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Introduction.

In a previous paper the basic exponential function Ep{x) was used to
obtain a generalized form of Neumann's addition theorem for Bessel's
function JQ. The generalized functions Jw belong to the class commonly
known as q functions. In this paper the function Ep{x) will be used to
obtain various relations between the generalized forms of Bessel's and
Legendre's functions. An example of such a relation is

q} [ + g ] g, cos 6)
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which reduces when p = 1 to

- 1 ) 2 '

a result due to Dr. Hobson (" Bessel Functions," Proc. London Math.
Soc, Vol. xxv., p. 59).

A variety of such forms will be obtained, and by means of these
theorems the following series of generalized Legendre functions will be
formed and its summation effected for all values of n:—

This series and another of similar type afford remarkable parallels to the
binomial form. As in previous papers, [?/]! is a convenient expression for
r p (n+ l ) and |2»(! = [2]nI>(w+l) while [n] = (pn-l)l(p-l).

The function

Er(x) = T I J ] f

so

This infinite product expression for the basic exponential enables us to
connect the theory of the functions J[,q and P[U] with the q theory of
theta function products. In previous papers it was found that on
inverting the base p in the function J^{x) another form of function
p'l'"$->i] (x) was obtained, and that ,7V,,] 5 w = 3f[>] J{*\ (p. 195, Ser. 2, Vol. 2).
In this paper a very simple equation is found to connect the functions,
VIZ

•7[n] (x) = Ev(ix) Ep(-ix) 3f[,o (x),
which leads to many remarkable identities, and opens up a theory for a
double J function, denoted J^Jx). The function E,, will, moreover, be
used to form a function

3Jrrr.(2r,cosfl) = 2 ( - IV , \ , ; , p2r' cos2 6 cos2 (fl+to>)... cos2 (6+rto-u)
, -=n , lr f! i ^/" i '

such that :Uro; (2.r//. cos 0) = .7[013l[o] + 2 2 (-1)"/[>] 3fw,
M = 1

in which the arguments of the functions J and 3f on the right side of the
equation are x2ei9 and y^e'^fp respectively.

In the section of the paper which deals with theta function products
reference is niade to the memoirs on q products and series by Prof, L. J,
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Rogers ("Certain Infinite Products," Proc. London Math. Soc, Vols.
xxiv., xxv.). Various relations are obtained between the coefficients
denoted by Prof. Rogers A,{6), Br(0) and the functions denoted JtA in
this and previous papers. As an example,

in which the argument of J is xe~ie/{p-~l), and the argument of 3J is
xe~'6l{p2—p). I is used to denote the generalized Bessel series in which
all the terms are positive. A coefficient analogous to Legendre's is
expressed in terms of Rogers' coefficients as

(1 p) f V « ? , c o s 0 ) - M 1) . . 2 n _ 2 r ; . ! , . 2 , . } ! ^ •

A. series of novel form is found to express the theta function product

) _ Y}

; —- i iv cos9...coa{6-\-na)—(t>)

2n[! coB0...cos(e+rft>-c«>)

The properties of the fune ions Ar(6), Br{6) and their use in the
investigation of theta function products is shown in the papers of
Prof. L. J. Rogers (loc. cit.). Finally, two theorems analogous to Neu-
mann's theorems for the expansion of arbitrary functions in series (1) of
Bes8el's functions, (2) of Legendre's functions, are given.

fix) = 2aHJV«|(-z),
o

where a,, = - U f 0,, (t) f(t) dt,

and

The expression for f(x) in a series of Pc,r.{x) functions gives

Qfn](t)/(t)dt.

I hope that the results given in the paper may be of interest not
merely because of their remarkable likeness to well known results in the
case of ordinary functions, but because they link the functions Jn, Pn, ...

B 2
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by means of their q generalizations with the q theory of elliptic functions.
With regard to the expansions of arbitrary functions in basic (or q) series,
it seems noteworthy that functions not involving p should be capable of
expression in terms of functions involving this arbitrary parameter.

§1 .

It will be well to collect together in one section certain subsidiary
results required in subsequent work. The analysis required to establish
these results has no novelty of method, and if given at length would be
somewhat tedious, so the main points only of the analysis will be given.
Some of these results, such as Lemma II., Lemmas IV., V., have a certain
interest in themselves apart from the work which is based upon them.

LEMMA I.—

JM22±2zJL
[2][2w+g-2r-4]

• B«-«r [2r][flr-2] [2n+g-4][2n+g--10]
[2][4] [2»+0-2»'4][2»+?2r6]

the p prefix of the general term being p*<8+»-2gr (s = 1, 2, 8, ...). The
sum of this series to (r-fl) terms is zero. In general the series can easily
be summed term by term; the sum of s terms is always a factor of the
(s+l)-th term : for example, the sum of the first three terms is

„„-*• [ 2 ; ; - 2 ] [ 2 r - 4 ] [ 2 n + g - 4 ] [ 2 n + g - 6 ]
F [ 2 ] [ 4 ] [ 2 w + g - 2 r - 4 ] [ 2 » + g - 2 r - 6 ] *

In case r is a positive integer, the sum to (r-f-1) terms is zero, owing
to the appearance of a zero factor in the numerator of the product which
represents the sum of the series.

LEMMA II.—

.M)rS f f .L l i 1 [2n+2«-2][2n+2s-4] . . . [2n+2]

There is no difficulty, on taking out the terms involving xn+2r, in
showing that the sum of the coefficients of xn+2r vanishes, xn arises only
from c7[»], and its coefficient is l/\2n\l The convergence, &c, of this
series is discussed in a note at the end of the paper. A similar series for
& functions is there given.
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LEMMA III.—

It has been shown in a preceding paper, Ser. 2, Vol. 2, p. 215, that

U_A ( e_ A / 4P_, P2

LX [2]2[4]2...[2r]2

Invert the base p in this theorem ; then

PM(x) becomes
and the expression on the right side of (ft) becomes

X [2]2...[2r]2 p V x*)---V ^TJ-

On replacing x by xp~'2, we have the theorem as stated in (a).

LEMMA IV.—

2 n + g - 4 1 ! ^ c"j(g> M ) + i^ [2]

The jt? prefix of the general term of the series within the large brackets
is piT, and

- 1 (-lYvrir+s)

- 2 I 1)*
Comparing P w (g , t̂) with the function denoted P,,(-p, /u) by Dr. Hobson
(see Proc. London Math. Soc, Vol. xxv., p. 57), it is seen that when
the base p is unity the function P[»](gr, fx) reduces to Pn(p,/x), allowing
for the use of q in place of Hobson's parameter p, since p is already
appropriated to denote the base of the functions. In series (y), if we
expand the P functions and arrange according to powers of JUL, it is plain
that nn arises only from P[n] and that the term involving it is M 7 W J»
and the coefficients of the terms involving /An~2r form the series

j g 2 r - 4 } ! ( 2.2r |>][
{2m+q-4t}\ -|2r|! [w-2r] ! I p [ 2 ] [ 2 n + ? - 2 r - 4 ] r '"\'

which is identically zero by Lemma I., and so the required result (y) is
established.
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LEMMA V.—

- 2 f l )Vf r -»
- * ( 1)p

l2"+<?-2r-4}! „-*»

Series (<S) differs from the analogous series in Lemma IV., in that
there are no p prefixes to the terms of the series. This lemma may be
established on just the same lines as Lemma IV., and depends on the
identity given in Lemma I. We notice that

In case q = 8, Lemma IV. reduces to a result given in a previous paper
[(74), page 217, Ser. 2, Vol. 2]. The double forms of these theorems afford
examples of the double forms of all (q) function series and products.
This duality of form is necessary to give convergent series, as the base
| p | > 1 or < 1.

§ 2.

Form the product

Eptrcos0){A0+Alr
i+A2r

i+...\

in which Ao, Av ... are p functions of 0, viz.,

A - ' "» {P*-^ cos'2 6) {P5~P*cos2 d) ' •' (P2n+1-P4n-2 cos2 6)n V ; [2]a[4]a... [2nja *

The series S^r 2 " and Ep(rcos6) are absolutely convergent if \p\ > 1.
The coefficient of rn in the product is therefore

J L y „»• A M [ w - l ] . . . [ n - 2 r + l ] (pB-p* cos2 6)... ( p ' ^ - j ^ - ' c o s ' Q
[M] ! [2]a[4]2 ... [2r]2 cos2r 0

and this series, by Lemma III., is j ^ - r P[n] (cos 6); so that we write

Ep(r cos 6) B(r, 6) = 2 J^r? Pw (cos 6),
n-0 I n\ !

in which

[2]a[4]2...[2»l2
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reducing when p = 1 to

ercoa°Jo(r sin 0) = 2 —. PH (cos 0).

In a similar way, forming the product Ep-\{r cos0)J$(f> 0), viz.,

Ep-i{r cos 0) | a

in which ^-.(rcosO) = 1+

2n

we find that the coefficient of rn in the resulting series is

J BIW COBcos
[ 2 ] 2 [ 4 ] 2 [ 2 r ] 2

( j ? 8 - cos 2 6 ) . . . ( ^
A'

1

cos2'' 6

This, by (a), Lemma III., is r^r\ PIVI (cos 0).

We write the theorems

Ep (r cos 0) B (r, 0) = 2 ~ P w (cos 0),

#,,-• (r cos 0) tt (r, 0) = 2 j J ^ P o o (cos 0).

Since -Ep(r cos6>) ̂ ]y, (—?• cos#) = 1 and the B functions involve only
even powers of r, it follows that

B (r, 0) 23 (r, d)

(cf. Proc. London Math. Soc, Vol. xxv., p. 66).
Again, since for the -B function Ep(a) Ep-i(—a) = 1, we can write

L-i(—r cos 0) 2
n=0

= B(r, 0). (2)

This gives us a new form of B (r, 0) expressed in a series of ascending
powers of r. The coefficient of rn in the expression on the left side
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of (2) is

prp L w ~ b d c o s Cn'l] v P i ! cri~23

-. . . ( - l )V C n ( n " 1 ) 3 cos n eP [ 0 1 ] . (3)

The coefficients of the series within the large brackets follow the binomial
form

M M M

(Proc. L<mdo?i AfaM. Soc, Ser. 2, Vol. 2, p. 198).
Now B(r, 6) is an even function of r ; so that when n is an odd

integer it necessarily follows that the expression (3) is identically zero.
In case n is an even integer we obtain, by equating coefficients of r2" and
replacing cos 6 by x,

~~ [ 2 ] 2 [ 4 ] 2 . . .

Similarly, from the second expression of (1) we obtain that , if n be odd,

n [%] r> i M C W ~ 1 ] 2 D /̂
[ 7°~[Tr D'~i]+ [2]! xpi»-v--- = °»

and for 2/z (even integer)

[ 2 " ] ~ [1] xPC-"l

These theorems are easily verified for integral values of n, and suggest
interesting extensions in case n be not integral.

In (5), if we take out the terms involving x-"~'2r from the left side,
the coefficient of x'2n~2r is found to be

or(r+« [4n-2r]l
* |2r}!]4?i-2r}![2w-2r]!

( _ [2n) [2n-2r] , [2w][2n—1] [2;t-2'/-][2n-2r-l] __ \
X t [1] [ 4 n - 2 r - l ] i " [2]! [4»-2r-l][4»-2»— 8] " T

The sum of the Heinean series within the large brackets is easily found
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to bo for all values of n

' { 2 n ) \ - 4 w — 2 ; — i ; - ! f

and the coefficient of x~n~'2r may be written

vHr+2) I M 1 \2n\\
P 1

!2 | 2 w - 2 r | ! | 2 r } ! '

Now x* L tf-P-P^-P5) - (*2-?2'+1)

may be expanded without difficulty (cf. Proc. London Math. Soc, Ser. 2,
Vol. 1, p. 78) as

T [2n][2n-2] ... [2n-2r+2] -(,+«_,-*
A [2][4]...[2r] *

On comparing this with (6), viz., the coefficient of x2n~2r obtained from

•Po]— |=7=i a;P[oH_!] + ..., we are justified in writing generally for all

values of 2ra, except positive odd integral values,

r a . | | t f ; r 2 _ 3w . 2 _ 5\ / _ 2 _ 2« + l\

~ ;2n]!2«-. (x2-pin+»Ki -f^) (x2-p2'l+2«+1) u ^ ' ̂  ;>

A similar theorem may be obtained as a general expression of

^3) ••• (P4ft-2xa-i>
2»+1). (8)

A result which is easily derived from (1) is

[271-1] -r'Cl] -T *" poTj P[2n-2] -̂ [2] T •

. : , \_ffL ,
I •* C2w] | r̂ » i i i V

I I 5 5 7 1 1 !

reducing, in case p = 1, to

cos (2r cos 0) J: (r sin 0) = 1 + 2 (—1)" ! 2 P»n + 2 - ^ P.(l_, Px +...)• 1-10 »=i I. 1 I 2n!
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§3.
Writing (Lemma V.)

. _ [»][n-l] „_„
" J ^

consider the series

The coefficient oi rn in this series is

[2] *«-^.W,i.

and this, by Lemma V., ia equal to ju'l/[w]! ; so that we are able to
write, subject to the absolute convergence of the series,

r cos 0 , r2 cos8 0 , „ , a. „ rtV
+ f2i! =-EP(rcose). (10)

»-o r*

Replacing r by ir,

\q — 4\\ 5 in^>n~T^LV"J J\.*+to-i)(y)^«(g» eOB0) = EpiircoaO). (11)

By means of Lemma IV. we may show in the same way that

{ q } p

and again from these theorems, by inversion of the base p,

d = 0 1

(13)

\q-4\\ i i>'n[-?! i^Pi[n(

»=o J
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in which P[n] and $)„ are denned as in Lemma6 IV. and V., while we define

i j ' ( )-Z( IY rtr+a-n {2tt+g —2r—4 f! n_,r

The four forms (11), (12), (18), (14) reduce to Dr. Hobson's result if
the base p be made unity. When the parameter q = 3 the functions P
reduce to the basic generalizations of Legendre's function.t>

§4.

It can be shown without difficulty that

J,
In a previous paper it has been shown (p. 198. Ser. 2, Vol. 2) that

Replacing t by eie, p by e'"", we c n write

/ A \

+ TTrr". Z)irn(n-1)] 271 sin 0 sin {0+w)... sin (0+nw—w). (15a)
\ In \!

Similarly

^ [2]
+ r^ni>iC"{rt"1)] 2" sin 0 sin (0-«) . . . sin ( 0 -

Take the product of these series ; then, by result (8), p. 19G, Ser. 2, Vol. 2,
we obtain +oo

£«V|>](A)
T^2 = l+c1A+c9\2+...,
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in which

-»a S i n e sin ( 0 + « ) . . . sin (0+?u«)- »)

v f £ ̂ _ _ J 5 L sin 6... sin (9-r(o+a)) ] Q 5 ,
lr=oP | 2 r ( ! (2»-2r f ! sin (0+nco-»)... sin (0+na>-r«) J * v y '

The product of the E functions, besides being expressed in series of
[„] functions, may be expressed in theta function product form: for

On replacing X by ixj(\—p) we obtain

so that the product of (15a) and (15$) gives us, if \p \ > 1,

) _ n

sin 6... sin (9+nco-q,) ( » ^_rn {2n]!

x sin0...sin(0-fft)-rft>) j i(w,_n)

sin (0+WW-o))... sin (0+nw—rw) I

• (16)

Similarly,

(1 + 2 ^ - * " cos

? cos e.. . cos (e+7io>-to>) fv ,,_m {In)!
j p {2r\\{2n-2r\\,2n -i\ l ^ i ' In-H In- n^li I V 1 ' /

x cos9...cos(9+ft)—ro)) ) 4

cos (0+?io>—w)... cos (0+ftft>—no) I

Since

'1 cos 0... cos [0+(w- ! )»]+. . . (18)
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and

^ ^ ^ + . . . , (19)

(20)

LJ LAI L4J
also we know that

On taking the product of (20) and (21) we find

, cos 0)+2yV'+(-*r i ]3[«](2A, cos 0), (22)

in which /[„] (Xe1*) and 3[»] (Xe'^/p) are the generalizations of Bessel's
function denned p. 195, Ser. 2, Vol. 2, but

w (-2X, cos 6) = 2(-1)» ( 2 r ) f > X 2 ^ 2 r t ! FV("+/ ) c o s ^ cos

—I)(o]. (28)

In case p = 1, this function reduces immediately to <7«(2A cos#).
By equating coefficients in (22) we obtain interesting forms of quasi-

addition theorems. For example, from the terms independent of K we find

in which

3f[oi(2X,cos<9) = i ( - i r T 7 r -

(24)

the arguments of the functions J and 3 on the left side of (24) being \e'9 and
\e~l9(p respectively. By similar reasoning we may show that more generally

, cos 0) = /[O](xVfl)3[o](2/2p-1e-((')+22(-l)"i?'lt/Ca]3[/l], (24a)

and other theorems of similar kind may be obtained by equating co-
efficients of KU in (22).



14 REV. F. H. JACKSON [Dec. 8,

The expansion ( ^ J ^ t , - , = j^P.fc, cos 6) (25)j
is well known (cf. Proc. London Math. Soc, Vol. xxv., p. 57), and the
properties of the coefficients Pn(q, cos 6) have been investigated by Dr.
Hobson. It may be of interest to form the basic coefficient analogous to
Pw(g. cos 6) and connect it by means of the E function with other general-
izations of Pn and Jn. Take the basic analogue of the binomial theorem

and let us apply this to obtain the analogue of (25). Changing p into p*,
and making n = \ — h,q, we find

^ - - " - < 2 6 )

In the usual way, by taking the product of two such series, we find

II ( l -2p 2 > scose+zy0 l + S f - i y v ^ - ^ P r ,(n cos0) (27)

in which

[ j | + ] . . . } . (28)
The infinite products

n \ „ = l -I- s ^ r ^ x
r

od-2a:jD"lcos0+a;Vm) (1-pV

have been discussed by Prof. L. .T. Rogers (Proc. London Math. Soc,
Vols. xxiv., xxv.). In the notation of Rogers' papers we have

( vAr(d,p*)(xp*-"

l)nxnp<4-'<)"Pr.l0{q,co&d). (29)

Equating coefficients of x", we see that
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The discussion of this for general values of n would be interesting, but is
not attempted here.

The properties of the coefficients Ar, Br are discussed by Prof. L. J.
Rogers {he. cit.). Some interesting relations may be found between the
coefficients TV,,.] and An. We have

cos f / ;
I rTPie 2 ,,2 _2ffl

" i ^

Consider the product E&U^j Ex^- ^-^j. (32)

Since Ep(a)Ep-i(—a) = 1, we can write (32) as

{

Replace X by x/(p — l), K by e1*. t by <?1*; then the infinite product (33) is

P-
4»t)

cos

while (32) becomes £ *r«7V,j+ 2 ( - D ^ / f - ^ w ,

the arguments of Jand 3J being respectively xe'^Kp — l) and Je~ie/(p2—p)
[cf. (22), p. -201, Ser. ± Vol. 2]. Hence

rr
: (1 + 2 - 2 ' " cos + 0 + ^

= -!l+ £(-l)'-7T^^ri>(e)1r|Lr.7'rr, + i(-l)'V-iy!3JrPj-. (35)

The intinite product on the left may be expressed in a series of generalized
Bessel functions as

p—p
(36)
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in which

because in E function form the product is

Equating coefficients in (85) and (86), we find

(37)

(88)

in which the argument of / is xKp—p*), of 3J is Te~'9/{p2—p), of J
is xe-ul{p-l).

•15 6 .

Expansion of an Arbitrary Function in Series of Functions JVM] or 3Jr»>

1 - JL-L JL J-^-4-
t-x t

Now express each power of # in a series of JYH] functions by Lemma II. as

Arrange the series according to the order of the / functions. Terms
involving J^ny will arise from the series which represent

MS tA.- ></

fn + 1 ' ^71-1 ' JII - 3 ' ' * * '

and these terms will give

t* I
+ F r an—a i raw—4 i r2 i r 4 i " • • • [ • ( 3 9 )

[2w,-2][2w-4][2][4]

|2nM (, , i 2 , o #4
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in which the p prefix of the general term is jpr(r""1\ we may write

0[(p(*)/ro]U>+ 2 Ow(t)J^(x) (40)
t x rt=i

(cf. Heine, Kugelfunctionen, Vol. i., p. 249). Thus

\
C l—

= M f{t) )Om(t)Jun(x)+ i Oin](t)J;,tl(x)\dt
2-TnJr

= aQ .7[o] (x)+ax Jm {x) + a2

aH=^-.\ Ow(t)f(t)dt. (41)
Z7TI Jc

In a similar way by means of (77), p. 218, Ser. 2, Vol. 2,

f i\t\>\x\>l).

$7.

In connection with the theory of the function Er(x), we may show that

Jw{x) = Ep(ix)Ep{—ix)&w (x),

and derive thence many interesting results. It is easily shown that

Inverting the base p, we obtain

in which I,v)(aO = i""3f[«](*a:)i

because T—T- becomes j ^ " 2 -r^-j-, /rrt](x) becomes p"%Mx), and the series

within the large brackets of (43) is unchanged by the inversion of p.
SET?. 'I. VOL. 3 . NO. RSo.
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Hence
E ^ {_x) / w ( a j ) _ ^ { _ x ) ^ ^ { u )

and it easily follows that

£„-!(-«) Jw(x) = E,(-ix) 3w(s) , (45)

also Jw(x) = Ep(ix) Ep(-ix) $w (x); (46)

so that the extension of the series for Lommel's product
(Proc. B.S., Vol. LXXIV., p. 67) may be written

= Ep.\ (ix) Er\(—ix) J[W] /[„

_ y / Ay

It follows also that

At this point we see that interesting equations may be formed giving
relations between the functions J"[n] and analogous functions which may
be conveniently termed multiple Beasel functions. The notation for such
a function will be

P;i>n(x) = ^ ( - 1 ) ' j 2 W + 2 n + 2 r | ! {2w+2r[! {2n+2r[! {2r}!* ( 4 8 )

In the denominator of the general term we have the same expression as
appears in the denominator of the general term of (47), which is a
generalization of a series due to Lommel.

When m and n are integers the function may be derived from the
function «/"[„] in the same way that <7[n] was derived from E (cf. p. 196,
Ser. 2, Vol. 2).

Consider the product J-,i. {xt) J^ {xt~l).

We may arrange in a series of ascending and descending powers of t as

«7$o(*)+ 2 (-int2}" + t-2>")J';,M(x). (49)
»i = i

Consider the equations

2 «- + r » ) / w (x), (50)
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Since Ev%[n] = Ep.»Tw (51)

[cf. (45)], we can write the quotient of the two expressions on the left
sides of (50) and (50a) as

y.t I ixt \ jp* I ixt~l\

(52)

the index p* being necessary to indicate that the base of the functions
is jp2. This quotient may be expressed in series of /,„,„ functions by
means of result (49), viz., as

( 5 3 )

3J«,m denotes the function derived from the product ^ W ^ ^ M ^ ^ 1 ) in
the same way that Jn< m was derived from J[n}>

Equating the above expression to the quotient of the two series which
form the right sides of equatio-.s (50) and (50a), we obtain from cross
multiplication, equating cons tan terms (independent of t),

00 »

= 3J[o]Jft + 2 2 ( - ) w F w I 3[2m]^ w . (54)

I do not propose here to enter any further into the theory of multiple J
functions ; but I consider that the simple relations

(a?) = 3J[m] 0*

(a?) _ Ep(ix)
(55)

will afford a considerable field for investigation, in forms connecting theta
function products with the basic or q forms of Bessel's and Legendre's
functions.

c 2
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Taking the product of (43) and (43a),

Ep(-x)Ep.i(-x)Iw(x)Iw(x)

_ x m + n f t [2m + 3] 2 _ I (« , [2n+3] „_
~ \2m\\\2n\\ r X± [2][2m+2] X "'\V Xi~ [2][2n+2] x '

(56)
The left side of this may be written

x y {2n+2w+4r | !
rto |2m+27i+2r

Also, since
! |2m+2r}! |2n+2r(! |2r(!

li(») = Ep_x{_l)Ev{_xy

y )2n+2m+4r[!

)2m+2n+2r|! )2i»+2r|! ]2n+2r|! |2r}!
as the product of three series, viz.,

xm ) fx , [2n+8] 2

2a;

By equating coefficients and by substituting ix for x, various identities
may be deduced from these series: for example, taking

2 4

2C(x) = Ep(ix)+Ep(-ix) = 1 - X ' X

2iS(x) = Er(ix)-Ep(-ix) =x-r£r+...,
IAI!

[2]! +"'J

1 [2?i+5]

This theorem reduces, when p = 1, to a well known theorem in Bessel's
function theory. I hope that the results given may be interesting not
merely because of their remarkable likeness to well known results in
the case of ordinary functions Jn, Pn, ..., but because the theory links
the functions </„, Pu, ..., by means of their basic or q generalizations,
with the g theory of elliptic functions,
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Addition to the preceding paper.

[Received January 18th, 1905.]

EXPANSIONS OF FUNCTIONS IN SERIES OF BASIC BESSEL

COEFFICIENTS

WE may show that, if f(x) be a function capable of expansion in
an absolutely convergent series M

2 a, xs,
o

then, on replacing each power of x by its expression in an infinite series

of J"[tt] functions, we obtain an infinite series 2 &<,/[,], and that the
o

absolute convergence of this series depends only on the absolute con-
vergence of 1>asx

8 (cf. Gray and Mathews, Treatise on Bessel Functions,
pp. 19-20, 29-80; Neumann, Leipzig Berichte, 1869). A similar general-
ization of Neumann's result

o o
will be given.

Firstly, we may establish without difficulty the three following
identities :—

]24! ~ ' / w + [2] ^+2] + ...

[2n+2s-2][2n+2s-4] ... [L

s [ n + 2 5 ]

[cf. Gray and Mathews, Bessel Functions, (47), p. 19],

x2n [4n+4]

! )2n-2(!

.-D [4»][4n+4.-2] l ^ J [2 ] [4] [29]

X Jr[,i+s-]]3J[»i+*]+.-. (y)

[cf. Gray and Mathews, £esse^ Functions, (75), (76), p. 29].
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In series (a), if we take out from the J series in each term the part
involving.zn+2r, we find that the coefficient of x1l+2r is a series of r + 1
terms, which reduces identically to zero by a simple property of Heine's
series. Moreover, it may be shown that, if Sh denote the sum of the
first h terms of series (a),

The series within the large brackets on the right is absolutely convergent
for all values of x if p > 1, and for limited values of x if p = 1 or p < 1.
In case p > 1 or ?̂ = 1 the right side may be made as near to xn as we

please by taking h large enough. The series 2 c,J"[m+2i] becomes
s=h+l

infinitesimal by taking h infinitely large. The relation
00

Xn = \%l\\ 2 C,
0

holds then for all finite values of x if p ^ 1.

In series (a), if we invert the base p, we find (since {2n}! becomes
p~n* {2n}\ and J"[n] becomes^ll*3J[n]) that

In case p < 1 this series is absolutely convergent.

Now suppose /(x) = a o + 2

an absolutely convergent series ; then, on substituting for each power of x
its expression in J* functions (p > 1) or 3JP functions (p < 1), we obtain

00

in the case of the / functions a series 2 &,/(„], where
o

J a s - ' 2 j ^8-4 i_

If the series are both absolutely convergent, we may put
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An important special case is when the series 2.agx
s satisfies Cauchy's

first test of convergence,

where & is a definitely assigned proper fraction.

In this case

xs xs+2

= L

a«-i

and the series 2 6 , / ^ ] is absolutely convergent.

Similar arguments will suffice to show that we may expand f(x) in a

s e r i e s 2

In the same manner, if in series (/3) and (y) we replace each term on the
right sides of these equations by a series of powers of x of the form

r * r _ I / - . j r J2w+2n+4r!-l w+w+2r

'M^M *\ V f^ 2r\\ |2w+2r}! \2n+2r}\ \2r\\

the terms involving x2;i+2r in (/3) are r-f-1 in number, and the sum reduces
identically to zero by a property of Heine's series, and similar arguments
to those used above would suffice to give us a generalization of Neumann's
expansion

1aX8

I do not, however, discuss this case, my aim being to justify in one case
the expansion (41) of the previous section.


