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Introduction.

In a previous paper the basic exponential function E,(z) was used to
obtain a generalized form of Neumann's addition theorem for Bessel’s
function J,. The generalized functions Ji,) belong to the class commonly
known as ¢ functions. In this paper the function E,(z) will be used to
obtain various relations hetween the generalized forms of Bessel's and
Legendre’s functions. An example of such a relation is

E,(@ircosf) = {g—4}! s "[2n4+q—2]) Pa(g, cos 9)%{,,‘3%]—(7),
n=0
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which reduces when p =1 to

¢rem® — gh-1T (3g—1) 2 *(n+3q—1) Ps (g, cos e)—"m-'—(”

& result due to Dr. Hobson (* Bessel Functions,” Proc. London Math.
Soc., Vol. xxv., p. 59).

A variety of such forms will be obtained, and by means of these
theorems the following series of generalized Legendre functions will be
formed and its summation effected for all values of n:—

This series and another of similar type afford remarkable pavallels to the
binomial form. As in previous papers, [n]! is a convenient expression for

T,(n+1) and {2n}! = [2]"Ts(n+1) while [n] = (p"—1)/(p—1).

The funection

@

; 2
Ey@ = I {1+az(p—1)p~™ 1+ﬁ-!+[—2£]—!+

80 Ep( ip) =1I (1—zp~™).

1 m=1

(lp|>D;:

This infinite product expression for the basic exponential enables us to
connect the theory of the functions Jp,) and P, with the g theory of
theta function products. In previous papers it was found that on
invelting the base p in the function Jp,;(r) another form of function
PV P-u1 () was obtained, and that Joy Fruy = PrayJmy (p- 195, Ser. 2, Vol. 2).
In thxs paper & very simple equation is found to connect the functions,

ViZe Toi (1) = Eypli) B, (—iz) Fpny @),

which leads to many remarkable identities, and opens up a theory for a

double -7 function, denoted .J) ,(x). The function E, will, moreover, be
used to form a function

»n 2r
Fro:(2r.cos0) = T (——1)"%1) " 05’ 0 cos® (B+w) ... cos? (0+r0—w)
r=0

such that 3’!0} (2.1‘]/. cos ) = -][o] 3][0] +2 b (— 1)"‘][,,,] 3][,,,_1,
n=1

in which the alguments of the functions J and 3 on the right side of the
equation are z%" and ¥%~¥/p vespectively.

In the section of the paper which deals with theta function products
reference 1s ninde to the memoirs on g products and series by Prof. L. J,
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Rogers (“Certain Infinite Products,” Proc. London Math. Soc., Vols.
XXIV., Xxv.). Various relations are obtained between the coeflicients
denoted by Prof. Rogers 4,(9), B,(0) and the functions denoted Jry in
this and previous papers. As an example, :

Ty (2 ) = Ta— ; A
o \p—p? T ey 31m4+p 1)(1)2_1)3],_, Ay— ...,

in which the argument of J is ze"’/(p—l), and the argument of J is
ze/(p*—p). I is used to denote the generalized Bessel series in which
all the terms are positive. A coefficient analogous to Legendre’s is
expressed in terms of Rogers’ coefficients as

‘4 n—r(e) -Bru')) )(J—Q)r
12n—2r 1 {2} )

(1—p)" Pr.y(q, cos 0) = i)(_l)r
7=

A series of novel form is found to express the theta function product

» (1—2;1;1)2’" CO8 6+1’.““p~|m) S
ma=1 (1 +2.’Ep2m Co8s 9+.E2p4'") el

cosO...cos (B+nw—w)

bn = _1" 5
( )(p“—l)(p‘—l)...(pﬂ"-—l)_
5 j’g" o {2n}! cos 0...cos (0+rv—w)
l,.=0p © 1o -2r} ' {2} cos O+ nw—w)...cos (O+nw—rw)

.The properties of the func ions 4,(0), B,(6) and their use in the
investigation of theta function products is shown in the papers of
Prof. L. J. Rogers (loc. cit.). Finally, two theorems analogous to Neu-
mann’s theorems for the expansion of arbitrary functions in series (1) of
Bessel’s functions, (2) of Legendre’s functions, are given.

f(z) = zau ][n] (I)’

where ) = 53— 5 0., () f(tydt,
_ 2!y #
and 0.0 =1mb {1 [2}[211_2]+...}.

The expression for f(z) in a series of Pj.;(«) functions gives

_ [_2n_'i:l] L' Qay B fitrdt

27

K]

I hope that the results. given in the paper may be of interest not
merely because of their remarkable likeness to well known results in the

case of ordinary functions, but because they link the functions J., Py, ...
B 2
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by means of their ¢ generalizations with the g theory of elliptic functions.
With regard to the expansions of arbitrary functions in basic (or g) series,
it seems noteworthy that functions not involving p should be capable of
cxpression in terms of functions involving this arbitrary parameter.

§ 1.

It will be well to collect together in one section certain subsidiary
results required in subsequent work. The analysis required to establish
these results has no novelty of method, and if given at length would be
somewhat tedious, so the main points only of the analysis will be given.
Some of these results, such as Lemma II., Lemmas IV., V., have a certain
interest in themselves apart from the work which is based upon them.

Lemma I.—

L [2r)[ontq—6]
P Biontq—9r—4]

s—er [27][2r—2] [2n4+q—4][2n4-q—10]
tr [2]14] [W+q—2q?’—4][2n+qq—2r—ﬁ] Y

the p prefix of the general term being p*“*V-*"(s=1, 2,8, ...). The
sum of this series to (r41) terms is zero. In general the series can easily
be summed term by term; the sum of s terms is always a factor of the
(s+1)-th term : for example, the sum of the first three terms is

P [(2r—2][2r—4][2n+qg—4][2n+q—6]
(2] [a]2nF g —2r—1[2n+q—2r—6]"

In case 7 is a positive integer, the sum to (r+1) terms is zero, owing
to the appearance of a zero factor in the numerator of the product which
represents the sum of the series.

LEmMMa II.—
@™ _ . 2n+4 ’
= J[ﬂ]+f—[21—3.7[n+z]+...

+ V20 4 45] [2n+2s—2][ gqu'z.f[;:]]...[znw] Teavsg o

There is no difficulty, on taking out the terms involving 2z"*?, in
showing that the sum of the coefficients of z"**" vanishes, z* arises only
from Jn), and its coefficient is 1/{2n}! The convergence, &c., of this
series is discussed in a note at the end of the paper. A similar series for
9 functions is there given.
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Lemma III.—
= pror-ngga[mln=1]...[n—2r+1]
Pi@)=1p 3z D
N _2_5 2r+1 T
x(l ;)(1 zﬂ (1 L—)‘ ¥h (a)

It has been shown in a preceding paper, Ser. 2, Vol. 2, p. 215, that

Poy(@) = Sa* n] 7[?2]21[4:|2 7L|:—27?]§+ 1] (pz_,g) (Pe_ xﬂ_:) . (p-lr—2_ Pl’; 1).
)

Invert the base p in this theorem ; then
Pry(z) becomes p~d(r-DI~2 D . (ppd)
and the expression on the right side of (8) becomes

71——[2’:'4-1] o,a+,__"r<1 L) (l_g)

On replacing by zp~*, we have the theorem as stated in (a).

Leyma IV.—
Mt ig—4i s[2ntqg—t],
] - 12"'+q 4» 1 [P[I»J(q’ ,U~)+P [2] P!_n—‘ZJ (q, In)
s[2n+q 4][2)1+q—10 .
][] Poat. |

The p prefix of the general term of the series within the large brackets
is p*, and
o o 12n 27— A
Pralg,w) = ,‘Eo (=1ypree® lg— 4‘:19‘2) i 7:}2??' )
Comparing Pr.(g, ») with the function denoted P,(p, u) by Dr. Hobson
(see Proc. London Math. Soc., Vol. xxv., p. 57), it is seen that when
the base p is unity the function Pr,j(g, ) reduces to P,(p, u), allowing
for the use of ¢ in place of Hobson's parameter p, since p is already
appropriated to denote the base of the functions. .In series (y), if we
expand the P functions and arrange according to powers of u, it is plain
that u™ arises only from P, and that the term involving it is u*/[(n]!,
and the coefficients of the terms involving u™~* form the series

{2n+q—2r—4;! () _pe-or_[r][2n+q—6] 1
'2n+q 411 27‘"[)1—27‘]'1 P (2]{2n+qg—2r— ]

which is identically zero by Lemma I., and so the required result (y) is
established.

(—1yp"=
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LeMya V.—

{g—4}it

Mt 2n+
(]! 7 {2n4q—4;

(o w28y,

[2n+ 4] [2n4g¢—10]
S il e ralA] == g+, @

12"b+q 27— } n-‘ir
1q— 4}'321'}‘[7;—21']' ’

Pug, w) = 'go (—1)yp =Y

Series (6) differs from the analogous series in Lemma IV., in that
there are no p prefixes to the terms of the series. This lemma may be
established on just the same lines as Lemma IV., and depends on the
identity given in Lemma I. We notice that

p-n (f], #) = p-é"P[’b](91 FP*)-

In case ¢ = 8, Lemma IV. reduces to a result given in a previous paper
((74), page 217, Ser. 2, Vol. 2]. The double forms of these theorems afford
examples of the double forms of all (g) function series and products.
This duality of form is necessary to give convergent series, as the base
[pl>1o0r <1. :

§ 2.
Form the product
E,(rcos6) {dg+ 4,7+ 4,7 +...}

in which 4,, d4,, ... are p functions of 0, viz.,

A — (_ l)n (p.i_}).% COSB 6) (p:':__pﬁ 0082 e) . (p‘.’n+1_p4u—2 0032 6)
" [2F[4F ... Tn] '

The series £4,7*" and E, (r cos 6) are absolutely convergent if |p| > 1.
The coefficient of »" in the product is therefore

S cos g L[ — 1]...[n—2r41] (p°—p’ cos? 0) ... (p* ' —p*"~? cos? )
[ ]' (2P[4] ... [2r] cos™ @ '

and this series, by Lemma IIIL., is

7 Pray(cos 6); so that we write

(n ]
E,(r cos ) B(r, 6) = éo [—7’:]‘—; Ppy;(cos 6),

in which

= —qp @*—p’cos’O) ... pt1—pt~Eeos’f) .
B0 =3, GFLT ot g
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reducing when p = 1 to

] (rginf) = 3 ;—' P, (cos 6).

In a similar way, forming the product E,-:(r cos 6)38(r, 0), viz.,
E;v"('r cos 6) {ao-l'gl "2+g27.4+ .. “} ’

rcos 0 r? cos? 6
o P T

—c0820)(p°—cos?6) ... (p*"*! —cos®0) P

(2FP[4F...[2n] ’
we find that the coefficient of #* in the resulting series is

! “n——l[ !n—2-r+1]

cey

in which E,-1(rcosf) =14+

o, = (-1 &

pi [(r(n-1)] 3 cos” ¢

[n] (2[4 ... [2]
(p —COS 0) (er+l—COS2 6) ,)2"’+r—‘2h:
cos™ 6 1 ’
This, by (a), Lemma I1L, is [711T' Pryy (cos ).
We write the theorems
E,(rcos6) B(r, 6) = Z[ T P,y (cos 6),
0))]
E,i(rcos@)B(r, 0) =Z [%,]L' Py, (cos 6).

Since E,(rcos6) E,,(—rcos0) =1 and the B functions involve only
aven powers of 7, it follows that

B(r, 6)3 (r, 0)

Pyt oy Pt ; 1’Pm+ Pyt

[2] ! [4] ! [3] !

(cf. Proc. London Math. Soc., Vol. xxv., p. 66).
Again, since for the E function E,(a) E,-.(—a) = 1, we can write

E,..(—rcos6) 2 [—J— Pray(cos ) = B(r, 6). 2

This gives us a new form of B (r, 6) expressed in a series of ascending
powers of . The coefficient of »* in the expression on the left side
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of (2) is

D{% c0s 0 Ppn_yy+p [’_‘]E[%:"_l] cos® 0 Ppr_g

1
ot [Pt
— .. (=1 pplr@=D] gogn OPM]. )

The coefficients of the series within the large brackets follow the binomial

form
|'n|[n—-1| g

el o

(Proc. London Math. Soc., Ser. 2, Vol. 2, p. 198).

Now B(r, 6) is an even function of 7 ; so that when n is an odd
integer it necessarily follows that the expression (8) is identically zero.
In case » is an even integer we obtain, by equating coefficients of 7** and
replacing cos 0 by z,

L_Jz I M?ﬁ_l B Prsn— .|

(2]!

R )
(l—2)=1 [l]z+p

[2n] ! [P[m

.’D —ps)(p 13 —25) Ve (p4-n—2z2_‘p2u+l) (4)
[2]2 [4]‘1 . [2%]2 .
Similarly, from the second expression of (1) we obtain that, if » be odd,
P[u]"‘ % .’L'P[n-l]'}' L’_"J%g‘]—'-_]‘]. x2P[,,,_2]—-.” = 0,

and for 2n (even integer)

[2n][2
P[Qu] L[_ljJ xP[’n—H"I" M ZP[Zu - .
— 9,71 @—=p9) @=p°) ... @—p™*)
"y ey @

These theorems are easily verified for integral values of 7, and suggest
interesting extensions in case n be not integral.

In (5), if we take out the terms involving x**~*" from the left side,
the coefticient of z**~* is found to be

p'r('r+2) [4"’— 2"‘]!
{2r}! {4n—27}! [2n—2r]!

2] [2n—20 mj[2n—1] [2n—20][2n—2r—1]
. {1_ %T:\ [45&—27—]1] + [ ]{-2]! [4n—2r—1][4n—2r—8] —}

The sum of the Heinean series within the large brackets is easily found
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to be for all values of »
[2n]! {2n—2r—1!
120 dn—2r—1:1"

and the coefficient of £**~* may be written

o[22 {on]1
{2n} 2 {2n—20!) {27})°

% @—=p)@P—p" ... @E@—p™*"
NOW z ‘L‘Q (zﬂ_p2n+£($2_p“g+5) .. ( p-n+2x+l)
may be expanded without difficulty (cf. Proc. London Math. Soc., Ser. 2,
Vol. 1, p. 78) as

r—w [gn] [2n—2] .. [2?&—2T+2] P g
2 [(21[4] ... [27]

On comparing this with (6), viz., the coefficient of z**~*" obtained from

(6)

Prpny— LE-I—]]:::Pp,, n+..., we are justified in writing generally for all

values of 27, except positive odd integral values,

2 gy [2n]!
%:( D ]! [2n—r]!x Py (@)
— g [2n]! @ —p% 2—p% ... (@P—p™*)

‘2”] 12 T (.l: p2n+a)(3_ __P2n,+5) (xz_p2u+2-+1) (,pl < 1)' (7)

A similar theorem may be obtained as a general expression of

é 1y (=1 l2nl! "D .
=0 (=1) b [,,]| [2'"«—7']' z P{ln—r] (z)

— [g:’;} 2 —p% .. Jn—ﬂzﬂ_P21l+l)_ ®)

A result which is easily derived from (1) is

1—-2——-P—(1+ ) 2 cos? 0+ 2(+p) 1+p) (1+p8)1‘ cos® 60— '-B(ir,@)iB(ir,G)

1 [2]! (4 )
=1+ éx (=" 1P[2n]+ L[l—]-P[zu-x] P+ [2—7&1[22%—1 Pron_gy Py + ...

: 7o
+4‘)(2n]} [?@, (9)
reducing, in case p = 1, to

) rzn

cos (27 cos 0) J2(r sin ) = 1+ z (—1)" ‘2Pn,,+2 2" Py Pt o
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. § 8.
Writing (Lemma V.)

n+§q- rﬁ
Ton¥q— zu{ MO |

___j2n+g—4[! a_ _inj{n—1 n—2
D00 = ST b e
3 njin—1}|n—2]{n—38 — I
tr [2._L_]][4]U[__1H_]J_L2n+q_4 (g6 T
consider the series

fg—ap £ ey 0B .

Ipnigg-13(n =

The coefficient of »" in this series is

—4}! (2n+q—6
Ton+q—1 '1”"(9’“)‘*——[3]—;]3»-2(% Wt}

and this, by Lemma V., is equal to w"/[n]!; so that we are able to
write, subject to the absolute convergence of the series,

{9—4}' 2 [2ntg—2] Itn+30-11(@) Bn (g, cos 6)

-1

Replacing r by <7,
{g—4} !éoi"[g"—:';?ﬁ] Jtnsse-11") Balg, co8 ) = E,(rcos 6). (11)
By means of Lemma IV. we may show in the same way that
{q—4}!§0i p“"Lz—n—-:;g_———JJ[,.ﬂq 1" Ppuy(g,co8 6) = Ep(irp~tcos6) (12)

and again from these theorems, by inversion of the base p,

lg—4}! é 7 Bﬁ—};—qﬂl——] purile=Dl g (P (g, cos 6) = E,.i(ércos ),
(18)

{9 4 1 z u n[2n+ -2 pu'"("—l)JSEnﬂq—l] (A'.)P'[ﬂ] (q’ cos 6)

n=0 ¥ do=1

= .Ep- ) (‘l:l"p% Cos 6), (14)
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in which Pp,; and P, are defined as in Lemmas IV. and V., while we define
{2n4q—2r—4}! e

{q—4} "2)"[11,—27]‘ ’
{27z+q —2r—4}!

{g—4}!] [)1—2r]'

The four forms (11), (12), (18), (14) reduce to Dr. Hobson’s result if
the base p be made unity. When the parameter ¢ = 3 the functions P
reduce to the basic generalizations of Legendre’s function.

Vg, w = 3 (—1)yprer+a-2
r=0

n—?r

'P'fnfi (g, w) = E (_l)fpr(-r+o—5)
[l 2

§ 4.

It can be shown without difficulty that
{1+J.(p—1)p'°'"' = 2 = E,,'(L)
=1 [2] Tamt =P\

Ina previous paper it has been shown (p. 198, Ser. 2, Vol. 2) that

e((g) 220 (=Yag) = OO R

Replacing ¢ by ¢”, p by €, we ¢ n write

z ( ) [2] A 9 sin 0+ 2 [2] [4] 4p sin 0 sin (0+a))+
Y (L
[2]t S\ N
+ {’142;:} ‘ pifn(n—l)] 9" gin 0 sin (O+w)... sin O+no—a). (15q)

Similarly

AT :
f.v:(;@_) O

Ex(- [2]) 1+[2J [2][41 4p sinOsin (6~
+ "‘27\}‘1)*["(““’12" sin 6 sin (0—w) ... sin (0—nw+w). (168)

Take the product of these series ; then, by result (8), p. 195, Ser. 2, Vol. 2,
we obtain o
z Tt
o = 14+ AN+,
>t J[‘,,,] A)
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in which
¢, = {22” ¥ - pA*=Dl gin 6 gin (0+«) ... sin (O +nw— )
(3 {on}! 8in @...sin (0—rw+w)
xlfop" {2r}r{2n—2r} sin(9+nw—w)...sin(9+nw—7'w)}' 15

The product of the E functions, besides being expressed in series of
J ) functions, may be expressed in theta function produet form: for

Ey(gp) = I {1017},

On replacing A by iz/(1—p) we obtain

vzt = .
() = i)

so that the product of (15a) and (158) gives us, if |p | > 1,

@ (1 2zp—2m Glll 0+zp—4m) _ 3\
,,.I_I (14 2zp~" sin 6+ z"p~*™) an"z ’

— (_qp_8inb..sin@+no—w) (3 ., {2n}!
=V G- =D L= THT =

sin6...sin (04 w—17rw)

F (16)

F(n¥—n)
. sin (04 nw—w)...sin (6+nw—'rw)}p ")
Similarly,
(1—2zp~*" cos O+p~*"z%) _ 3 )
,,.1}1 I+2zp~™cos O+p~*"a") 2 ob"x’
— ,,cosO €08 (0+n0—0) (g 9 {2n}!
b= O TGy er =D 2P (et [an—ar] {1
cos 0...cos (A+w—10) 1, aoe—n)
cos (0+nw—w)...co8 B+nw—rw)! p ")
Since
(""‘)El, ( )_ 14 2% 9 cos 6+p 9? 08 6 cos (0+w)+..
(2 ™" \2]¢ [2] 2][4

+pilrn-D] {7\2:'::' 2"cos0...cos[0+n—1)w]+... (18)
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and
Ac~E Ax~?
2(~ar) B~ o)
P\ T/ AT T

Al cos O-i-p-z‘Eﬁ 2%cos 0 cos (04w +..., (19)
(2] (2](4]

=1
also we know that

Akt -
E?Q%)Ew( [ﬂﬁ Ty )+ (e — UJmQﬂ+&&+x5Lm0ﬂ+u3
(20

Ac~!
EM@JEA Eﬂ
= 31[03( )+p(x—-x 1)35[1]( )+p (P4 "')3[;,3( ) e (21)
On taking the product of (20) and (21) we find
{JEOJ()‘ew)+”§1[K"+(—K)“]J[u30\6w)}
>‘ - s nif n % x -
«ro3e)+ Eptesicanane)

= 032\, co8 0)+Z p” [k +(—x) "] Pu) (2A, cos ), (22)

in which Jpny(Ae?) and F.;(Ae~*/p) are the generalizations of Bessel's
function defined p. 195, Ser. 2, Vol. 2, but

(2A)n+°r p.’f(u-h
{2711 120 +420}!

X co8 [0+ (n+7r—1)w] cos 0 cos (04 w)...cos [0+ (r—1)w]. (28)

In case p = 1, this function reduces immediately to J., (2 cos 6).
By equating coefficients in (22) we obtain interesting forms of quasi-
addition theorems. For example, from the terms independent of « we find

J01 10+ 22(— 1) 9" 1) Frn) = Fr0 (2N, cos 6),

Fr(2X, co80) = E(—1)" ) cos 6 cos (O+w) ...

in which
F101(2\, co86) = E‘. (—1) @™ cos?0cos’ (0 +w)...co8? [0+ (r—1) o]
[0l ’ ol W| Y/ ven »

(24)

the arguments of the functions J and 3 on the left side of (24) being Ae”® and
Ae~“[p respectively. By similar reasoning we may show that more generally

F0)(2zy, cos ) = Jo)(@%*) Froy (¥°p e~ )+ 22 (= 1)" p" I 1) Fra),  (240)

and other theorems of similar kind may be obtained by equating co-
efficients of x" in (22).
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§ 5.
1
(1—2z cos O4zH)¥-!

is well known (cf. Proc. London Math. Soc., Vol. xxv., p. 57), and the
properties of the coefficients P,(q, cos 8) have been investigated by Dr.
Hobson. It may be of interest to form the basic coefficient analogous to
P,(q, cos 6) and conuect it by means of the E function with other general-
izations of P, and J,. Take the basic analogue of the hinomial theorem

~ The expansion

= § z"P,(q, cos 6) (25)
n=0

(l-rgt) [ﬁ] s(n][n—1] o
’_[l (1_})1“ , [1] +p3 [QT_? .Z? ey

and let us apply this to obtain the analogue of (25). Changing p into %
and making n = 1—3q, we find

o (1—pxe¥) _ 2 w0 2—=q1[—q] s a0
H(_pz—quxew) 1—p [2 ze’+ p Il e — ... (26)

In the usual way, by taking the product of two such series, we find

I (1—2p* z cos 0+2°p*)
';__] (1_2p2—q+2rz cos 6+x2p4—2q+4r)

= 143(—1)"z"p" 9" P(,;(q, cos §), (27)

in which

Prri(q,co86) = (g—2] [QJ} 271’[:1{1'4-21&—4]

—2}2n

X “2 cosn0+[2][q+2n_4]

2 cos (n—2)0+...}. 28)

The infinite products
°° 1 — 4.6 s
I=I (1—2zp™ cos 04 z%p* l+>:(1--—p')'
B.6) .
a—p "
have been discussed by Prof. L. J. Rogers (Proc. London Math. Soc.,
Vols. xxiv., xxv.).  In the notation of Rogers’ papers we have

(4R ()} 1+ 2B ()

= 14Z(—1)"z"p¥~9"Pr,1(q, cos 6). (29)

it (142zp™*! cos 6+ 22p™+H) = 142
7:-0 .

Equating coefficients of .z, we see that

1 . A.B,._. ’
Pralg, cos 6 —_ }_‘ _1) L Dnor a-gr
(g )= —p "» =0 ) {21‘}!{2‘"'—21‘}!17

(A—n)r

(80)
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The discussion of this for general values of » would be interesting, but is
not attempted here.

The properties of the coefficients 4,, B, are discussed by Prof. L. J.
Rogers (loc. cit.). Some interesting relations may be found hetween the
coefficients .J;,; and 4,. We have

0
IT {14 2kzp=>mcos 64«22 p= -1
m=1
( 2.2 ,2i0

_ kT K2re? B
- ‘1+p—1+(p 1)(p? —1)+"" \.1+p—l T

=145 1.0+ —2 4.0+ (81)
(p—D "1 (p—D(p*—1 "2

4,0 = 2 cos 7’9+2%]jcos (1'——2)9+"L—1L']—']L0\ r—404....

. A
Consider the product  E,» <[2] t) E, ,,z( W) (32)

Since E,(a) E,-1(—a) = 1, we can write (32) as

K\t KA
E"’(@)E"<[2]t) = 1 p=1p=} {14 (p—1) p=*")
me1 {1FKAE(p—D) p= 2"} {14x"NE" ‘(p—l)p“’"’l

e (%]t) Fo (WAKJ (33)

Replace A by z/(p—1), « by ¢, ¢ by ¢*; then the infinite product (33) is
= (14 2zp~™ cos A+ k*z?p—")

6) P ) 34
Ihll (1+2zp~*" cos (A+¢)+2*p~*") (54)
while (82) becomes EK J: ,J+ 2 (—1) 27k,
r=0
the arguments of .J and 3 being respectively ce~*/(p—1) and re="/(p*—p)
[ef. (22), p. 201, Ser. 2, Vol. 2]. Hence
" 1

= 1 (14 2zp~" cos (0+ ¢)+12 =y

= |14 21y A O {38 T+ 2 (= 176" B 685)

(p)

The infinite product on the left mayv be expressed in a series of generalized
Bessel functions as

1.(
In) p—

)+ S 9™ cos (r8+7) I, (p pQ), (36)
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m n+2r
a 2r(n+r)

1—} ontorpi?

because in E function form the product is

E ( xzt )IE ( k11 )= Ep-:‘(—F—mTt)m>E"-z(— (Zfi—f_;i;_])
v

"\(p—D2) "\ p—D[2]

in which Itny(a) =

= I+ a(—-l)"'p“"(x" t' ="t Iy
Equating coefficients in (85) and (36), we find
1, <L) = Jiy 3; + ____zg__gg Ao—
[ol p_pﬁ - P (p 1 [13 1 p ( 1)(p2_1) (DA™
37
Imd+..., (88)

n —1;10[{ - :pnsjt J_p(n+l)’(p D

in which the argument of J is z/(p—p%, of F is e */(p*—p), of J
is ze ¥/(p—1).

-§ 6.
Ecpansion of an Arbitrary Function in Series of Functions J:.y or Jp.

It |¢]>|=],
A
t—ur

=lizezg

Now express each power of z in a series of J;,j functions by T.emma II. as

w " 1 9
£ a2 7[,J+L n+4|]w+’}+ 2 [2n48][214 ]L“n_*_

" FUES) g +l [2] 2] [4]
Arrange the series according to the order of the J functions. Terms
involving Jp,; will arise from the series which represent

" 151—2 wn—%

-tT‘:'i’ tﬂ__]y F—__ﬁ: ceey

and these terms will give
Ly 1 2 0 t!
L ey T =

(o)1 # )
ol 1"'[2][2 =3 M RIEG—a—a T

I(n (@) 2 —_ } . (39)

If Opay(f) = 2
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in which the p prefix of the general term is p""~Y, we may write

n=1

(cf. Heine, Kugelfunction-en, Vol. 1, p. 249). Thus

C L—J:

1( .
= %SC./U) 1O T @+ £ 0,00 | at
= aoJmJ(fv)+a1Jm(z)+agJ[23(z)+...,

a, =

1
5 L Oy () £ (8) dt. (41)

In a similar way by means of (77), p. 218, Ser. 2, Vol. 2,

j‘(.],‘) = § a'npin_-;('r)i

n=0

i

a;

[__2"‘*,1”,;*(”@{,,](0@ (t>]z]>D @2
2wl Jo

§ 7.
In connection with the theory of the function E,(r), we may show that
J[n] () = Ep (ix) Ep("'il') 3’[11] (z),

and derive thence many interesting results. It is easily shown that

l—z+ [2rn+8] [211+5 2
[

E,-(=2) Im(x) = m T BTzt ”

P
~;2n," {

[2n+5][2n4+7] 4
+[4] '[2n4+2] [2n+4]‘z o } , (48)
Ity () = 7" (22).

Inverting the base p, we obtain

S [2n+3| 2 ! 300)
Ey (=D Tn(@) = 5y 1 1—2+ ey B
=@ = (1 g
in which I (@) = 37" Ppg @),
" n2 " . Ui P 1
because :—2—;}—! becomes p m Ir,(z) becomes p"Ir;1(r), and the series

within the large brackets of (13) is unchanged by the inversion of p.
SER. 2. voL. 3. No. 883, ¢
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Hence

(=) Ity (@) = Ep(—2) Ipny (@), (44)

and it easily follows that
E, . \(—1z) J(n) (2) = Ep(—iz) Fny (@), (45)
also Jn) @) = Eyp (i) Ep(—12) Fpay (@) ; (46)

8o that the extension of the series for Lommel’s product Ji.(z) I (2)
(Proc. R.S., Vol. Lxxiv., p. 67) may be written

E, () E, (=) Jny Jpng
= E),-I (l.t) El,.l('—‘i.l)) J[m] J[,.]

(—1) {2m+2n+49'}! m+n+2' 47)
oy om4-2m+2r1! [2m 421! 120421 {27}

It follows also that
Jm I = Ef,(?l:c) Ef,(—'iz) I Im)-

|
i tagx

At this point we see that interesting equations may be formed giving
relations between the functions J,; and analogous functions which may
be conveniently termed multiple Bessel functions. The notation for such
a function will be

,E‘Zn+2m+4r

{2m+2n42r1! {2m+27}t (20420 {2011

i a (@) = 20(— ) (48)
In the denominator of the general term we have the same expression as
appesrs in the denominator of the general term of (47), which is a
generalization of a series due to Lommel.

When m and n are integers the function may be derived from the
function Jp,) in the same way that Ji,; was derived from E (cf. p. 196,
Ser. 2, Vol. 2).

Consider the product  J-.: (xt) Jay(xt™).

We may arrange in a series of ascending and descending powers of ¢ as

Tro@+ T (=DM T (2. (49)
m=1
Consider the equations
zt rt7V\ -y T
E, (p—+-1-) By (- m) = T+ 2 (0+) T @, (50)

B () o (- 252) = 0 (2) #3300 (2). st
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Since E,,E[,,] = uT[,,,] (51)

[cf. (45)], we can write the quotient of the two expressions on the left
sides of (50) and (50a) as

T (,:_f'i) ']&( ;)zj— 1) (59)

o ()7 (- )

the index p® being necessary to indicate that the base of the functions
is p®. This quotient may be expressed in series of J, » functions by
means of result (49), viz., as

7 °<[2]>+m21 (4 =) (— 1" T, <[2]> "
7, (Tj)+ S ) (—1)" Fn m ([2])

3., denotes the function derived from the product Fmj(@t) Fray(xt™) in
the same way that J, » was derived from J(u).

Equating the above expression to the quotient of the two series which
form the right sides of equatio~s (50) and (50a), we obtain from cross
multiplication, equating constan terms (independent of f),

To@ T, (55) +2 2 (—1" Jun 3.

= Fu % +2 = (=)™ Fpm I (54)

m=1

I do not propose here to enter any further into the theory of multiple J
functions ; but I consider that the simple relations

I 0 (@) By @) = Iy (@) Iy (@)
I (@) _ E,@a)
3[1;] (z) - Ep_l(’l;z) (55)

E,()E,.(y) = 1+ (z[‘{-]y) +(z+y[)2(§:!-i-py) 4o

will afford a considerable field for investigation, in forms connecting theta
function products with the basic or ¢ forms of Bessel's and Legendre's
functions,

c 2
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Taking the product of (48) and (43a), -
Ey(—2) E -1 (—7) L) () Iimy (2)

B R .5 TP W N ) IS |

= Tem}T{2n]! [2][2m +2] = 2I2n+2)”
(56)
The left side of this may be written
[ 1+p) . 20+ )A+p) s, )
[1]+ [2]' - et
X g ‘2n+2'm+4'r} e
o {2m~+2n+4-27}! {2m+2r}! {20420} ! {27}! )
Also, since E (2)E,-\(z) = 1

E,(—2) Ey(—2)’

3 {2n42m+4r}!
r=0 {2m+2n+42r}! {2m+2r}! {20427} {27 }!
as the product of three series, viz.,

z™+"+ may be expressed

' gt _ (2m+-8] { 2n+4+8 P
-:2mm2n}!{1 2+ it o] L=t Rt -}
2(1+p) 2(1+p) 1+p%
A e S L

By equating coefficients and by substituting iz for z, various identities
may be deduced from these series: for example, taking

: : z* !
2C (x) = Ep(ix)+ Ep(—1z) = 1_.[.2_]! + F}T -,
3
2iS(x) = E,,(ix)—Ep(—iz) = r— [?x]-i +

_ _7C@  (,_ [2n+8] 2
Tm@ = G T a+D (1 [2nt2) [2]!

z"S () _[2n+ 5] z

*ta 2),L,m+1) l T [2n+2] 8 T *- } (58)
This theorem reduces, when p =1, to a well known theorem in Bessel’s
function theory. I hope that the results given may be interesting not
merely because of their remarkable likeness to well known results in
the case of ordinary functions J,, Pa, ..., but because the theory links
the functions J,, P,, ..., by means of their basic or ¢ generalizations,
with the ¢ theory of elliptic functions,

+.. P
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Addition to the preceding paper.
[Received January 18th, 1905.]

EXPANSIONS OF FUNCTIONS IN SERIES OF BASIC BESSEL
COEFFICIENTS

WE may show that, if f(z) be a function capable of expansion in
an absolutely convergent series
2 a,x’,
0

then, on replacing each power of z by its expression in an infinite series
of Jp.; functions, we obtain an infinite series X b,J(,;, and that the
0

absolute convergence of this series depends only on the absolute con-
vergence of X a,z’ (cf. Gray and Mathews, Treatise on Bessel Functions,
pp. 19-20, 29-80; Neumann, Leipzig Berichte, 1869). A similar general-
ization of Neumann’s result

Za,z' = 2 Gudpgtbundiden)

will be given.
Firstly, we may establish without difficulty the three following
identities :—

» 94
Ea;m = J[u]+[’_E2-+];'JJ[1L+2]+---

ot [2n+2s—2][2n+25—4] ... [2n+2] _
+p( )[2n+4s:| 5 [2][4] S [28] J[“+‘3-'IJ+"'

= Z Cs J['H-'?J] (a)
[cf. Gray and Mathews, Bessel Functions, (47), p. 19],
z?n _ [4n+4
{2"’} ! { 2”} ! - J[n]ﬂ’[n]"" —[T] J[“+1]3,[’|+1]+

2s—2 2s—4]... 2
00 [t 4] A B AL IRt
®

— 4n+2
T2n}! [2n—2}! Jtv-—uﬂ’t»ﬁ[—”ﬁl T I+ .

slom _on[4n+2][4n+4]...[4n+25—4]
+2°¢-1 [4n][4n+45—2) 2] 125]
XJ[u+s—1]3,(u+s)+--- ('Y)
[cf. Gray and Mathews, Bessel Functions, (75), (76), p. 29].

2n—1
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In series (a), if we take out from the J series in each term the part
involving z"**, we find that the coefficient of z"** 'is a series of r+1
terms, which reduces identically to zero by a simple property of Heine's
series. Moreover, it may be shown that, if S, denote the sum of the
first 4 terms of series (a),

{On+2h}! 2
, . — i u+2h+-
VS = Y Tk {2k o]

x[l‘ EETETETEIEY +]

‘The series within the large brackets on the right is absolutely convergent
for all values of z if p > 1, and for limited values of z if p =1 or p < 1.
Incase p> 1 or p = 1 the right side may be made as near to z" as we

please by taking % large emough. The series p> ¢sJ[n+2) becomes

s=h+1
infinitesimal by taking % infinitely large. The relation

= {27&}' % caJ[n+'2.q]

holds then for all finite values of z if p > 1

In series (a), if we invert the base p, we find (since {2n}! becomes
p'"’ {2n}! and Jpa) becomes p™ F(ny) that

- S[n]+ 2n+)@g_]41$[n+2]+-~-

3(8s—1)+ n(n+2s) L2n+ 23—2] oo
+p [2n+4s) T3]

{ 2n}
[277/+2] 3[:»+2a]+ see

= z Cs $[1L+23]-
In case p <1 this series is absolutely convergent.

Now suppose f@) = agta,z+ayz*+...

an absolutely convergent series; then, on substituting for each power of =
its expression in J? functions (p > 1) or J? functions (p < 1), we obtain

in the case of the J functions a series %b,Jm, where

Qs—4

b= *23“[“’"" e RN IO )

If the series are both absolutely convergent, we may put

Za,z" = Eb,J[s] .
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An important special case is when the series Za,z* satisfies Cauchy's
first test of convergence,
sz | ey <k,
where % is & definitely assigned proper fraction.
In this case

L baJ[s]
bs—lJ[a—l]
—1_ [ xzs _ 22“'2 )
. {23}![a,+[ 2]a,_2+...]l T~ THEIT —
- 3+2
{23— !’ [a3—1+[ ]aa 8+ :I{ “23_ - 2x}| |2P|+ }
Qg
— z,
As—1

and the series X b,J,) is absolutely convergent.
Similar arguments will suffice to show that we may expand f(z) in a

series 63w @<l

In the same manner, if in series (B) and (y) we replace each term on the
right sides of these equations by a series of powers of z of the form

1y 12m+2n+4? 1 gl
{2m+2n4 21! {2m+2r]! '2n+2rr {2r} ’

the terms involving z**** in (8) are r+1 in number, and the sum reduces
identically to zero by a property of Heine’s series, and similar arguments
to those used above would suffice to give us a generalization of Neumann's
expansion

J [n] 3[11:] - r§0 (

Eaa:c‘ = z(bzg:]f'l"szleJaH)-

I do not, however, discuss this case, my aim being to justify in one case
the expansion (41) of the previous section.



