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viduals and pluralities of which he conceivos that subject-matter to
consist, we scom to be within meansurable distance of a reply to our
question—What is mathematics ?

It is notoriously dangerouns to attempt to formnlate definitions;
but, on the other hand, it must not be forgotten that a bad definition
may provoke a good one. I woald thorefore venture provisionally to
suggest that :—

Muthematics is the science by which we tnvestigate those characteristics
of any subject-matter of thought which wre due to the conception that
it consists of a nwumber of differing and non-differing tndividuals and
pluralities.

If the resnlt of this attempt be only to elicit conclusive proof that
mathematics is something else, and an indicution of what it veally is,
my main object in this brief addvess will have beon attained.
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1. In investiguting the propertics of the function 4, (6), we have
hitherto been concerned in estaublishing relations connecting the
coeflicients in a supposed identity of the form

ayt a4, (0) +a, 4, (0)+... = b,+2b, cos #4+2b,cos 20 +... ...(1),
and applying such relations in a manner so as to obtain various

identitics involving a single quantity ¢.

It is casily scen that the method of application (§ 7 of the Second'
Memoir) implies an identity

(9) { 14 g4, () + g'4, (6) +... } = 1+ 2¢ cos 20+ 2¢*cos 40+ ...
! a!

and that all the deductions from the subsequent * examples ” could
have been derived from such an identity.

It is the object of the present memoir to proire identities of
type (1) to which we may apply relations of the type

ay+mya,+myay+ ... = by+n b +n b+

always remembering that we may separate into mdependent identi-
ties those terms which contain evon suffixes from thoso which contain
odd.

For this purpose we shall investigate some of the properties of a
generalized function similar to 4, (), obtained by expanding the
quotient P (Az) /P (x) in powers of 2.

Suppose this expansion denoted by

14 I, (8) + I‘(_:’) T
N s

L, .

or by 14+ ) oy
when the omission of 8 involves no mnblguiby.
Now, since
P (he) |
Py

it is easy to sco that

L,—2c¢080. Loy (A=M"D+ Lo M=) (A =N = 0...(3).

(1—2zcos 8+2°) = P ()

T (o) (1—2A2 cos 6 +A%?),

We muy, moreover, notico a fow obvious properties of L,.
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Since, by definition,

My Ty PN P (o)
A & N
= (1) (L —win) 2 (2g)) ,
= =N (=) T (4),

we may expross I, in terms of similar coecllicients in which Aq
replaces A.

The following values of L, for special values of A avro also worthy
of notice.

If A=0, L, becomes 4,,
L (M) e U S,
=0 P () becomes 1—2wcos 0+4a’
5o that Lo=8in(+1)6
" sin t "
if A=1 }‘rc-l L, " 0 1
i =1, e becomes Zcosrl.q,!, by (4),
1
L, 1,
A=ow, -(__)\)r becomes :117.
Moreover, if A = ¢", and ¢ is mado equal to unity, then ~L'| is the
coefficiont of 2" in the expansion of (1 —2x cos 0 +2a*)"". o

It is easy to obtain the values of L, by multiplying together the
. (Azc™) (Axwe™) . . T,
series for * = and —_and collecting tho cocflicients of =*.
(e (ze™) q.!
It will be seen that L, can be expressed lincarly in terms of cos 0,
cos (r—2) 0, &c., the last being cost), or cos 0, according as 0 is odd
or even.

2. Supposo now that

P (uz) [P () = 1+vM' .

so that A, is the same function of u as [i, is of X, Then it is clear
that M, may bo linearly oxpressed in terms of L, Ly, ..
Thus, since
Ly =X, Zcos0, and L, = A\, 2cos 204 1222

Q!
YOL. XXvL.—No. H01. ¢
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by direct calculation,

I{!' Zl'[ A

0 th I~‘|

L! M Al gf:)\) A
1 1 P! ! M

We may derive thoe goneral formulafor I, by induction.
Assume

lo. _ Mopeyy AL + Myaptroy (=) 2, !

7 B N R HY B S A

M, e,y (u—-)\)(u—-)u]))\ _a!

+ Lhe ),

Grd! Pt ped!
the genernl term being
M, _, Mo 24 (=) (e =2} .. (e =Aqg'" ‘) B
f],-:-.', ‘[-' Hrognr ! U

Using a simitwe forinula for Ty, und combining it witli that above..
in the expression

2eos 0. Th, v — Lo (1 =221,

which, by § 2 (1), is eqqual to Ly, wo shall obtain a sorios of M's
and A’s multiplied by 2 cos 0. ITowover, 2 cos 8. A[, \ may also bo

teansformed hy §2 (1), and wo shall finally roduco Tiyy to o sories
of o,,,

The cocllicient, of M, _,,,, in " "' is then fonnd, Lo consist in genoral
I

of three terms, these three reducing to two - whon
r—24+1 =0

These will be fouud, alter some veductions and dividing by ¢, to
reduce to the same function of 74 1 as the abovo coclliciont of ,_,, is
of 7, thus establishing the identity.

Tho fornmda (1) s of greal generality, and will ho found to he of
special importance when the particnlae vadues O, ¢, L ave given to X

. . . . sin (v+ 1) 0

Cor gy osinee wo bhien obtain: expressions for A, (0), s ( + )
. sin 0

Zeos v, 1, (0), cach one in forms of functions of any arie other kind.
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Ad a general ease, let us expand P (A2)/ P (2) in terms of ascend-

ing orders of %, Replacing the I’'s in 143 -”< a" by their equi-

. {
valent series, we geb !

A My A
.,.{;, A orgy g Fw’} + q‘ il ‘P{ y Ay pgty g, e }

My A o ¢ A o )
' P =y, A % 33 ’ 2 : e
i v{y o uas 4, bt 5+

1f Na? = g,

the. eocflicient series may all he expressed as products by 1leine’s

formula

) ¢ " ") — ‘_(’u-.'l‘) (’m')
s by abie g, g (b))’
o that, finally, ,
DCLD, _ i) g Mo 2=,
I () () (p) T R QA
My (=p)r=vpg) . )

+
7! (]-—v;(\/;u])(l —np\/p.q)

When == 1, we geb a-formula established by [Teino

I(llk) (II]A) Sl _”'-:___ﬁ_ 9 0 (l—t,)(, __.,,) 9 90 }
OB OIR +|-.,,l cos 0+ 74— ) (T =gy - COn &0+

Agnin, if Al = ~ [z

all the Heinean servies have product forms, and we get an M-expau-
gion fovr L(—yfa) /P (), which, being independent of M, gives us
sin(r-+1)0

sin 0

equivalent series in A, , and 2eose. We have then an

A-geries which is equal Lo a cosine series, and consequently we havo
-n means of employing the formuln in the second memoir,

We shall, however, make use of w more general formula connecting
an A-series with acosine series, which we now proceed 1o establish,

3. By pulting A =01in §2, we geb an expression for A, in terms
of M. - Replacing these in Lhe series

" (1!.——1’:’])57’—-1") A, 4 (i~ (- ’I:I)(|'._T""l‘?)"gi‘:"’['?‘“)’f"i Foo (D),
A Iy :
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and collecting the coeflicients of the several M's, we have

] ] p | p | ] 3
¢ {q,,’ ,(L_, 1q, q, F”v} + (“_12(7_’_9_),,’,{7_} ']Z, Fq“’ Q0 F“U}ﬂ{'

u ! u,! w’
Q2= M- L

4 L= (=g =) (vai) {7, L, uey g o Mot

AN w' o'
All these ITcinean scries ave of the form
fa by e, 1, ),
which = (ax)(b) [ (abx) (v),
so that (1) finally hecomes

(GERIGTD) { o ey (=g (v=q") _
(1) (uram) ! 72 (1 —y'u,qi) Q1 _‘I""fla)

prelly (=) (i) (=) (0—qh) } )
0! (A=) (L= gy (T= o) (1 —geugry T § 20

If.we pub o =1, this labter expression becomes

(@) €1 L9 oy 00 (=DO=0) o
(q) (un) {l-}'z g (1-—7L([")(1—-7Jq’)+ } ....... 3).

Tqnating tho series (1) and (3) together, we have an identity of
great generality, to which the formulwo of the sccond memoir may be
applied.

1 nw=1n=0,
we have the formula §1 (1), from which the g¢-identities were
obtained. It is also interesting to mote that a large number of
clliptic functions may be expanded in ascending orders of M, or more
pacticularly 4.

If we put p = q, we have
(ghn) (4'v) _-1__{ L=y sin 04 Q=D O=¢) 1w s }
(1) (quw) sin® (1—g) sin +(l—1:(li)(i_;’5i;§[§j (I—q") sin30+...
Now, il ag+a, A4, (0) | ... = by+2by cos 204 ...

= (B, s 043,50 304 ..),

sin )
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74

and any such scries as
ay+myas+ mya+ ...

has an equivalent b-series which can be thrown into the form

(be—b;) + (B—b,) 1+

we obviously geb
gt mgaytmeayt ... = Bot ot p Bt e e (5).
From the equality of (1) and (4) we thereforo have

L, EO=) 4, (0 *)(u—qf);v— =) |

(qiu)(qw'){ oy ("—_9°)(_"_“_Q'_).-q,+,,,} ..(6).

(1) () PA=ugly(I—vgh)

Let u=2¢c* and v=c¢c;
’

then, if we write f, for 1—2q"‘_ cos 2¢ 49", we get

m. I ) fifs =ﬂfla—’-—~2—?l Vil D4 q“ - 7.
T+ 29,2! e 2! * (p* {fl i fa fa e l -

As specimens of this identity wo may quote the following: from
p- 322 (12), we have

as is shown by Jacobi, from p. 325 (9), we have

2o P 2)( g i A g :o'l
LT IR YL ST S T ¥
Q! (n? N 1 1 Iz fu

from p. 338, lix. 1, we have

r' i — P(q“ 2‘(’) T 3 o 4 q 1071 )
1430000 = PO 20) (00 e g _gutny 15
P (@) { A A A

from p. 342, we have

Jar_Plgh 2¢) ( ¢ a0y 4 9 s q° 1
143 PO 20) £ o 00 o B ety
qx! (9)* {fl 7 A }
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In o similae way we may establish Lhe relations

A (11-—-:,)(1‘ -q) 4, (0)+ (=) (=g} )(1»-—(])(1)—q) A, (0) + ..
T ! 5!

(nq\(i/,){ (n—=q)(v=y) .
OICHE cos 0+ ([—m])(l —w,) o 30

(" -f,)(ﬂ—q"")(n—:,)(z' -

l—'“I)(l—"’1)(1—-11,)(I—-w1 )‘Zuw ’0+"'} - (8),

and deduce many idenbities from the examples given in the seeond
memoir which conneet series of @’s and b’s with odd snffixes.

4. 1t will be necessary, in owrdor to establish further properties of
A (0), to expand the gquotient ¢ {u,, b, ¢, 9, ;::} / (q{;__r) in powers of a,
c

which may he thrown into a very simple form.

LE ¢ {u, bye, gy} =14aatan’+
then we know that
A=) A =g )y = (L~ag™ )1 =bg"™") w, .,

whence, denoting the Heinean sevies by ¢ (2), we have
(L—a)p (@) ={ 1 —aw—ba+ i ¢ Grg)+{ -~ . _—aba ¢ (vq*) = 0.
abz\ __ 55 . "
Lot ¢ ()] (._,c.);z« () = 1+pa+ M+ ...,
so that
abe 6 el
—a){1=""") 1 (@) —( 1~az—Da+ - ) I (xq) + — (q") =0,
q 1)(1 c‘)]l(r)‘ (1 az—ha + {1)14 (rq) + p (xq*)
and by cquating the cocflicient of 27 to zero
QA= (L=cq™") B— (1 —ag™ ' —by '+ ".':.') Byt "c” Br_a =0.
fuct Br= v,/ A=c)(L=eq) ... (L~cq").

Then (1—¢") y,— (l—aq "—hg" "b) Yra+ ah (L=cq"?) ypu= 0,
¢



1894.] Izpansion of certain Infinite Produects. 23

so that 1+yaty,a +...
18 easily seen to — (@) (be)
(= )(abr)
Hence
y b abe = 31, 1 v
¢ {a b q,m}/( c ) 1+ (a,b/ )(l—cq)""

5. We have scen by § 3 in the first memoir, Vol. xxiv., p. 341, that
1+ 311, (v, ¥, Ne=*) A, (0)

(?\)’1()‘(2\ 26) (”,,,) ¢ {A 02"', A N g, e [which, by § 4]

= (A)‘l(’%% {qu,' (I” (f; =1 } eeeennereeen (1)
But 14+ 3H, (m Xe¥, Ae~®) y" = 1 + (ay) P(Ay),
by the definition of H,
= (1+ L +§f-"—” o) {1+’%2Ay+... }
172 -—1q

Substituting for II, (z, Xe’, Ae™*), from this identity the left side of
(1) becomes
q ‘Il‘h
L@ {Al(0)+A,,(()) 4,(9) 4 As(8) 4, (0) A,_}__“}
1—q l—q !
+... P (2),

the coefficient of -2~ being
g!

4, () + A O AO) ) | Aris () 4y D ney. ).
1—¢ q,)
This serics may be expanded according to ascending orders of A’s by
means of Vol XXVL, p. 343, which states that the coeflicient of
A4, (0) in =22 Aevs (0) A, (6 )-, where n 4 0, is
q:
Qe 190! ! Q!
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Hence the coefficient of 4,,,, (6) in the whole series (3) is
A ']:n
q:-—n Qi-fu QH

Taking » and 2 as constant and giving s all integral values from
upwards, thig becomes

1 —_— {A Qs l+)‘n+l'7n+*+l fAn+2 Insrs '7n+r42 +.. }
9! Qran! N gs!

= X/gu! (1=X) (1=Ag) ... (1=Ag"*").

Hence tho series (3) becomes (with the notation at the beginning of
this memoir)

which, by (1),.. ()\)21(’)\(? 50y Tl:v@,-) T URCEUR (3).
We may notice, as a particnlar case, that
M)
(NP (A, 96)
1 A O)A YROLS

T aspa-n—p T ald=n(i=apd=rg T

6. These results will now cnable us to find an L-expansion of the
serics

1+ Al(f) A|(¢)m+ Aﬂ (6) "42(4’) wﬁ_*_."
-1 ViE

For, by § 2 (1), pulting A = 0, and writing A for p, we have

A (ﬂ) T/, . 1 + T/,_ )\,_, A__ ‘r,l__drl"i _.?‘.2~. +
'I.-! ’lr! Arir! Groa! EI:’\r! ‘].-..4! Qg! Aol

Substituting in (1) and rearranging according to ascending orders
of 1, (0)’s, we have

AL LA (9) )0y Ai(9)
'\'{A, Al N }

wuaowiﬂ_mmﬂ«ﬂwmm ]
! Ag! fh)" Al
+...,
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the coefficient of

ML 0) o teing

A, (@) A (9) . a, Avss (¢) 2,4
+ Azt 4 At s (9).
Al q.)\m! gs! A4a! ( )

Now, if z were equal to unity, this series wonld be equal to that on
the left side of § 5 (3), but we should obtain a nugatory result, since
in this case (1) would be divergent.

Wo sce, however, that (2) will be eqnal to

(A" L. (9)

X M ) ﬂ_
()\)’1’“(/\, %0) (1—Agr1)1 +a multiple of (2?—1),

so that we may say that

143 M)‘—"i'—g-ﬂm’ = some multiple of (z*—~1)
g.!

(A% AT (8) Ty () MTo (8) Ty (8) s
+ AP (A, 29) {)\1+ 7, (=) z+ ] (l—)\’)(l—)\”q)m +... }

e (3).

Since (1) is independent of X, we get a new form for the right side
of (3) by putting A = g, which side then becomes, by § 1,

1 1
(q)sing . ’(q,2¢) sin §
+somoe multiple of (2*—1).

(sinf sing +2:8in 20 8in2¢ +a’ 8in 30sin3p+ ...)

Although the latter terms are not determined, it is casy to sec that,
if we apply such cxamples from the scecond memoir ag were used in
§ 3 to the relation jnust obtained, we shall obtain results which are
convergent even when z = 1, and into which these unknown terms
will not enter.

We may virtually say then, for tho purposo of utilizing those
results of the sccond memoir which aro applicable as in §3 to o
given relation

gt agdy (0) + ... = H—"‘l—e (Bosin 6+B,5in 30+...),

1

sin@

or a4, (O)+a,4,(0)+... = (B, sin 204, sin 40+ ...),
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that we have such o relation in the equation
1+ AOAD , LOLG)
O qs

1
(q) sing. I’ (q, 2p) smG

~—— (8ind sin ¢ +sin 26 sin 29 +...)

— 1 ginfsing+ain20sin2¢+...
8in @ sin ¢ —qsin 3p+¢°sin Hp—...

since 2gt (9) sin ¢ . P (g, 29) = %, (¢, ¢))-
From p. 338, Iix. 1, we have

1417 ad. (rb)+qA |(th)
gs! 95+

_Sing— q sinbp+¢*sin 79 —¢"sin 1lo+...
sin ¢ —q B1n Bo+¢ sin Sp—...

But we have alrendy scen in § 3 that this A-series

3, (¢
(/) (9).

Hence  2qi (sin p—g’ sin Hip +q* 9in 79 — 4" sinvlltp +...)

s, 3 (¢, g
() () %, (¢, ).

From the alternate terms in tho same identity, wo have

vivineen (4),

. (3)

4, (rp)+ /Iq(d))_'_q As (.p)+ ﬂm L 29— qsmfivp+q ﬂmGzp—-.;

i 7! 9! sing—g sin 3p +¢*in p—..
But, by pnbling ©=1» = 0 in § 3 (8), this lclt side is seen to be
z(]]) {2 cos ¢ +29° cos 3 +2¢° cos Sy +.. } ;
thervefore
23 (sin 2p —q sin 4 + P sinGp—...) = (15 9% () % (9, 4V).
TFrom p. 337, Iix. 4,

14+ q4, () +1’_A‘(q'_)_.+ _ Sing— q sin 3p +q° qm-xp-
73 I3 T Bing —gsin3p+q sinbp— ..
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From p. 342,

b

q4:(9) | ¢*4.(¢) _ 8in¢—q’sin 3¢ +¢°sin 5p— ...
1+ ‘11” .f-'v-qg! e Bin ¢ — gsm3¢a+g sin b¢ —...

- 1+qn—z*)' 4, 9) , ¢ (lv—‘lj‘>|(1“")11.(¢)+---
! Us!

. sinp—ql sin 39 +¢dsin 5(;:—
B¢ — qsm&p+g sin g —..

From p. 339, Ix. 2,

-2 (%1"!“]‘). A, (p)+ &QBQL—_‘E} A, (9)—

— 8in¢—¢' 8in 3p 4 g% sin Ho— ..
sin ¢ —gqsin 3¢+ ¢* sin Sp—.,

7. The formula § 2 (2) yields, on putting = = ¢"*}, and changing
.6 into 2¢,

v Fon- __‘Jn {1_ v 90k cog 29 4 189821, 908 cog dp— ... }
flfa . ' gn q" Gyl 7" cos < Qni1Gne2 1 ?
But, since

Ay (0) = 4’ {1+ﬂl2cos"ﬂ+ AoTuzt 9 cog 46+ ...
qﬂ qu £Iu+| gvnlfI:n-Z

we sco that the above pmduct of the = f's is obtained from 4, (9),
by writing 29" (—1)" cos 2r¢ instend of 2 cos 7. Flonce, if

tayd, (0)+... = by+2b,cos 20+ ...,
we have ag+a, fi +a,f, fy+ ... = b,—2b,q! cos 2+ 2b,q* cos dp— ... |

whichis a formula of the type investigated in the second memoir, and
from which many there obtained may be easily derived by giving ¢
special values.

For instance, if cos 29 = 0, wo have Kx. 4 on p. 341;

if ¢=0, Fx. 3 on p.-339;

1"

lf c"l‘i = ‘j.» »

(12) on p. 322



28 Prof, L. J. Rogers on the [Nov. 8,

Moreover, from §§3 and 6 in the present memoir, we have from
formulee in the second memoir altered as in § 3 to the form

ay+mya,+ ... = By+pgBy+pi Byt ...,

obtained relations of the type

1+L"Lﬁ+ﬂ.ﬁﬁ +“.=M{9L+F ﬂ§.+_“}
! q,!

@ AT
and 1+ Mida(e)  mdie) | sii_nﬁg,sin;‘jzbf;.-_ .
Qs+ A BN p—¢g8IMIp+q 8In 9p—...

Hence, by (1), we seo that, if
(sin g —g sin 3¢ +¢° sin 5S¢ —...) (1 + 2¢, cos 2¢ +2¢,cos 4p +...)
=8in ¢ +py8in 3p+p, 8in 5S¢+ ...,
then the coeflicients ¢ and u are so rclated that we also ht e

1—2¢,q! cos 2¢+ 2¢,q" cos 4¢ — ...

= (9, By, B
Pgh 25»){ ARl A +o

We may note, morcover, that, by § 3 (3), and by (1) in the present
section,
1+ (u— ‘)(v-—l‘)(l-'—Qq' cos 29+ ¢q) +o
: Vel
= (g') (4ho) {1_2 i 2 (v—=g) (v—q")
(7)(wv) T =g A mvgh T } '

If «u=0, v=1, wo have

1— 2 —,.qf)jx + q’_Q:.a'!lfoa -
UEE Qs

= - *cos 4o —
= (1—2q cos 2¢ +2¢* cos 4¢p—...).

In addition to the above forinulw, it is worth while mentioning that
we may obtain a very similar set of identitics by considoring terms
which contain odd snflixes in «, A, w, b, &, but it is scarvcely
neeessary to enter fully into these relations. »

8. I L4+L L, (6)+ 1,00 (0)+ ... = mg+m, M, (0) +m,M,(0) + ...,

we can casily oblain mg in terms of the ¢'s, by substituting for the
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L’s by §2, and equating coefficients of the various M’s. Thus

__Q—-_..+ I(:“ A)All-{-q 1 (F—A)(F—AQ) Al L+
[ WY 23 Hl g q'

Applying this to §3 (2), which is, of course, equal to the same
function of \’s and L’s, we got

(i) (g0 (n) _ Ny | (u=) (o) =Ny,

@) (@) () ()~ (I—ugt) (v—gh) b,
4 (=g) (=g (v—g}) (v—g) (#—X) (# Rq) Mo
(A —ugt) (1 —ugh) (I—vg*) (L —vgt) ' ga!
while, from § 6 (3), we get
(“’) ()‘)’-P(A 2¢) A:iL;l (f,h) (u “)‘) A1!

(W) (W) P(u,29) P A=2)(1=Ng) m'q

+ Nl () (p= A)(# Xq)k
(1—=Alg)! B! qo!

9. In conclusion, it is interesting to show that there is a formula
giving an expression for the product of L, (6) and L, (), correspond-
ing to and including that given in Vol. xxiv., p. 343, for the product
of 4,(6) 4,(6). This formula is ‘

£ L_ Ar-.-.#l-Lr‘fl xr! A?‘i—l! +Ar+n-l Lrn-i A 'X,_,' Ar 1°* xru l +
q ! X:"“! q"' A’“H! Af‘“-?' QI SIl-ll qr-1 ! Ar“

the general term being

Apn "l+lLr ~a-2t A- t' A ! Ar t Ar+l ¢

Q.- o q: Gres An—a—tﬂ' ( )

A,“ 2.

where t=0,1,2 ...5, and s} r.

This may be proved by induction, though the process is somewhat
tedious, The formula is easily seen to be true when s =1, reducing
in fact merely to the relation (8) in § 1.

Assnming (1) ahove, we may deduce the corresponding formula
for L,,, I;, by multiplying each side of (1) by IL,, and replacing I, 1,
on the left side, and I, L,,, 5, on the right, by terms contuining
single I’'s.  1n this way the products 1,,,%, and [, [, remain on
the left, and, when the latter has been wveplaced by the formuls
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gimilar to (1), we get after considerable reduction a new similar
formula for L, Ii,.

In this way, from the known formula for LI, and L, I, we may
obtain all the required formulio up to I and thus obtain the general
result. This will, of comrse, give A-product and I-product formulio
by putting A=10 and A =w. Tho purely trigonomotrical formulo
got from X = 1 or q require no speeial notico.  T'ho most interesting
application of tho formule, however, is to zonal harmonics, since it
gives a general formula for expressing the product of two zonal
harmonies as a lincar function of the samo.

“Let XA = ¢!, and afterwards put g = 1. Then
L)
L ()

where primarily % is a positive intcger,

(1—2a cos 0 +a%)",

AL IR
oo
where I =1(+1) ... (I4+r=1),
21 s (€3]
aud i‘.' = QQ —
q.: r.

By putting p = q", P Gu)/P(x) becomes (L—2zcos §+2%)",
where m i8 a positivo integer, and the formmla § 2 (1) connccts tho
cocflicients of a" in (1—2wcos 0+a®)~" with those of 2/, '™ ... in
(1—2zcos 8+2?) . Just as in the binomial theoren, however, it is
not necessary to restrict the values of I and m to positive integors,
aud wo may therefore supposo the resulting formula to hold good for

all real values of 7 and .
In the case whore m = §, the latter oxpansion is
142, (0) a+ Iy (0) 28 .,

where I, (0) is tho zonul harmonic of order 7, so that wo have herehy
o means of expanding (1~2wcos 0+ «*) " in gonul harmonics.  Since,
when g =1, tho Heincan sevies ¢ {u, b, ¢, q, .'u} becomes the hyper-
goomcetric series 1!'{«, By v, .1:} , by writing a = ¢*, b = ¢*, ¢ = ¢, and
ovaluating, we see that the cocllicient of L, (0) in tho expansion of
(L=2zcos 4%~ is '

LAY o (hr=1) o € 0 2r 8 }
L35 (2e—1) HE e T T
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10. The formula § 9 (1), will also afford & means of expanding the
product P (Ay) P(Az) /P (y) I’(2) uccording to asconding ordors
of I'’s.
Wo have, in fact, to find tho cocllicient of I, (8) in the product of
(1+ ”'y+ )(1+ -”' st ),

aftor reducing any term '—[",' ("l y'z" by §9 (1).
2! gt

Now, L, () can only be devived from snch products as

ym,,m Lul f " r’:" ,' ll‘, ylu ) _Tl'll +u- l rl,,, +| yu -1 z, veey
. G yns qm Qugn-1s Qm 41
En(l i" gmlOl'lLl ,ymHm “r/unn‘{,y f/,,,,,, ,'/n p

'[mfn—p rjm + :a

whoro p=01,..2

it ocenrring ns the (p+1)* term from the end in tho expansion of
this gencral expression by § 9 (1).

Wo will first keop m constant ‘while p runs throngh all its values.

- . I T. . .
The cocfliciont of I, in ShauzpTntp g got by wuriting

q,u tHu—pe ‘lm{-p .

s=m+n—p,

r=m+p,
1'+s—2'tb=. 2,
go that r+s—t =m+un,
t=m;

whilo the cooflicient takes the form

AlHrl An p A A' )\-

me (ZRd u

/\u. (n—y q:n q,; m-f-uoll

Honco, giving p ity (n+1) values, wo sco that this group of terms
“containing I, may hoe written

1
m,m ’l (0) u+l/\m ’\mw. {/\,, ’,,+/\, | A

[ u 1, )
+
}‘n Am'tnl ![m _[;! Yn- .I S
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The bracketed series may be simplified by writing
y = xc*, z=me"¥,
in which case it evidently becomes

L, (¢)

w'l
ga!

We now have to give m all values from 0 to «, and we easily se
that the whole term containing L, (#) is

xn -Ln (a) {’11 ((D) mz.o A:H»l Am! A:2111»"! mzm}

qn+ @ )\fn! AanH-l! qm!
Ul L“ 0 L“ ] "+
= _gq-,._)'_)\,;f(ﬂ 9 {A Mg®, Ag**Y, g, 2*).
Thus P (Aze?) P (Aze~*%) | P (ze*) P (xe-*)

=¢{\ X, Ag, g, 2} +o E'_(_"ql.f‘_(ﬂ¢ {2, Xig, \gh, ¢, 2%)
1%

+x’ 1—%3%@ ¢ {A: )‘99’1 Aq" o m‘}
+ ...

By the methods of the last section, we get the following zona
harmonic expansion :—

{1 -2z cos (0—9¢) +é:'} 4 {1—2z cos (0+9)+a'} -}
= F {%s 11 7:" w’} +.’LP1 (0) Pl (?) %F {%1 '2! '%v x‘l}
+2P,(0) P,(9) F2 P {4, 3,4, '}

+....



