—... £ puz® = 1—p;2) (1 —py2) ... (L —paz),

where the u's are all real and positive, represent a curve in rectangular

Y
-

N

Cartesian coordinates, and let us suppose for the present that this curve
cuts the line ¥ = 1 in # real points, including (0, 1). In this case it is
evident that the curve will cut the line y = 1—m in n real points, pro-
vided m <1; so that we may put
M—p T+ Pazi—... £ puz” = m(1—Nz) (1= 2) ... (1—N,2),
where the A’s are also real.
Now consider the sum of the n? terms

3XaL ke —3341, A ®)
T Ms

where in the positive terms u; <A, and in the negative terms A, << u,,
while » and s have all values from 1 to . Since

2dLz = logz dlog (1 —2z)—log (1—2)d log z,
we have

233dL % = 32X [(log u.—log A,) d {log (\,—p)—log A}
— {log A\r—us)—log A, } d (log x,—log A,)]
= 2% [(log us—log A,) d log (A\,—u,)
—log A\r—pus) d (log ms—log A,)

—log us dlog Ar+log A, d log u,],
while

—93SdL 7’:- = — 33 [(log \,—log ) d log (u—A,)
—log (us—A,) d (log Ar—log u,) -
—log A, dlog us+log u, d log A ).
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Hence twice the whole algebraic sum (8) may be represented by one
formula

n n

= 3 [(logus—log A) dlog (-~ ps) —log (s ~ us) d (log us—log Ar)

=1 r=1
—log usdlog A,+log A, dlog u;).  (4)
Since, identically,

W—p ko = =) @—py) .. (U— ),
and mut—p N o = mu—A)m—AY ... —2Ap),
we have  Or—u) r—pg) ... \p—ptn) = AT —p A7 4.
= (1—m) A7, . (5)
and A o (A = e =yt
_m=1 ..
=22
50 that  (\y~p) Mg~pta) -.. An~pts) = L:n—’ﬁﬂ: (since m < 1). ©6)

Now, in (4), the terms
22 {log us d log A\r~u,) —log A\r~us) d log s}
can be reduced by summing first with respect to r, and, using (6), and become

1—m

_ 1—m }
— ) (nlogn,,+log - )dlog,u, ,

> { logu, d (n log us+1log

1—m
m

= log p. d log 1—;—{72 —log d log ps. (7)

Similarly, by summing first with respect to s, and using (5), the
corresponding set of terms in (4),

22 {—log A\-d log A\, ~uy)+1log A\, ~us) dlog A},
reduce to

S[—logA-d {nlog \,+log (1—m)} + {nlog A.+log 1 —m)} dlog A],
= —log P _ _ P
log - d log (1—m)+log (1—m) d log ot ®)

The remaining terms in (4) can be reduced independently in » and s, and
we get

23 {—log s d log A, +log A, d log u, }
log p. d log <= +log <= d log pa

= logp.d logm —log m dlogpn. )
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Collecting the reduced forms (7), (8), (9), we have

953 (dLi)\‘i -—dL—>‘.—'>

r Mo
= log pa {dlog(1—m)—d log m} — {log (L —m)—logm} d log p.
—(log p»—log m) d log (1—m)+log (1 —m)(d log p.—d log m)
+log p. d log m—log m d log pa
log m d log (1—m)—log (1—m) dlog m
= 2dLm.

Hence, integrating, we have

32 (L& —p2) = ot L. (10)
Ar s

To determine the constant C, we may notice that, when m approaches
the value unity, the values of the \’s approach equality with the u’s, and we
may suppose A, to be that A which is equal to u, in the limit. Now u/A,
is ultimately equal to A,/u., and, if r is not equal to s, the functions having
these fractions or their reciprocals as arguments will cancel each other.
Noticing from the diagram, where 04 = 1fu,, that u, <A, mg > A,
uz <Aq ..., we see that, if n is even, then the left-hand side of (10)
vanishes and C = — L1 ; whereas, if n is odd, the left-hand side is L1 and
C=0. ‘

We have then, for all positive integral values of n, a linear relation
consisting of n*+1 L-functions depending on 7 independent variables;
and it is easy to see that the arguments are all real provided the curve in
the diagram cuts the axis of z in n real points, and the line y = 1—m is
taken sufficiently near to the axis of = to cut every wave of the curve.

When 7% = 2, the relation is

A7 A

LMyt M M= 114 Lm,
>\1 )\1 My Feg
__ Mi1Ma

where m = ——>\1 ™

AMtAy _ opmtmy
and L1z =0 re

}\1 xg My Mo

Let Ay =z, m=y,

[2D)
so that £ = zy;

M
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then Lz+Ly = Ly)+L % +L1-L ﬁ
1
= Ley+L 52 +L 40 "2, by (1).
1
But Myt =y (A1+>\2) H
therefore AZy+ug =y A+ u2),
80 that £ = y&l_—_x_)_;
A 1—zy

while M1 o 1—z ,

M ¥y M 1—zy
so that 12 2=y

My 1—zy
Thus, finally, we have
_ {z(l—y)) (y(1—x))
Lz+Ly =L (zy)+ L \1—ay | +L Ty (11)

This formula is apparently the simplest that can be obtained in two
independent variables. It is remarkable that, although (1) has been made
use of in determining it, yet it is not possible to deduce (1) directly from
it.  'We might infer, then, that formule included in (10) containing more
than two variables may be so reduced that (11) cannot be deduced as a
particular case; and, conversely, it is possible that formule (10) cannot
be deduced by repeated application of (11). Certain facts render this
very probable. For instance, by making y = z, we have

— 2 9
2Le = LE+2r (7). (12)
a relation which is closely connected with the obvious identity
2\,[ra:+2\[r(—x = \[/(31;2), (18)
where Y =x+ 23 + +...,

when we take note of the connection given in Bertrand’s Calc. Int., § 270,
(26), between
Y{(—z) and (1+L>
However, the equally obvious identity

8z + 3y (£p) + 8y (zp?) = Y (&Y,
where 14p+p* =
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does not appear to be made deducible in any way from (1), even when this
formula is made adaptable to imaginary arguments.

2. By transfiorming the right-hand side of §1, (11), by means
of § 1, (1), we get

' 1—z\ _
Lo+ Ly+L0~zp+L (=L xy)+L (l—wy) = $L1.
These five arguments taken in the order
1—=z _ 1—y
z, Y —oy’ 1—uzy, =2y

form a cyclic group in which any constituent is the same function of the
two preceding it.

If @ and b are the sides of a right-angled sphericul triangle, these
arguments may be written

cos’a, cos’d, sin’4, sinle, sin?B,

the squared cosines of Napier’s circular parts.

This property shews that, if we apply § 1, (1) to the function of any
consecutive three in the cyclic arrangement of the arguments, we again

get §1, (11) in another form, e.g., transferring Ly, L (1—_£>, and
L (1—ay), we get by

(21—
La+L (“‘-7;@) L gy D+ L+ La—y),

which represents § 1, (11), where y is replaced by (1—z)/(1—=zy).

The equation § 1, (11) may be written in another interesting form as
follows.

By direct application of the formula, we get

11—z (m1—z)|
La-o+L (1+m) L (l-i-m)+L { “m+¥z ) +L (m-{—x)
By § 1, (1), this may be written
{(1—z)m) 1—z 1
Lz+L - = )= —_—
o+ ( -I—m)+L ] s +L (1+m) L1+L (1+7n)'
Now, let the function Lz+L ( +”> be called Mz, where we may call z

the argument and m the parameter. Then

S ) = e S
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and L1+L (1+ ) =M1
Hence Mz —I—M{(l +z3nm} = M1. 1)

When m = «, this relation reduces to § 1, (1
When m = 1, we have

fa+f (F) =fa,

where f@)= Lz+L (1+$)

a result which is virtually given by Bertrand in connection with the series
2 | 2
z+ §Q—+?¢ +... (see § 278).
Again, we have

Lz—L(zy)+L1—L{“1 y} L{M}zm—f,y,

1—zxy
. 1—z 1—x\ _ _
i.€., Lz—L (zy)+L ( :cy) L (1/ 1_£y> = L1—Ly. (2

Looking upon y as a parameter, and writing Yz for Lr— Lzy, we get

Yo+ Y ( 1_‘”) =YL 3)
1—zy/

The equations (1) and (8) may be looked upon as a kind of generaliza-
tion of the formula § 1, (2), where, if z = sin®6, 1—z = cos® 6, we get a
type of relation of the form F(0)+F(}7w—0) = Fx). In(8),ifx=sn’uy,
y = k%, the relation is of the form F (u)+F(K—wu) = F(K). It is possible
that the terms in § 1, (10) may be so grouped that by looking upon one
variable as a modulus the identity may represent a relation between
functions of the (r—1) remaining variables, each associated with this
modulus ; but it is not easy to see how such a grouping may be effected.

8. The value of L (z+y?) when the argument is complex will depend
upon the path of integration, but will be unambiguous provided the path
does not cross the axis of real quantities at any point whose abscissa >1
or <0. This value will be called the principal value of L (z-4y7).

We may easily see then that the formula § 1, (10) can be employed in
the case of imaginary arguments, provided we make all the u’s real and
positive. For, provided we make the line ¥y = 1-—m lie close enough to
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the axis of z, we have a case in which all the A’s are real, even if the
waves of the curve do not reach y = 1. When m is made to diminish so
that two of the intersections are lost, then two of the A’s will become
imaginary and will remain imaginary up to the final value of m, viz.,
unity. The corresponding arguments will therefore never again cross the
axis of real quantities, and the corresponding L-functions will have their
principal values. The same remark applies to all imaginary arguments
that may occur.

If, however, the wu’s are imaginary, the same process of reasoning
fails, as may be seen in the following simple example.

In the formula 2Lz = 22°42L ( z ),
142
let 2 = p, where P+p+1=0,
so that apparently 2Lp = Lp*+2L (—p?.

Now, if z = €%, the value of Lz may be taken as
2 2
z+—2—2 + = +...+3logzlog(1—2),
the principal values of the logarithms being taken. Thus

L% = cos 0+ co;?6+...+i (sin 6+ sir;229+m)

—306i {cos 6+3% cos 20+...+7 (sin 644 sin 20+...) }.

The real part of this is

08 9+‘coiﬂ26 + 003239 +...+36 (sin g+ 32 20 _ )
2

= Fogorfre(i-4)

> 0

=2 —"T (provided 6> 0 < ),
and we get the same value for the real part of L (%), if 6 >0< =.
Thus the real parts of the principal values of Lp and Lp?® are zero, while
the real part of L (—p% is $57°; so that the relation cannot be true. It
will be easily seen, however, that, if we make z move from (0, 0) to (0, 1)
and thence along the circle » =1 from 6 =0 to 6 = %=, then 22 will
move across the axis of real quantities on the negative side of the origin,

and the value of Lp? will not be the same as if the point z = p* had been
reached by making 6 = — . In fact it differs by =i¢log (1—2), where
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z = p?, corresponding to a circuit about 0 of llo—gz y .8, — % 7 1 - j %5

The real part of wilog (1—p% is now

)
1—z
—3m°, which cancels with the real part of 2L (—p? in the formula.

It is seen then that even in the simplest formula depending on
§1, (11) imaginary values of the arguments may lead to what at first
sight seem anomalous results. It may be observed also that in this
formula, whenever the u’s are real, the A’s must be real ; so that imaginary
arguments always imply imaginary values of the u’s.

The actual point at which the reasoning in §1 fails for imaginary
arguments lies in taking logarithms of each side of equations § 1, (5), (6),
but it is easy to see that the logarithms differ by some multiples of 2.
Where such corrections have to be made, it will be seen that the reduced
form for § 1, (4) will contain further terms consisting of 27¢ multiplied by
differentials of logarithms; so that § 1, (10) must be corrected by the
addition of terms consisting of 2w¢ multiplied by logarithms of known
arguments, and an integral equation is thereby always obtained. General
rules for determining such terms and the constant of integration would be
very difficult to determine ; but, on the other hand, the system of arguments
of the L-functions would be simplified, as there is nothing to prevent
taking complex arguments with norm greater than unity, and so in the
L-function sum we may start by taking all terms positive and keeping
the ’s uniformly in all the numerators of the arguments.

in the integrand, i.e., —

4. It has been shewn in §1 that a function exists such that, for any
arguments xz, y which lie between 0 and 1,

f@+f—flxy) = f@+f(), (1)
where w = '1:_(1:._.1) and v = M .
1—zy 1—zy

To find the differential equation which must be satisfied by any such
0

. 0
functions we must operate on both sides by %, 3y and Y 3’ S0 as
to annihilate the left-hand side.

Now w(l~z)%%;——(T15;€ﬁw(l—w)=zc(l~u);

therefore z(l—x)%f(u) =u(l—wu) (%f(u) = F'(u) say.

SER. 2. vor. 4. ~o. 923, N
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ou__ _ z(l—2)
But aTJ_ (1_$y)ﬂ’

. o0? _ _z(1—z) dFu
therefore z(l—x)m fw = A—zy) an’
t.e & fe)=— L

oGy 5:5—8?/ (l_xy)s d’l(; *

The operation zé%—y-a% leaves a function of zy unchanged, while

(a:%—y%) “= I—x:cy:

0 o\ & _ z d?
theretore (== —y-a-?;> Ty [ = = g 7 T

oz

= u(1—u) a
=~ A=ai—pi—zy) @d’

By symmetry, the same operation on f(v) gives

v(1—0) &
(1—2)(1—y)(1—zy) dv*

F(v),

whence u(l—u)a%,u(l—u)a%f(u) =o(1—v) c% v(1—0) d%f(v),

where « and v may be considered as independent. Hence

u(l—u) ‘%u(l—u) dd—uf(u) = a constant. (2)

The complete solution of this equation is easily arrived at by straight-
forward integration and is of the form

A, Lu+A,logu+ Aglog (1—w)+ A4, ;

8o that it is possible that a more general form than Lu for f () in (1) may
satisfy that relation. Such may be shewn to be the case, provided no
demand is made that the functions of the several arguments should be
identical. In fact, if we write 2L (z, a) as denoting

Lz—1%log alog(1—z)43%log(1—a)log z—La, (8)
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we shall have identically
L (z,a)+L(y, b)

= L(zy,ab)+L (z 11__9?;/ ) + L (

1=z l—a
¥iz —zy’ bl——a.b)' )
for the L-functions obviously cancel out, and the logarithmic terms may
be easily shown to vanish. For such an identity to hold it is clear that
any multiple of the logarithmic terms might have been assumed in
defining L (z, a), but for reasons hereafter obvious the form above given
will be most important. The cancelling of these logarithmic products may
easily be proved as follows, in the most general case of § 1, (10).
Let a), ay, ..., as, B, Ba ---» B « be & set of quantities related in

the manner given in § 1, viz., '

c(1—B2)1—PB,2) ... 1—PBuz) = k—14+(1—a;z)(1—ayx) ... 1—anz),
and let us suppose that in the equation § 1, (8), viz.,

+33 {1og § dlog (1—)\—) —log (1—%) dlog 3* '},

we take the operation d to denote changes of the letter u into B, A into
a, and m into x. Then the double sum will reduce as before to
log m d log (1—m)—log (1—m) d log m, which now denotes

log m log (1 —«)—log (1—m) log «,
and 2L (L, @) = Lm, x), ®)
a,

1'

the constant C disappearing.

5. When the argument z of a L function is complex, we must define
2Lz as the value of the integral of

—log (1—2) d log z+1log 2 dlog (1—2),

taken along a path which starts from the origin, and where log (1—2) and
log z have those values which correspond to integration along the same
path. The principal value of Lz will correspond to any path connecting
0 and 2z for which log (1 —z) and log # retain their principal values, i.e., one
in which z is never real unless it is a positive proper fraction.

If we take P
z=1re" and 1—z = se~%,

log z = log r+6¢ and log (1—2) = log s— ¢,

then the principal value will correspond to the 0 v
case in which 6 and ¢ both lie between = and
—ar, » and s being of course always positive.
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We have now
2dLz = — (log s— ¢7) d (log 7+ 65)+ (log 7+ 6:) d (log s — ¢2)
= —log s dlogr+logrdlog s—¢df+0d¢
+<(0dlog s+¢dlog r—log s d0—log r d¢). (1)
The real part of Lz will be written R (6, ¢), while the coefficient of % in
2dLz is easily seen to be
6d {log sin 6—log sin (6+ ¢)} + ¢ d {log sin p—log sin (6+ ¢)}
— {log sin O—log sin (84 ¢)} d0 + {log sin ¢p—log sin (§+¢)} de
=(0 cot 0—log sin 0) 40+ (¢ cot p—log sin ¢) d¢
—{(B+¢) cot (B+¢)—log sin(0+ ¢) | O+ ¢).

Since the path of integration for Lz will always be taken as starting
from 0, we see that initially ¢ = 0; sothat the coefficient of ¢ in L (re¥) is

of the form FO+F H—f O+, | @
where FO) =1 L (8 cot 6—1log sin 6) 8

=18 49— :
_L 0 4930 10gsine.

The symbol T0 will be used to denote the function J Eﬁ‘e de.
0

The formula § 1, (10) will lead, by consideration of imaginary terms,
to sum-formule connecting T-functions in conjunction with such functions
as 0logsin 6, but, by virtue of the extended form § 4, (5), it is not difficult
to see that these latter functions will vanish identically for

2L (re%, re~%)
= L (re®)—L (re-*)—3% (log r—07)(log s — ¢?)+% (log s+ ¢7) (log 7+ ¢7)
= L (re")—L (re-*)+1 (0 log s+ ¢ log 7)
= 2 {TO+Tp—TO+¢)!.

If, then, in § 4, (5) all pairs of arguments such as w,/A, and B,/a,, m
and « are conjugate complexes, we shall obtain a relation in which a sum
of 8 @*+1) T functions, involving n @'s and = ¢'s, iz equated either to
zero or (see the end of §8) to a sum of logarithms. The case derived
from § 1, (11) will be considered below ab initio in § 8, where it will be
seen that the 7 sum will be equated to zero; and it is probable in all
cages that the relation will be free from logarithmic terms.
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If r<1, we may write
Ad{T0+Tp—TO+¢)! = 6dlogs+¢dlogr
=d (0logs)—log s dO+¢d logr
= d (0 log s)—3%log (1—2r cos 6+77) db

1 _; 7sin@
— tgpn-l1r=5nY
+ y on 1—7cos Odr

=d (0 logs)+ (r cos 0+ ; cos 26+...) dé

in 6+ 2 sin 26 :
+<s1n +?s1n +...)d1
) 7”2 . .
= d(0logs)+d (frsm 9-}—?—5111 29+§-2- sin 86+...) .
Integrating from 0, where s =1 and » = 0, we have
2 .8
T9+T¢—TO+¢) = 7 sin 6+ 5y sin 20+ ? sin 80+ ...

+ 36 log (1 —27 cos +79). 8)

If we treat » as constant, this right-hand side may be written in the form
70 sin 0

J'o 1—2r cos 8+1*
side when r >1. For the latter implies a path of integration from O,
and, if r is treated as a constant, we must first take the path along the
axis of z as far as (r, 0) before proceeding along the circle z*+y® =%
But, if » > 1, this first path would pass through U and pass along the
axis beyond it, which is not permissible.

However, if » <1, the ¢-coordinate of 1/re® is easily seen to be
m—0—¢; so that the expression 760+ T¢—T (6+ ¢) becomes

TO+T (r—0—¢)—T (r—¢).

df, but this integral will not represent the left-hand

(6 T—0

—g) = | — lgg=_"_40.
Now dT0+dT(r—0) = (tan®  tan (w—6)) 4o = tan 0 d6;
therefore T8+ T (r—0) = C+=logsin 0,
where ' C =2T3Em).

But
ix L i
Tir = 5 60 cot 6d0 = [0 log sin 6]‘6"—5 log sin 6d0 = —j log sin 6d6,
0 0 0

which is known to be equal to % log 2.



182 Pror. L. J. Rocers [March 8,

Hence T0+T(r—06) = 7 log(2sin 0), 4)

and

T0+ T (r— ¢—6)— T —¢) = T9+T¢—T(¢+9)—7rlogﬁl%-j
=T0+4+T¢p—~T(p+0)—7logr. (5)

If,in 8), r =1, then ¢ = }(r—0).
But by differentiating it may be easily verified that

T0+T{}(x—0)} —T{3(x+0)} = 2T36);
so that, changing 6 into 26, we have

TO = §log (2 sin 6)+3 (sin 20+ 7 sin 40+ g5 sin 66+... ). (6)
Hence also

T0+T¢—T O+ ¢) = Ologs+¢ logr
+2{sin 0 sin ¢ sin(6+4¢)+ -21—ﬁsin 20 sin 2¢ 8in 2(0+¢)+-... } (¥§)

In analogy to the above transformation, we way consider the difference
of any two L functions in the form L (pe*)—L(pe~*), where w is positive
and pe* < 1.

If 1—pe* =0e™ and 1—pe™ = o¢’, we have p = sinh v/sinh(u+v)
and o = sinh u/sinh(u+v); and

2d[L (pe*)— L (pe~")] = —(log o —v)d(log p+u)+(log p+u)d(log o ~)
+(log o +v)d(log p—u)—(log p—u) d(log o+ v)
= 2(vd log p+ud log o —log o du—1log p dv) ;
therefore L{pe*y—L{pe™™) = fw)+fw)—f(u+tv),

_ _ . - _u _ .
where f(u) = L (u coth u—1log sinh u)du . 250 ohw du—u log sinh u. (8)

If in § 2, (2) we put =z = pe¥, y = e, we get
L(pe*)—L(pe™) = L1—Le *—Le~»*+ Le~ 2%,
which may be easily identified with (8).

6. We may now establish the formula (v. Bertrand's Calc. Int.,
§ 271) connecting Lz with L{z/(z—1)} and Lz with L(1/z) where z is
complex.
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The four bipolar coordinates of z/(z—1) corresponding to 7, s, 6, ¢
are 7/s, 1/s, 0+ ¢—mr, —ar; therefore

2dL( _1> log sdlog —"; —log -g—d log s+ ¢d(0+¢)— 0+ ¢)dp+mdeg

_H{ ¢<d7 )—(0+¢ L +1ogsd(6+¢)+log—d¢;

Hence 2dLz+2dL (. =i L rdg

by § 5, (1), and, integrating from s =1, ¢ =0,
Lo+L (:ZI) = }wilogs+3r. 1)

Again, the four bipolar coordinates r~'¢~* are 1/r, s/r, —6, 0+¢—;
so that

9dL (-1- e"‘) =log < dlog r—log rdlog = F (r—6—)d0—6a(6+9)

+i{—0d log %— +(r—06—¢)dlog r+log ir d6+log 7'd(9+¢)};

therefore 2dL (re*)+2dL (r~'e~%) = — wd0+wid log r

by §5, (1), and Lz4+L(1/2) = C—370+3milogr

when z=1, r =1, and 6 = 0; so that C—2L1 = }~»® and
Le+L(1/2) = 2L1—}x0+}4milogr @)

(cf. Bertrand, Calc. Int., § 272).

7. We bave seen in § 2 that, if z and « are complexes, we are not
justified in assuming that
) (o1 50)
— 2w

Li+Lo = Lea+L (2 1=
but that the formula would have to be corrected by the introduction of
logarithmic terms.
It is not easy to give a concise geometric meaning to the related
complexes in this equation, but, by § 6, (1), we see that there can be
a relation derived from the above connecting

2(1—w)) w(l—2)
Lz, Lo, L{EE=2 {020l and L.

These complexes are connected with one another and with O, U in a
manner which is worthy of notice.
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If P, Q, ‘R, S have complexes z,, 2, 2, 2, it 1is
possible to find uniquely a point C (say, z) such that
the triangle CPS, by rotation about C and enlargement
(or diminution), may take the position CRQ; that is,
there is a unique centre of similitude of SP and QR, R
which, moreover, is the centre of similitude of SQ

$ Q

and PR. The necessary and sufficient condition is that ¢
(23— 2g) (29— 29) = (23— 29) (2,— 2y),
. — 2324—'3122
t.e., =84 173
‘0 2gt2—2—2
2(1— 1—z
Let 2, =2, 23= o, zs=-———(z_1w), 4__w((0_1).
Then the vectors OP.0Q = OR.0S;

so that O is the centre of similitude of PS and R@ or of QS and RP.
Now the vectors drawn from U are

1—20 l—Zw_

-2z 1—w’

11—z, 1—o,

80 that UP.UR = UQ.US,

and U is the centre of similitude of PQ and SR or of PS and QR.

Lastly, if ¥ is the point whose complex is 2w, the vectors drawn to
V from P, @, R, S are
l—w), wo(l—2z), 2(l—wz) o(l—ws),

1—z ’ 1—w ’

80 that VP.VS =VQ.VR

and V is the centre of similitude of PR and QS or of PQ and RS.
Hence O, U, V are the three centres of similitude of pairs of sides of

the quadrangle PQRS.
It may be observed that the shape of PQRS is quite general.

8. In establishing a function-sum theorem - for the 'T-function of
§ 5 the most convenient method will be based on the formula in § 2
where the five arguments are expressed in the cyclic form

1—2 , 1_Zw’ l—w,
1—20

“Heo@ 11—z

after replacing z and y by z and w.
If 6y, ¢v), (o @9, .., (65 ¢ are the bipolar angular coordinates of the
points represented by these five arguments, we see immediately that

P4 "_— —6,—0,,
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and hence, in virtue of the cyclic property, the five points are
(91) _63_64: (627 —94_65): (687 —65—61)’

There is, however, one relation connecting the five 6’s, which will
necessarily be cyclic. Taking z, z, ... as representing the five complexes
and 7y, §;, 7y, Sy ... 88 their bivectorial coordinates, we have 232, = 1—z;
8o that 737, = s,. But in all cases

r = sin ¢/sin(¢p+6) and s = sinO/sin(p+6);
so that sin ¢y sin ¢, sin (¢, +6,) = sin (p3+6;) sin (p,+06,) sin ;,
i.e., by substituting for the ¢’s
8in (6,4 6;) sin (6, + 6,) sin (0;+6,—6,)
+sin(0,+6;— 6;) sin(6,+6,—0,)sin 6, = 0. (2)

This is the relation required, but does not appear here in the requisite

cyclic form. To attain this end we may write ay, ay, ... for €+, %, ..
and put z, = 7, ¢’ in the form
sin (034 6,) ¢"*/sin (0,4 60,—0,) = a,(aga,—1)/(aga,—ay).
With similar transformations for z,, zg, ..., we get
1—22p—2, = — dg:'dgjc%: S*, (8)
where d, = aga,~ay, ..., &c.,

and S = a;aya30,a5— a; 4y ag— ay ag a3 — dg @,z — 0y A5 &) — A5 A, Ay
+a,a;+aza+a,aptasagtaga—1,  (4)
t.e., sin(0,+6,+0;+6,+6;)
= sin (6,4 6,+03—0,—6,)+ four other terms cyclically derived. (5)

We may now consider the function sum vrelation connecting the
fifteen T functions corresponding to these five complexes.

* It is interesting to note that, if the 8's are independent, so that § 7 0, the solution of
ay, ag, ... from the equations 2 = g, (ayas—1)/(aa;—q)), ... may be effected. Writing «, for
1—z,—23,, ... and v, for 1—zg—2 —~29+ 2522y, ..., We get

%, = —ajazay S/d dzd, and ¢, = agazayayS/dsd,ds.
From these two results we get a, %, 9,/vq¢; = cyclic analogues and @, 1, v, u32,/tqv5 = cyclic analogues,
whence, by the relation a,zydy—asd; = ayazd,, we get ) = — vyv5/5; ¥y, ..., thereby obtaining the
solution of the a’s in terms of the z's. It is remarkable also that (1 —a,) %9 = v, + vev, = (1 —=z,) T,
where 7'is the cyclic expression
2 -2y —2a =23~ 24— Ty + 212923 + 29Ty Ty + L322y + 24 Tp %) + 25 21 20 + 21 23 B3 — T By £y Ty Ty

T T=0, ay =1 = ag = a3 = a4 = ay; 80 that the §’s are all zero and the s’s all real.
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In the differential

A{TO+To—T G0 +--.},
= d{T0,—T034+6) +TO;+6,—0)+...},
= 6, cot 6, d6,— (63+6,) cot (6;+6,)d (63+6,)
+ (6546, 6,) cot (654 0,—0,) d(B3+6,—8) + ...

the coefficient of 6, is

cot 8, A0, — cot (6,4 0;) d (6,4 0,) — cot (6,05 d (6,46,
—cot (85+6,—6,) d(83+6,—6,)+ cot (6,+6,—06,) d(6,+6,—6,)
+cot (0,+6;—63) d(6,+60;—6,),

sin 6, sin (0,4 6,+0,) sin (0,40, —6,)
sin (6,48, sin (6,4 0) sin G5 1-6,—6) ’

=0 by (.

=dlog

Similarly, the coefficients of 6,, 6;, 0,, 6; are zero, and the differential
of the sum vanishes. Integrating then from the origin where all the §’s
are zero, we see that the sum of the fifteen T functions is zero.

This relation between the 6's, as is also (4), is cyclic, but not
symmetrical. If, however, we substitute the ¢’s in the relations, they
will both become symmetrical, as may be seen as follows.

Since ¢ = —0,—0,, ...,
we have o = —(0,4+0,+0;40,40) = 3(p,+ Pt s+ P+ 55

so that (4) becomes
sin o = sin (0 —2¢,)+ sin (o — 2¢,) +8in (0 — 2¢5) +8in (0 —2¢,)
+sin (0 —2¢5), (6)

while, since

0,=—0+¢+¢; and O0,+¢, = —o+ ¢+ ¢t s = c—ps— ¢,

we have To—T(o—¢pa—¢ps)—T(c—Pps— s
+T¢s—Tlo—ps—p)—To—Py— ¢y
+...=0, )

which is symmetric in the five angles ¢,, ¢a, ¢g Psr P5.
Referring the series from § 5, (6) for 70, we see that the above
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formula holds good, even if we understand by 70 the series
sin 20+ %sin 49+§1,‘r sin 60+...,

since it is obvious that the logarithmic sum vanishes identically.
If ¢; = O, the equation (7) becomes nugatory; for in this case
8in (00— ¢y — ¢y) €08 (b, — o) +81n (o — Ppg— ¢,) cos (pg— ) = 0,
v.¢.,81n 3 (P + pa— Ps— $4) 8in 3 (P — Pa+ Ps— @) 8in 3 (¢ — Py — P+ ¢ = 0;

8o that the sum of two of the remaining angles equals the sum of the other
two. This makes the function sum in (7) vanish identically.

Moreover, it is impossible that four of the ¢’s should be equal and
real. For, if ¢ = ¢y = ¢ = ¢,, then

sin o —sin (o —2¢;) = 4 8in (¢ —2¢,) = 4 sin §¢;,
8in ¢; co8 (o —¢;) = 28in §¢;;

therefore cos 3¢5 co8 (c—¢y) = 1, (8)
which is impossible, unless ¢, is imaginary.

Let ¢, = ¢;, and call each of these ¢. Then, if 25 = ¢, 4¢3+ ¢y,
so that 20 = 2s+42¢, we have

sin (s+¢) = sin(s+¢—2¢,) +8in (s+ ¢ —2¢y) +sin (s+¢—2¢y
+2sin (s—¢),

sin (s —2¢,) +8in (s — 2¢,) +8in (s —2¢y) +-8in s
8 c08 s—c08 (s — 2¢,) — €08 (s— 2¢pg) — CO8 (s — 2¢pg) *

whence tan¢ =

If ¢ = ¢y = ¢pg = w, we have
sin $w—38 sin 1w

8 cos 3w—8 cos 4w

while 8Tw+2T¢—8T (p—3w) — T Gw—¢) —6T Gw) = 0.

tan ¢ = = } tan }o,

It is possible therefore that, if the ¢’s are all real, three of them should
be equal.

Again, let ¢ = ¢p3= ¢, say; ¢, = ¢s=w; and ¢ =, so that
c =v+¢+w. Now (2) may be written

gin (0 — ¢, — ¢y) 8in (0'—?51—"}"2) 8in (6 — ¢ — ¢p)
+-8in ¢ 8in ¢, 8in (¢ —Ppg—¢py) = 0,

which now becomes

sin y sin (¢p—) sin (w—) +8in ¢ sin w sin » = 0.
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Rejecting sin y = 0, we have |
sin (¢ — ) sin (y —w) = sin ¢ 8in o,

while the T function relation becomes

2T¢p+2Tw+T2Y) —T(p—w+ ) —T(w—¢+V)

—4Ty—2T (p—y)—2T (w—) = 0.
It may be observed that
_ _ 11 _ [ 4ypdy
=Ty = 50 4 (tan\p tan 2\/f> o = L sin 2y
= 4y log (2 8in ) — 2y log (2 sin 2v)
+2 (sin Y+ oy sin 29+ ..

—3 (sin 2+ —;‘g sin 4\,lr+...>

= 2y log tan 42 (sin \//+ sm 81/1-}- gin 5y + .. )
so that
j ——do = wlogtan—+2 (sm + ;2 gin 52 -I— —g in52w+ )
0

S1n w

Returning to the case in which ¢, = ¢y = ¢35 = ¢, we have seen in
(®) that o8 h cos (21— 3¢9 = 1,
where we will suppose that 3¢, = wt and 2¢,—3¢; =0; so that

cosh » = sec .
The T equation becomes :

4T¢+Tps—6T (3¢ —4T (¢, — 3¢5 = O,
ie., 4 [T (93“2—’2') T (9-_2—”)] = — T (Qui)+ 6T (wd),

or, if we had put 3¢; =0, 2¢,—3%¢; = ut, so that again cosh « = sec 6,
we should have

4 [T (‘“‘“”) 47 ( "”’ ]_ — T(26)+6T®.

10. It is shewn by Bertrand (Calc. Int., § 271) that for certain values
of the argument z the values of Yz may be determined. The notation
of the present memoir considerably simplifies the results, which may be
obtained as follows.
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In §1, (2 let z =% ; then
L} =31L1= &=

In § 1, (12) let z? = 2—z, so that z = }(4/5—1) ; then

¥z 22 and 2Lz = 8L (z9),
while, by § 1, (2), _ Lz+L (% = L1.
_ 2
Hence Lz=1L (“/52 1) =$L1 = ;.—0.
_ 2
while L@ =L (3 2~/5) = 2L1 = -1755-

189

Apart from these cases, it does not seem possible to obtain a special

value of Lz for any real or complex argument.



