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and therefore X = i ^ +8 + 3 = 206,
o

Y = 203,

agreeing with the values calculated independently.

The Genesis of the Double Gamma Functions. By E. W. BARNES,

B.A., Fellow of Trinity College, Cambridge. Received
December 5th, 1899. Communicated December 14th, 1899.

1. The following paper is the natural sequence of results obtained
in two previous papers.

The " Theory of the Gamma Function "* contained a discussion of
the function defined by the formula

and it is evident that the expression on the right-hand side of this
equality may bo regarded as the positive half of the product ex-
pression for sin nz; wo may, in fact, term it the " halb-sinus " with
Betti.f

Again, in the "Theory of the O Function,"% it was shown that

G(z) = ,?Mz Tl'lT
... »

where r (z) is a quadratic function of z.
If now we can associate with the letter m, each time that it occurs

in this product, a complex constant r which is not real and negative,
we shall obtain a pi'oduct which may be regarded as the positivo
quarter of the product expression for Weiorstrass's function <r(s), and
which will be therefore a natural extension of the V function.

• McHscnycr of Mathematics, Vol. xxix., pp. G4 et ficq.
t Klein (quoting Bctti), Uebrr die ht/pcrt/comrt.risclte Function (1891), p. 12G.
% Quarterly Journal of Mathematics, Vol. xxxi., pp. 2G4 ct scq.
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Such a product we call a double gamma function 0 (z \ r). It is
such that by suitable choice of the associated exponential factor, it
satisfies the difference equation

It is evident that, when r = 1, the function reduces to the 0 function

Gts)'
The existence of such functions has been surmised by Moray,*

and indicated by Pinchcrle,t while AlexeiowskyJ appears to have
investigated some of their properties. The firRt two have not
considered in detail any of the pi'operties of these functions; and tho
last, so far as his results are accessible to me, does not appear to
have entered into the essentials of the theory. He makes, for
example, no mention of the gamma modular constants G(r) and D(r).
The present notation was adopted before I had seen Alexeievvsky's
paper, and his function H(x, a) would bo written G {z | r) in the
notation of this paper.

As indicated in tho title, I only consider in the present paper the
genesis of the double gamma functions. Several different product
expressions are given for G (z | r) ; the gamma modular constants
are shown to be transcendental functions of r; it is shown that
G {z | T) satisfies the two difference equations

= r (f

and, finally, the connexion is indicated between these functions,
Appell's generalization of the Eulerian functions, and the theta
functions.

In a subsequent paper I propose to give in complete detail a
symmetric theory of double gamma functions, in which r is replaced
by parameters Wj and w2, as in the theory of elliptic functions.

* Meray, VAnalyse Inftnitesimalc, Deuxiemo Partie, concluding pages.
+ Pincherle, Comptcn Jimdnn, Tome cvx., p. 266.
\ Alexeiowsky, Ann. de I'Imp. Univ. de Charkow, 1889, as quoted in tho

Jahrbuch iibcr die Fortuchrittc der Mathcmatik, Vol. xxir., p. 439. A synopsis of
this paper appears in the Leipzig Jierichtc, 1894, Vol. XLVI., pp. 268-295.
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2. We will first take the product

0 (z I T) = Ae^"^— ILII' \ (l+ —z— -) e"^*2lSfT5? v ,
r «. » (. \ rar-f n ' J

in which r is any constant, real or complex, which is not real and
negative, and in which a and b are functions of r only.

We notice that each term of the product is of Weierstrass's form,
and that, by Eisenstein's theorem, the product is absolutely con-
vergent.

We proceed to transform this product into one of different form.
Since we may group the terms of the product as we please, we have

G(z | r) =zAe"^b^^- n ( (l + - -
r m=.i (. \ mr

x ii n - + »:
I / I . O M . I

and hence, remembering that

we see that

g HIT+11 It (UlT + tt)1

e"'},

x ft [.-
r

x n

Bat, from the product expi-ession

T-1 (1 +mr) = e'"'T fi ( (1 + — ) e~'» } ,

we obtain, if we put
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in conformity with Gauss's notation,

= y+ 3 j _JL__±
»«i t mr + n n

and, if if/' (x) = — \b (»),

Thus we may write

fr C F(l +m
t«.o ( r (2 + l +

+mr)
6

A form equivalent to this is incdiTectly given by Alexeiewsky.
We may conveniently modify this expi'ession slightly.

Since T(z + l) — zT(z),

*(l) = - y «nd f (1) = - ^ ,

we shall have

z+wr
and thus

( i \ y^ ff

or, finally,

It will be noted that this last product, as all employed in the trans-
formation, is absolutely convergent.
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Before we proceed to show that, for suitable values of a and 6, the
function G(z \ r) satisfies the difference equation

it iR necessary to interpolate two algebraical limit theorems analogous
to those considered in the " Theory of the 0 Function," §§ 6 and 7.

3. We will first show that, when r is not real and negative,

Lt

where 0 (r) is a definite finite function of r, independent of m.
Unless the contrary is explicitly stated, the logarithms have their
principal values, in which the imaginary part lies between

As there is no formula to expi'ess if/ (ra-r 1 r) in terms of \{/ (mr) for
general values of r, we cannot extend the method formerly employed.
We therefore use the Maclaurin sum-formula,*

Put uT = if/ (TX), and we obtain

'i ^ (rx) = 0'+ i-log T (rm) +-^ (m) + ~ tf (rm) + ... .
x-i r 1«

Now, provided r be not real and negative, we have, by Stieltjes'
theorem,f when w is very large, the asymptotic equality

logr(rra) = £ Iog2n- + (rw--^) logrm—rm+

and therefore the denved asymptotic equalities

rm

• Boole, Finite Differences, § 2, p. 00.
t " Theory of the Gamma Function," Part iv.
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Hence we have, when m is very large,

where 0 (r) is a definite function of r independent of ?n.

From the " Theory of the G Function," § 6, we see that

4. We will next show that, when r is not real and negative, and m
is a large positive integer,

) +(2r) + ... «//(7nr) =
r

where D (r) is a definite function of r independent of m.

On putting ux = \j/' (TX) in the Maclaurin sum formula, we have
at once

f (r) + f (2r)+...+f (w)

() ^()

Hence, using the asymptotic equalities,

we find

f (r)+f (2i) + ...+f

On making T = 1, we see that
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5. The forms 0 (r) and D (r) will enter into the theory of double
gamma functions from whatever side we may approach it. From the
value which D (r) assumes when r = 1, it might be anticipated that
this function cannot be expressed in finite form or in terms of
elementary transcendents. We proceed to show that this is actually
the case; by an analogous process the same theorem might be proved
to hold with regard to..(7(r).

Suppose that m, and n are large positive integers, and that

is very small, and consider the function
m n 1

S 2' -r

the accent denoting that the term in the summation for whicli
w, = 01 . , i • ,, i1 > is to be omitted.
«i = 0 /

We have seen that

and hence

so that, by the asymptotic equality used in §3,

l )

since ml is small compared with m. Thus

5 5
in,-o II.

" ' 1 " 1 •"

6 ?i m,-l (. Ji

log ( „ ) _ _ _ + _ _
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Now

m ii 1 m i>

, = 2 2 2' -. —-o+2 2 2'm,-0 «,=O ( w i j T - H ^ ) 8 »n,-0 n,-0 (—

aa a graphical representation of the terms of the series will readily
show.

Hence, when m and n are large positive integers, and r is any
complex quantity,

• 2 . 2 '

mr1 n

+terms which vanish when m and ?i become infinite.

The upper or lower sign must be taken as B (IT) is positive or
negative. Now,, by a theorem* due: to Forsyth, when in and

n become infinite, — being small,
n

L t

^ Foreyth, "Some Doubly Infinite .Converging Series," Quarterly Journal of
Mathematics, Vol. xxi., p. '263.
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in the usual notation of elliptic functions. Hence, if

_iK'

so that R (ir) is negative,

D (r) +D (-r) = - g - = + ^ +-2M-fK« (1 +fc'3),

ah expression which is usually called a modular function of r, and
which does not in general admit of representation in finite form by
elementary transcendents.

We propose then to call 0 (r) and JD (r) double gamma modular
functions of r. .

We shall subsequently express equivalent symmetrical functions
as definite integrals.

6. We are now in a position to prove that, for suitable values of
the r-functions o and 6,

We have established in § 2 that, if

a = a—yr,

V ' ' rF(z)

Hence

G(z \ r)r) z- m.i I z + mr

— + * (H»T) • H i l l Jr< ( «»T)

^I^HF 1 n / I e ' " T '
z

•r . ( m T - £ + 2 r*(rT)+2it.I^fi-T)! *)
X Lt ; 6 T r-1 L * J [ .
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and thus

r) _ _1_ e ' il+^^(2s+1)

I 0 r

X Lt (r:--.m-l-»r-"tem"?m"'H
m.oo ( {'ivy )

Lt ( e
C > ( T )*(" l + *~w) 1 ° 8 m T - m + (s + i)[-OfT) + *»o«Tm]')

ttlMOO (. j

on using the limits which have been investigated in §§3 and 4.
Henue

Q(z+l | r ) _ r ' " C(T,+jc(T)• a~• ̂ • s [/>(T)• _»1]t

r(i)o(,|'r) («*)'

and thus we shall have for 0 {z \ r) the difference equation

provided we choose a' and 6' BO that

D (r) + "-£-+•—log r = 0

0 (r) + \B (r) + -̂ - + ~ = i log (2*r)

and tliuH we must take

«' = Y ^g (27rr) + | log r - rO (r), '

fc' = - r logr - r 'D(r ) ;

or, finally, a = -~- log (2nr) + | logr-rO (r) +yr,
" « ' •

We have now, by § 2,

&> | r )=^V ' C ( T ) -T^> ' -T?

X (2irr)i r̂ -'" H fi' f (l + - -^ e"o vS« ) ,
m = 0 n.O ( \ 12 / )

wliere fi = mr + ».
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When r = 1, we have, using the values of 0 (1) and D (1) given
in §§3 and 4, respectively,

and hence, when r = 1, we havo

n fr

an expression which agrees with that previously found for 0 (z).

As a corollary, note that we have incidentally proved that

f+
C(T) + <=•!)7^(T)

7. We now proceed to determine the constant A by assigning the
condition that

We have, from § 2,

V ' y rV(z) m.ilr (z + mr) )

and it has just been seen in § 6 that

6'= ~r logr- r 2 D(r) .

Hence, if we make z — 1, and assign the condition 0 (1 | r) = 1,
we find

r m. 1 I WIT ) '

But, if we put z = 0 in the corollary to § 6, we have

.. - i l m r ) (2ir)»

We thus find il = 1.
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8. It is possible to give a third product expression-for G(z | r).
To obtain this expression wo take tho formula of § 2,

G(z | T) = e" r+b£ ± ft n '

where (§ 6) a — -T log 2nr + ^ log r + yr - 0 (r),

6 = - r log r - r 3 D (r) - - •[-,

and we write it in tho form

r u.i (

X II II
i i - 0 m-l 1+- V

mr

as wo may obviously do, since each term is of Woierstrass's form;
and now we have

G(z\r) = 1

X II ] - « T mulVmr mr + n / 2 , „ . | (,,,T + n)>

)

But, if, as usual, if/ (z) = log V(z),

have

VOL. XXXI.—NO. 702.

+ n ) = y+ 2 ( — - - — ),

2 it
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and hence

Mr. E. W. Barnes on the

-"- X

X IT -
l l - O

We may slightly modify this expression by writing

<?(*|>)=e8(-""'yH'0""'X

x II 1

rr(2)r(i+-i)

r(f) n e1

I \ T I

and now, since

[Dec. 14,

«+l|i-)=r(-?-)fl(*|r),and

we obtain, finally,

G(z-i

which yields, on substituting the values a and 6,

JL I T * . S Sy t _ ( J ( T J | + — I - - ( I - T 3 ) .

G (z "I* 1 I Tj ^^ («i7rr^ - r '•!T 6 T " u

x n \ CT W

9. Recapitulating the results which have now been obtained, we
see that a solution of

00, (1)
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with the condition / (1) = 1,

is given by

G (z | r ) = (2nr) * T » e x > * x o ' ' 1 .

fl0 II' ( (
»> n - o C. \

•where C (r) and D (r) are certain double gamma modular constants.

The general solution of the difference equation (1) is

(?O| r ) x I ' V ' s ) ,

where F(e2iltZ) is any function of z simply periodic of period unity.

The function G (z \ r) may also be expressed as an infinite product
of gamma functions of arguments differing by multiples of r in the
form

and again as an infinite product of gamma functions of arguments

differing by multiples of — in the form

x II -I

We might at this stage oljtaiu tlie lirst terms of the value to which
G {z | r) tends, as z tends to real positive infinity, employing a
method similar to that used in the theory of the 0 function,
§§3 and 4. The rosnlts of such an investigation would, however, be
incomplete, and it is therefore more convenient to employ the more
powerful methods which will subsequently bo adopted.

10. It is now possible for us to prove the fundamentally important,
theorem

0 = (ar)-r'r —»r(fi)O(« | r),
2 15 2
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where r~=+» = e
(-"+i)lo«T,

the principal value of the logarithm being taken. This theorem
might be expected a priori; for we have seen that 0 (z | T) satisfies
the difference equation

and we have also seen that (7 (z | r) can be expressed as product's of

- -J and r(z-Hn.r) re-

spectively. And the former type bears the sumo relation to the

second difference equation as does the latter type to the difference

equation which wo proceed to investigate.

Take the formula

T(mr) c

and write it in tlie form

G (z + r I r ) = --- c" T + w " V + •"•
T

x Lt 1

Then we shall have

J? (z + r |_r)_ _ e«'^'2;;T
 u I e j » ^ _ » J»-I I

T (zj «(z I r) „-. \ r (z +p~+ 1 r) J '

and, with the proviso that r be not real and negative, which holds
throughout the present investigation, the last written limit may be
put in the form

Lt 15_i . (ry) a ' =
 1 _ :c«*Tfllfrl

;..« I (27r)»(z + rp + r)I*T"+T-'e-I-T"TJ (2JT)»
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Wo have therefore
G(z + r | r) 1__ v i + ,r'+^'-+TC(T)fT2J:tT/j(T)

T(z)G\kTr)~"(2vye ' '

and, on utilizing the values of a and // given in § 6, we find, finally,

F (*) G(z\r)

the result stated.

We note that the transcendental double gamma modular constants
have disappeared from tho final equation.

11. We proceed now to find the value of G (r, r), and obtain
Alexoiewsky'H form of the second difference equation for O (z | r).

Make z = 0 in tho expression for G (2 | r) as a double product, and
we have

Z ) T

and therefore Lt \G (z | r) V (z)} = l .

Make now z = 0 in the identity

and we have r G (r | r) = (2ir) - rh,

flo that G (r | r) = (2TT)V r"».

Substitute this value, and we have Alcxeiewsky's formula

f7(S + r | r) = r(*) r/(, I r) ^-^ : | -^.

We note that, when r = 1,

we have G (r, r) = 1,

and the equation just written becomes

12. We now see that G (2 | r) satisfies /wo difference equations
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T - l

and /(« + r) = (2r)—r—»r («)/(« | r).

It is this fact which leads to an entirely new conception of double
gamma functions.

For, if we write * (« | r ) = '- log 0 (z | r),
(IZ

we shall have for ¥ (z | r) the two difference equations

) = *

where, as usual, \p (z) — iogF (s),
as

and for ¥ ' (2 | r) we have the difference equations

The symmetry of these equations suggests that Ave write

and take absolutely symmetrical difference equations

[where tfI} (« | «,) = -g logT, (« | «t),

in the notation of the " Theory of the Gamma Function,"! from which
to build up a symmetrical double gamma function. It is on such
lines that I propose to develop the theory of the function in a sub-
sequent paper.

VA. It is advisable, however, whilo still retaining the present
notation to connect the double gamma function with certain
functions already introduced into analysis. With this object in
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view we will consider the function

T(Z\T)=G(Z + 1\T)Q(-Z\ - r ) .

We have the difference equation

G (*+l | r) = r (-*-)<?(* | r),

and hence we derive

G(-,+ l | -T)=T^G(-z\ -r).

Thus T(Z+1\T) = T(Z\T),

so that T (z | r) is a function of z.simply periodic of period unity.

Take next the second difference equation

G (z + r | r) = (2TT)T*L r—* r (z) G (z \ r).

We obtain at once

G ( _ s _ r | - r ) = (2^)^r ' (_ r ) - '*»r( -«) G(-« | - r ) .

Remembering that their principal values are always to be assigned
to the many valued functions involved, we see that

T(z | r) 2TT sin IT

the upper or lower sign being taken as R («r) is positive or negative.

with the same determination of the signs.
A simply periodic solution (of period unity) of this equation is

and therefore T (z | r) is included among the functions

P(«) fl {l-eT2"«stm'»},

where P (z) is an arbitrary doubly periodic function of z of periods
1 and r.

Now (r (z I r) is an integral transcendental function of 2 with
zeroes given by

/ , x (» l = °» !. -"i °° .a = —(mr + tt), 4
(. w = 0, 1, ..., co ;
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and therefore T (z | r) = G (z + 1 | r) G (-z | - r) •

is a transcendental integral function of z with zeroes given by

/ t i i = 0 , 1 , . . . , o o ,

| 7i = - G O . . . . , - 1 , 0 , 1 , . . . , CO'

as may he at once seen from a graphical representation of the zeroes
of its factors.

But II {1 — e*'2"^*'"T'*f is a transcendental integral function with

exactly these zeroes. And hence V(z) is a doubly periodic function
with no zeroes, and is therefore a constant.

Hence we may write

where K is independent of z.

Now

Hence \A {T (z | r) } = Lt f r- z- \ = U \ -•-} ,
t-o J s-o (. r r ) =-" (. r )

and L t 7f ™-JL = Lt K {l-e+i*
II { l « " " » ' |

u i . l

= Lt {±2mzK}.

Thus 7C=± t / - - ,

and hence we obtain, finally,

1 Kz I T) — ± o
II {l-fl^"""}

Ir the notation of Appell's generalized Eulerinn functions,* we may

* Appell, " Gonoralieation dos fonctions EulcrienncH," Math. Ann., Bel. xix.,
pp. 84-102.
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write this in the form

•either the upper or the lower signs being taken throughout as B (ir)
is positive or negative, where

O(z\ 1, r ) = fl [ l - e 2 " " — ) } .
m-0

The theorem just pi-oved is the natural extension to double gamma
functions of tho relation.

Note that the product

O(z | 1, r) = fl {1-e-'"^''"'}
mmO

is only convergent, provided B (tr) is positive and \ T \ < 1, or pro-
vided 72 (<r) is negative and \ r \ > 1; while T (p \ r) expressed as a
product of two double gamma functions is always convergent pro-
vided T be complex.

14. We may, however, give a single infinite product for T (s | r)
which shall be valid for all complex values of r.

For this purpose we take the expression

V ' ' rV(z) «... (r(a+mr)

where (§6) a = -J-log2nr + i logr-r(7 (r),

?/ = _rlogr-r32)(r),

and now, if we write

T ( * | r ) = r ( i ) G ( * | r ) 0 ( - « | - r ) ,

we obtain
_ r f JL\

Jj ( r (^•)_r(~JZlL) «
( r ( + )'r(—z—mr)
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and hence

Thus we obtain

Mr. E. W. Barnes on the

r(,)r(-,) = -£7r
r-,

[Dec. 14,

\J/ (z) —if/ (—z) = — v cotzr,
z

,°", C s i n 7r (z + m r ) -«s cot m», »• -" '**•- 7
x 11 ] v — • — •• e 2»in»..iiT C t

«> = i C s in7r? / i r J

and, on substituting the values of a' and 6', we have, finally,

sin

scotH"r+5,,"1V°II;r)
)

an expression for T(z | r) valid for all values of r, except those which
are entirely real. The upper or lower sign is to be taken as 11 («r) is
positive or negative.

15. Let us finally consider the relation of the double gamma
functions to the theta functions.

For this purpose we take

S ( s \T) = T(Z\T)T(Z-T\-T)

= G(l+z\ T)G(-Z\ -T)G(Z-T + 1 I -T)G(-Z + T I r ) ,

a pi'oducfc of four double gamma functions.

W e have seen t ha t .'/' (z \ T) is a function of z simply periodic of
period uni ty , and hence the same is t rue of 2 (z | r). Thus

Again, we have 2 (S + T \ r)

T)G(-Z-T\ -r)G(l+z\ -T)G(-Z\T),
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i , S (Z + T I r)and hence -— H—^

| r) Gir-z | r) G(-« [ - r ) G(i + s - r | - r )

But we have seen (§ 10) that

and, since their principal values are always assigned to the many-
valued functions involved,

= r

the upper or lower sign being taken as R (tr) is positive or negative.
Hence

g) r"-' (2ir)^' r (-z)(e±'< r)'** (27T)::TI

Thus we see that 2 (z \ r) satisfies the two difference equations
characteristic of the theta functions

Now it has been shown (§ 13) that

T ( Z | r ) = ± i ' ^

From the reduction just obtained for —• / [ \ we see that tho
function ' ^ (2 I r)

T(+z-r | - r ) = G(z-r + l | - r ) 0 ( -a + r | r)

is such that J^z I ~ r \ = l-e±2"%
'i'(z-r | - r )

a difference relation which can at once be obtained from the relation

T(\r) _ x „ .„
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by merely changing r into — r. For it is evident that such a change;
involves the opposite prescription for 11 («r).

We may obtain the same result and at the same time a useful
verification of our formula) if we take the difference equations

T(«l - 0 _ ±ub

T{z-r\-r)-\

T(z-r + l\ -T)=T(Z-T\ -r) ,

and proceed as in § 13. ' :

We readily iind that
fl (l-<,*»•'<*-»">}

T ( | ) ± i ^ 1
n {i-e™ }

for this expression satisfies the requisite functional relations; its
zeroes are given by

C m = 1, 2, ..., co,
z = mr+n, <

( n = —co; . . . , - 1 , 0 , 1, . . . ,oo ,

just as are those of G ( —z + r | r ) G(l + z— r \ —r) ; and each side

reduces to ± -— when z = 0.
ITTIT

We now have

? fl.{(l-e^ )»}

Thus, if we put 5 = eT"', the upper or lower sign being taken as
R (ir) is positive or negative, we find

Assume now that B (IT) is negative; then, with the notation of the
theta functions adopted by Tannery and Molk, we have*

^1 (-) = 2?o2l sin ZTT II {1 - 2rf'" cos 2zw + </'" \,

•where </0 = 11 [1—q1'"].

• Fonctions JiUiptiquea, Tome II., p. 252.
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Hence we see that

^ ' ' " " (2;rr)2 2gfo» sin «

%<>"'_ S} (z)
(2irr)« qtf

since* $[ (0) = 2irqlqk.

Finally, then, when 11 (ir) is negative,

V ( I ^ — _ 7rt*e"S ' l̂ (z)

In thiR manner we have expressed £, (z) as a product of four-
double gamma functions. And it is now evident that we may build
up all four theta functions by means of the functions G {z \ r). And
from quotients of such products of double gamma functions we may
form the Jacobian elliptic functions sn z, enz, and dnz.

At this stage we are naturally conducted to the consideration of
the formation of Weierstrass's <r function, which is in essence a theta
function symmetrical in w, and w2—the two parameters whose
quotient is r. And such considerations lead to the formation of the
analogous symmetrical double igamma function which will be dis-
cussed in a following paper.
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Intersections of Plane Otirves at Multiple Points. By F. S.
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I.

1. The following paper contains some developments of a theory
which appears to be capable of considerable extension, and which is
founded essentially, both as regards methods and applications, on

• Functions Elliptiques, Tome n., p. 257.


