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On the Electrical Oapacity of a long narrow Oylinder, and of a
Disk of sensible Thickness. By Prof. CLere MaxweLy, F.R.S.

[Read March 14th, 1878.]

The distribution of electricity in equilibrium on a straight line with-
out breadth is a uniform one. We may expect, therefore, that the
distribution on a cylinder will approximate to uniformity as the radius
of the cylinder diminishes.

Let 2! be the length of the cylinder, and b its radius.

Let # be measured along the axis from the middle point of the axis,
and let y be the distance of any point from the axis.

Let X be the linear density on the curved surface of the cylinder;
that is, let Adz be the charge on the annular element da.

Let o be the surface-density on the flat ends.

Then, at & point on the axis for which {= =, the potential () is

Y= I:: A[(E—=)*+0b*]) b de + 2 E on[(1—=8)*+y*] ¥ dy

d
+2n[ [+ 413,
0

the first integral being extended over the curved surface, and the other
two over the positive and negative flat ends respectively.

If the electricity is in equilibrinm in the cylinder, Y must be con-
stant for all points within the cylinder, and therefore for all points on
the axis.

Also, by Art. 144 of * Electricity and Magnetism,” if ¢ is constant
for all points on the axis, it is constant for all points within the surface
of the cylinder.

If we suppose A and ¢ constant,

Y=2Xxlog ([1+Z—E)b’(,/;+1+£) +270 (fi+ £,—20),

where f, and f; are the distances of the point (£) on the axis from the
positive and negative edges of the curved surface.

At the middle of the axis,
£=0, and f,=/f,= VP4,
Yo = 2\ log -f;'—’+4n (f~1).
At either end of the axzis, =1, f,=0b, f,=2, nearly,

Yo = A log % +2mab.
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Just within the cylinder, when ¢ is just less than I, '

W _af1_1 = i
g = )«( 5 f)+21m—0 by hypothesis.

Hence ’ 2rbo = A,
or the density on the end must be equal to that on the curved surface.

The whole charge is therefore F = 2xbs (214 ).
The greatest potential is Yo = 27bo (2 log 2bl + ll) )
The smallest potential is that at the curved edge, and is approximately

Yo = 2ubo (log 2.4+ 2 2);

and the capacity must lie between

E__ A+b . E __ 2l+b
Yo 2t, b Vo 18,2
2log 7+ log 3+

These are the limits between which Cavendish shows that the
capacity must lie. When the cylinder is very narrow, the upper limit
is nearly double the lower, so that we cannot obtain in this way any
approximation to the true value.

To obtain an approximation, we may make muse of the following
method, in which we neglect the effect of the flat ends, and consider
the cylinder as a hollow tubé :—

Let @ be the potential energy of any arbitrary distribution of elec-
tricity on the cylinder,

Q= %}': Apdé.

+4
The charge is E= [ AdE.
-

Let us now suppose this charge to distribute itself so as to pass into
the state of equilibrium ; then the potential will become uniform, and

equal, say, to ¥, and Qo= E

If K is the capacity of the conductor,
) ' 1B
E=K4‘0) and K—Ea;
Since Q, the potential energy due to any arbitrary distribution of
the charge, may be greater, but cannot be less, than @, the energy of
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the same charge in equilibrium, the capacity may be greater, but
cannot be less, than '

DO} k=t

This inferior limit of the capacity is greater than that derived from
the mazimum value of the potential, and, as we shall see, often gives a
very close approximation to the truth. Thus, if we suppose, in the
case of the cylinder, A to be uniform,

E=2\, Q—2A’l(logf+m f:l)

where f* =4I+’ For a long narrow cylinder,

l
K, > ——7+——
log A 1
b
To obtain a closer approximation, let us suppose the distribution to
be of any form, and to be expressed in the form of a series of har-

monics.
The potential due to any such distribution at a given point may be

expressed in terms of spherical harmonics of the second kind. See
Ferrers’ * Spherical Harmonics,” Chap. v.

; =1lmntn g_1n-n
If we write =3 l,ﬁ 5 g

where 7, and r; are the distances of a given point from the ends of the
line, and if the linear density is expressed by

_ §
r=24p(3),
where P, is the zonal harmonic of degree z'; then the potential at the

given point (a,8) is ¢ = 24, Q:(a) P;(B),

where @; is the zonal harmonic of the second kind, and is of the form

Qi(a) = Pi(w) log 2H3 4 1 (a),

where R;(«) is a rational function of a of ({—1) degrees, and is such
that Q; (a) vanishes when «a is infiuite, thus :
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(a)—loga+i

Q@) =alog 212,

3
Q@ = (Fo'—1) log 841 8,

Q(a) = (—a—%a) log%i—-l-.-&l'--!—-i,.

—_ (Y 6__3-__§ (] 3 N a+1_5_.2 s 11
Q.(a)-(_8 a o+ 3) 10g 2t ST gy 200

At a point at a very small distance b from the line, if we write

| L = log 7'1'+-;—E+log r,+g+5’
the potential due to the distribution whose linear density is
e (3)
is approximately

¥ = AP, (%) [1;_2( ‘b(l—l)_'_t(t—l) (i—2)

2.2 2.3.38
_t(t=1) (:—2) (:—8)
2. 543  T&
thus, if A, = 4,

l_.-Alil.L’

3 a' .1
N=4 (55~ 3)

52 8w
h=a(5E-3 1)
= 5.7a_3.52" 3
=4, (% o wte)

then approximately
Y= 40L:
h=4+(-2),
]
w=24,(28_1)a-s,
5 E’ 8 &
h=a(yF-3 ‘z') (L" )

5.78 3
4;‘— /]‘ (_.é_ 0 _.‘_ ) l,_.._
VOL. 1x.—No0. 130, '
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(40 4 B 420
3

If we write £ for log , orapproximately £ =log %l-,

we find, to the same degree of approximation,
Ntodt = 4431 (R—1),
Aoy dé = ‘( M dE = — 34,450,

[\, yydt = 2421 (12-32),

3

Ny dE = —$4,4,1,

Mdl = —34,4,1,

[ god = 2417 ( 38— 6989
X‘\L‘tl£—2A‘l(%8 5670).

Dotermfning 4, s0 as to make I(Aﬁ-k,) (bo+¥y) d¢ & minimum,
and remembering that F = 214,, we find

5 1
A= A4, — ¢« ——
] AO 6 g _ _IQ!- ’
30
and we obtain as a second approximation

l
~5 1
36 o_ 101

80

K, >

21

Unless the length of the cylinder considerably exceeds 7-245 times
its diametcer, this approximation is of little nse, for this ratio makes 4,
infiuite.” It shows, however, that when the ratio of the length to the
diameter increases without limit, tho electric density becomes more
nearly uniforip, and the expression for K, approximates to the truo
capacity.

We mnay go on to a third approximation by determining 4, and 4,
s0 that [ oA +A) (o da+4,) @ shall bo & minimam; whence

35373 '
g T
£ 630

| A

D]

T (wn o0y (g G 45’
1260 196
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_ 457
A‘=A°3-" 210 ,
P (- 5) (- Bw) ~ 1
and )
é— 5.. 1 A.9 (2‘-—3—%—3)‘
36 101 . 98¢
g 90 (- ) (-1 (o~ 5R0) - 1

When £ is very great, the distribution of electricity is expressed by

the equation
_ V(g2 o2 17
A= A[l“"ss 32{9 2T 1_5}]

which shows that, as the ratio of the length to the diameter increases,
the density becomes more neurly unlform, and the deviation from uni-
formity becomes more confined to the parts near the ends of the
¢ylinder.

To indicate the ch’nacter of the approximation, T have calculated ¢
and the three terms of the denominator of K, for different values of the
ratio of I to b. When this ratio is less than 100, the third term is
unavailable.

_:’. L 1st term.  2nd torm.  3rd ferm.

10 3:68888 . 2:68888 — 0'43151
20 4-38203 . 3-38208 — 0-13680
30 4:78749 . 3:78749 — 0109775
50 5:20832 . 4-20832 — 007191
100 599146 . 499146 — 0-05291 — 0°13566
1000 8:29405 . 7-29405 — 0-02818 — 0-00892.

Examples of the applicntion of the method to the calculation of the
capa,cltnes of a cylinder in presence of a plane conductmg surface, and
in presence of another equal cylinder, will be given in the notes to the
forthcoming edition of Cavendish’s * Electr lcul Researches,” as illus-
trations of measurements mado by Cavendish in 1771.

Electric Oapacity of a Disk of sensible Thickness.

‘Wo may apply the same method to determine the capacity of a disk -
of radius a and thickness b, b being very small compared with a.
‘We may begin by supposm«r tlmt the donsity on the flat surfaces is
the same as “lxen the disk is infinitely thin.
-Let & and B be tho elliptic coordinates of a given point with respect
u2
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to the lower disk, or in other words let the greatest and least distances
of the point from the edge of the disk be a(a+8) and a(a—p).

The distance of the given point from the axis is

r=aaf....... cirterreraserienes N ¢ )

and its distance from the plane of the lower disk is
t=a(a'=1P (1-0) ....coovinrnniinnns .. (2).
If we write PP =a'— 3),

then, if 4, is the charge of the upper disk, distributed as when undis-
turbed by the lower disk, the density at any point is

A.,
R OF

If A4, is the charge of the lower disk, also undisturbed, the potential
at the given point due to it is

Y= Ad,a ' cosecla cooceiiiiniiiiniiinnnin, (5),

or, if we write @=9+1 (6),
¥ =40 (—- - tan"y) ........................ ).

We have next to find the relation between p and y when the given
puint is in the upper disk, and thorefore z = b,

Equation (2) becomes %' = a’y* (1 =0") :.ecovivrivinnninninnennns (8),

and P=1=a e (9),
3 b a, 12

or P =a’_73—7+?, ........................ (10).

Since the given point is on tho upper disk, and since b is small,
i
p maust be between 1 and 0, and y between % and (%); and be-

tween those limits we may write, as a sufficient approximation for our

purpose, ) » -~ §\1q - |
tan’y:y:;—[l-i—(-;)][p-i—(z)] ......... (11).

We have now to find the valae of tho surface integral of the product
of the density into the potential tuken over the upper disk, or

1
!l 2rrdroy = A,4,0 (% -—I tun“y dp) ............ (12).

Substituting the va]ue of tan“-y from (11), the integral in (12)
becornes

ot =2 (1) e [(5)'+1]} o 0
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The corresponding quantity for the action of the upper disk on itself
is got by putting 4,=4, and b=0, and is
A: a! ‘lz .................................

In the actual case, 4,=A;=21FE, when E is the whole charge; and
the lower limit of the capacity is therefore

I s [

but since we have assumed that b is very small compared with a, we
may express our result with sufficient accuracy in the form

E=2(at5iblogd) e ereren(16),

or, the capacity of two equal disks is equal to that of & smgle dlsk

- whose circumference exceeds that of either disk by b log——-

If the space between the disks is filled up, so as to form a single
disk of sensible thickness, there will be a certain charge on the cylin-
dric surface ; but, at the same time, the charge on the inner sides of
the disks will vanish, and that on the outer sides of the disks will be
diminished, so that the capacity of a disk of sensible thickuess is very
little greater than that given by (16).

April 11th, 1878.
C. W. MERRIFIELD, Esq., F.R.8., Vice-President, in the Chair,

Mr. Artemas Martin was elected a Member.

Messrs. W. M. Hicks, M A., Fellow of St. John’s College, Cambridge,
and T. R. Terry, M.A., Fellow of Mugdalen College, Oxford, were
proposed for election.

The Chairman, on the recommendation of the Council, nmmnn,ted
Messrs. Brioschi, Darboux, Gordan, Sophns Lie, aud Mannheim as
Honorary Foreign Members, the Council having decided to raise the
number of Foreign Mcmbers to twelve.

Mr. Tucker read a letter from Prof. Tait, in which he stated that by
a simple physical process he counld o:mly obtain auy number of detinito
integrals similar to the following :—
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” sin 0 dp dO
0

0
7 —a?—A?+ 2aA cos O 4
[r‘+a,'+ A —~2a\ cos 8 — 27X cos a + 2ar (cos « cos 8 —sina sind cosg) J1
: 97 (r'—A?)
(1 +A'—27 A cos a)¥’

Prof. Tait wished to know whether the solution could be easily
effected by direct analytical processes.

Prof. H. J. S. Smith, F.R.S., Vice-President, then read two papers :
Second Notice * On the Characteristics of the Modular Curves,” and a
Note relating to the * Theory of the Division of the Circle.” Prof.
Cayley spoke on the subject of both papers, asking, in the course of his
remarks, if a solntion had been effected for the mscnptlon of & regular
heptagon, assuming the trisection of an angle.

Mr. Tucker then read abstracts of papers by Prof. Minchin ¢ On the
Astatic Conditions of a Body acted on by given Forces,” and by Mr.
C. Leudesdorf “ On certain Extensions of Frullani’s Theorem.”

The following presents were received :—

* Journal of Education,” April, 1878.

 Elements of Dynamic,” Part i., Kinematic, by Prof. W. K. Clifford,
F.R.S. ; Macmillan, 1878. From the Author.

“ Atti della R. Accad. dei Lincei. ...,"” Serie terza; “ Transunti,”
Vol. ii., Fasc. 4°, Marzo, 1878 ; Roma.

¢ Crelle’s Journal,” 85 Band, 1* Heft; Berlin, 1878.

“Jahrbuch iiber die Fortschritte der Mathematik . . . .,” achter Band,
Jabrgang, 1876, Heft i. ; Berlin, 1878,

*“ Anvendelse af en Sootning af Maxzwell til at finde de billigste
Bygningskonstruktioner af Dr. H. G. Zeuthen.”

* Educational Times,” April, 1878. -

“ Journal of Institute of Actuaries,” No. cx., Jan. 1878.

“ Proceedings of Royal Society,” No. 186, Vol. xxvii.

¢ Monatsbericht,” Januar, 1878 ; Berlin.

On Astatic Equilibrium. DBy Prof. MincHIN. %
‘ [Read April 11¢h, 1878.]

1. When a body is in equilibrinm under the action of forces applied
at given points in the body, with fixed magnitudes, and directions fixed
in space, it will, under certain conditions, remain in equilibrium when



