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viduals and plui'alities of which he conceivos that subject-matter to
consist, we seem to be within measurable distance of a reply to our
question—What is mathematics ?.

It is notoriously dangerous to attempt to formnlato definitions;
but, on the other hand, it must not bo forgotton that a bad definition
may provoke a good one. I would thorefore venture provisionally to
suggest that:—

Mathematics is the science by tohich we investigate those characteristics
of any stibject-malter of thought 'which are due to the conception that
it consists of a number of differing and non-dijfering individuals and
pluralities.

If the result of this attempt be only to elicit conclusive proof that
mathematics is something elso, and an indication of what it really is,
my main object in this brief address will have boon attained.

Third Memoir on the Expansion of certain Infinite Products. By
L. J. lioGEKS. Received October 31st, 189-1. Eeud
November 8th, 1894.

AlUlHEVIATIONB USED IN THE FOLLOWING MEMOIR.

(1) (x)s(\-x){l-x9){l-3r9*)....

(2) P (r) s l/(are»O(«-•') = 1 + dllQ x + 4*. .<*) x- + ..., whoro

(3) (~ tie") ( - X1f~6i) s 1 + - ^ - ^ * + - ^ a-2 + . . . .

(4) i

(ft) A , 3 \-\qr-\ n,.^ 1 -M5 r "' ; K- = *i*a ••• Ky Mr ! —

(G) ir,(a, b, . . . /a , /3, ...) =3 coefficient of xr in (ax)(bx)...

(7) .* {«, b,c, q,x}~l + ?!*!* + ?*! As| .vH ... .

(8) / r s 1 - V * c"s -</> + '/•"•"'
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, 1. In investigating the properties of the function A, (0), we have
hitherto boon concerned in establishing relations connecting tliu
coefficients in a supposed identity of the form

aQ-\-alAl (0) + a, Ai(6) + ... = 60 + 26, cos 0 + 26, cos 20 + (1),.

and applying such relations in a manner so as to obtain various
identities involving a single quantity q.

It is easily seen that the method of application (§ 7 of the Second'
Momoir) implies an identity

(q) j i + fcdil^} + 2 j ! i i £ ! + . . . j = l + 2j 00820+20*003 4fl+...

(2),

and that all the deductions from the subsequent " examples " could
have been derived from such an identity.

It is the object of the present memoir to prove identities of
type (1) to which we may apply relations of the type

always remembering that we may separate into independent identi-
ties those terms which contain even suffixes from thoso which contain
odd.

For this purpose we shall investigate some of the properties of a
generalized function similar to A, (0), obtained, by expanding the
quotient P (Xx)/P (x) in powers of a:.

Suppose this expansion denoted by

, ,J/,(fl) , L,(0) t ,
<Jx ' tfJ

or by 1 + 2, • ••- x ,

when the omission of 0 involves no ambiguity.

Now, since

(1-2*cos d+x>) = p - ^ (1 -2Kxcos d +XV),

it is easy to seo that

fcr-2cosfl. L,_, ( I - A J ' T O + ^ - J ( l - f l - ' X l - A V - 8 ) = O

Wu may, moreover, notico a fuw obvious properties of Lr.
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Since, by definition,

2! 5!

(4),

we may express Lr in torms of similar coefficients in which Xq
replaces A.

The following values of Lr for special values of A aro also worthy
of notice.

If A = 0, Lr becomes An

1
A = q, -~—- becomes „,

11 P(x) l-2;i:cos«-f:t;J'

,, , T sin (r+1) 0 ,
so that Lr = —----- --- q,!;

if X = 1, .a.*..'.', becomos 2cos rO .q,.\, by (4),
1

X = co , •-—~- becomes - r .
( —X)r if

Moreover, if X = q", and q is made equal to unity, then - -' is the
coefficient of xr in tlio expansion of (1 — 2* cosO + x'*)'". "r"

I t is easy to obtain tho values of Lr by multiplying together the

series for - -C.:- and \J" , , and collecting tho coefficients of —-.
(a:e ) (aie""1) q,.\

It will bo seon that L,. can bo expressed linearly in torms of cos rO,
cos (r — 2) 0, &c, tho last being cosW, or cos 0, according as 0 is odd
or oven.

2. Suppose now that

_ , , J f r r

HO that Mr is tho sanio function of fi as //, is of A. Then it is olear
that Mr may bo linearly oxpres.sed in terms of Ln Lr.2, ... .

Thus, sinco

//, = A, . 2 cos 0, and h, - A, A,. 2 cos 10 + '-^ A'j,
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by direct calculation,

I'* _ Mt XJ , Q*-X)A,
ft! <lr /*J AVii

Wo may derive tlio gonoral formula-for Lr l)y induction.

Assume

tlio general term being

Using-a° Niniilar forinula for T/,..,, and conibining it with that above,
in the expression

wliicili, l»y § 2 ( I ) , is oijual io /)„.,, wo KIIUI! obtain a sorios of I f ' s
and A/'s multiplied by 2 uo& 0. \ Towovoi1, 2-cos 0 . Af,._i may also bo
transformed by §2 ( I ) , and wo sliull linally' roduoo 7/,+i to a Rories
of Mltl.

The ateHicicnt of Mr .,,fl in '•'" is then found to consist in gonoral

of tliree terms, these three reducing to two when

r-2.vf I = 0 . .

Those will be found, nfler some reductions and dividing by y,.+1, to
reduce to the same function of ?•+ I its the above ooolliciontof ]\Fr-->, in
of )', thus establishing the identify.

The formula, (I) is of great generality, and will be found to bo of
special importance when I he particular values 0, </, 1 are given to X

. or /i, since we then obiain expressions for A,.(0), SMI . ,
sin 0

2COH)0, li,.(0), each one in (onus of functions of any oiio other kind.
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An a general case, let us expand. P (\x)/P (x) in terms of ascend-

ing orders of JM'R. Replacing the Un in 1 + 2 -r-nf by their equi-

valent series, wo got ^r'

\' a") . 1 / , X,! . C X , , ,
- , K /'?, ?, ^ ) + ~ a 0 | - - , *7> /"A (7. /*«

i\f,, X.,! o. ( A. . o •

7J! /'S- W l

If X2;.:3 = /A7,

Ilio. rnofn<;ion<; BfiiM(!R mn.y fill bo (ixprosso<1 as ])roduct.s b y H e i n e ' s

I'ortJinla

HO that , , f inal ly,

, 1 ^ r i "2 _fli

"7! i

When ./"i — I , wo got a formula established by Heine

- • • • = ' - •' • .,. ] 1 + -. •— -, " eos 0 + - — ^ — I J T — 7 \ ^ (1<)>s ^ + • ••

(2) .

Again, if X;»!s = — 7,

all the IfiMiioan series have product forms, and we got an M-oxpau-

sion for ./.':( — >//m)/ /'(.'«)» which, being independent of A/, gives us

1 1 • • 1 s i n (V + 1 ) I) , ; , „ ...» 1 .1
(Minivi i lent s e r i e s in - I , , SHIM J c o s r f / . W e h a v e l.iiisn a n

s i n 0

yl-serios which is equal to JI, cosine series, find consequently wo havo
a moans of employing the forniulio in the second memoir.

We shall, however,.make uso-of a more 'general formula connecting
n.n A -series with a cosine series, which wo now proceed lo oslablish.

ft. Hy putting X = 0 in §2 , we get an expression for A,, in terms
of.il/. J{,eplacing those in the series

7i7a ' ' 7v ^ ' '

u 2
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and collecting the coefficients of the several M's, we have

All these ITcincan series arc of the form

0 fa, 6, oAr, J , a:},

which = (o.T.)(/wO/(aft:i!)(.-n),

so that (1) finally liccorno.s

(7>M)(7'/if) C , fi,Jlfj (w-7 i )Q>-7 i )

fez.?!) +...) ...(2).+ LpLiifez!
74! (1—/i«7*)(L— fuup'j(1— /*«7*s)(l —

If.we pnfc /i = 1, this latter expression becomes

Equating tlio series (1) and (.3) together, we havo an identity of
great generality, to which the formulas of the second memoir may be
applied.

If M = « = 0,

wo havo tho formula § 1 (1), from which tho 7-idcntities wcro
obtained. It is silso interesting to no to that a largo number of
elliptic functions may be expanded in ascending orders of M, or more
particularly A.

if wo put ft = 7, wo have

(4)

Now, if a() + a2A2(0) | ... = ho + 2bt rns 20+ ...

= -.-l7. (/'ns

SIM I)
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and any such scries as

has an equivalent 6-series which can be thrown into the form

we obviously got

-.. .(5).

From the equality of (1) and (4) we thereforp have

l + w ("-?*)(«-2*) . m (n-q^iu-q^iv-q^tv-ql) ,
•*• I " ' J I ""4 i " • • •

M 2 !

Let tt = e2*1 and u = e"2*';

then, if we write/,, for 1—25*""*cos 2<j>-\-q7r~x, wo get

As specimens of this identity wo may quote the following: from
p. 322 (12), we have

as is shown by Jacobi, from p. 325 (9), we have

Q*-- VJ.) <- J\ h h Jn

ivora. p. 338, Ex. 1, we have

i Jo

from p. 342, we havo
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hi a similar way wo may establish the relations

<h '7.1! /

(q)(uv) L ( L _ w,y) ( J . ._„ , , )

...(8),

and clculncn many iil(!nl,il,io.s from l.lu; (!x:i.inp1(H givon in U10 second
ir wliic.li eoimeufi series of a's and h'n witli. odd sullixes.

<!•. It Avill lie neeC!SS!i.ry, in oi-der- l.o establish furtlier pi'oj)erties of

yl (0), to expand 1,110 quotient <j> [c, h, c, q, ,1;] / ('-—J in powers of x,

which mny be I brown into a very sinijile fonn.

If (f> {n, b, c, 7, .rj = 1 + n,ii!+.«,««'+ ••.,

then "we know tbat

( l - r / ) ( l - r 7 ' - ' ) a,, = ( l . - - m / ' - ) ( l - V ' - ' ) «-i>

whence, denoting flic .lfeinen.ii series by <f> (,r.), we have

( I - «.) 0 (;,:) - ( 1 - ax - hn + C- ) f (:r7) + (- ~ - ahr.) <p (.r7
s) = 0 .

hot ^(.r)

.so that .

(I -«) (1 - ahx) F(x)-1 \-ax-hx4- -r- ) F (xq) + — OV) = 0,
\ c / \ q I ii

and by equating the coefficient of xr to zero

Lot ft. = y r / ( l -c)( l -«2) ... (l-rr/-1).

- a 9 - ' - ? , 7 - ' 4 - "-) yr.,+ ~ (1-cq"1) yr..-= 0,
' G I C
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so that 1 -f yix + y2a;2 -f- ...

is easily seen to = _vHv v>x)
(x)\~c~)

Hence

5. We have seen by § 3 in the first memoir, Vol. xxiv., p. 341, that

Ar(0)

Bat + r (

by the definition of H,

= 1+ r-1^- + -•- + . . . ) ] 1 + V — ^ A-2/ + ... ^ .
V 1-2 5,?a / L 1-q 3

Substituting for JIr(x, Xe", Xe~"), from this identity the left side of
(1) becomes

x+
1-2 &!

(2),

the coefficient of -'••'-• being
qr\

Ar (»)+ ££±l-VgJ ^i W \ + ^'-^ ^ ) j l i l ! i i A»+ (3;.

This series may be expanded according to ascending orders of vl's by
means of Vol. xxvi., p. 343, which states that the coefficient of

-^r+2n (0) in —tit-V — ._i_L_< s -wliero ?i <̂  0, is
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Hence the coefficient of Ar+in (0) in the whole series (3) is

q,-J q,+J qJ

Taking r and n as constant and giving s all integral values from n
upwards, this becomes

i_ ) A"<7,,+,.! I A""1"1'*"*''*'' -fA1""^—+-- -f...
!7J 2r+»! t "+l" ft ft! ' "

Hence tho scries (3) becomes (with tho notation at the beginning of
this memoir)

which, by (1),.. = Tsr (3).

We may notice, as a particular case, that

6. These results will now enable us to find an I/-expansion of the
series

1 + yl, (6) yt, ( 0 ) j ; + At (0) A, (<p) x<i+ ( 1 )

1~q ft!

For, by § 2 (.1), putting \ — 0, and writing A for /u, wo have

Ar$G) = ^:X,n . 1 , T'r-iK-j _X._ J/,.., r,,..n _ Xs "

Substituting in (1) and rearranging according to ascending orders
of L (0)'s, we have
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the coefficient of X - i ^ 9 - xr being
qr\q\

Now, if a; were equal to unity, this Rcries would bo equal to that on
the left side of § 5 (3), but wo should obtain a nugatory result, since
in th 16 case (1) would be divergent.

Wo see, however, that (2) will bo equal to

w $ h a ( i - ^ + n m u U i I"°" (x'"1)>

so that wo may say that

lAd$lxr _ s o m G multiple of (.Xs-1)
qr\

(3).

Since (1) is independent of X, we get a new form for the right side
of (3) by putting X = q, which side then becomes, by § 1,

1 1 , • /,
(q) s in <f>. r (q, 2<f>) s in 0 v

+ somo multiple of (x*—1).

Although the latter terms are not determined, it is easy to sec that,
if wo apply snoh examples from tho second memoir as wore used in
§ 3 to the relation just obtained, we shall obtain results which are
convergent even when x = 1, and into which these unknown terms
will not enter.

We may virtually say then, for tho purpose of utilizing those
results of tho second memoir which are applicable as in § 3 to a
given relation

ao + aiAt (0) + ... = ~ — (ft,sin 0+/32 sin 30+ .. .) ,
sin v

or a,1Ai (0) + atAs (0) +. . . = - J - (/*, sin 20 +A, sin 40+ ...),
sin o
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that we have such a relation in the equation

(f/) Sin^.P((jr, 20) 81110

_ 1 Ri'n6 sin04-sin 29 sin '20 + ... / is
sin0 einp — rjamtt<p + q9sin btj> —...

since 2^^ (5) sin <j>.P(q, 2<f) = ifr, (̂ >, g1).

From p. 338, Ex. 1, we havo

•«• " T , T "j 1 " • • .

2r 2i

sin <j>—7asinr)<ft-f f/sin 7j>—g108in l.l<ft-f.... ,-s

sin 0 —(/sin

But we havo already scon in § 3 thab this -^-series

. .. = ^ - w .
Hcnco 2ql (sin <p—j'sin 50-f-3*sin 7^ — </'°sin 110-}-...)

= (^3(0)^i(0,«7i)-

From the alternate terms in tho samo identity, wo have

</, j 3 ! </0! s in ̂  — 5 si 11 30 4-g 8 s in 5 0 — . . .

JJtit, by putting n = v = 0 in § 3 (8), this left side is seen to bo

. - - {2cos04-2(7*cos 30 + 2gacos504-.-.} ;

therefore

2qi (sin 20-<7 .sin 404-' /sinG^ - . . . ) = ---- ^3 (0) $, (0, ?1)-

From p. 337, Kx. 4,

1 4. 2^a W 4- 2!/(* (?) 4- = lS1<n ^ T ^ 2 R i n ^'/' + 7*1 H i n <r'0—•••
"' s in0 — ^ sin '.ty-\-q* din 5f/> —...
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From p. 342,

i _ sin 0 . ( ? i ^ n 3
' " i ^ si 3^- • ' 9a' sin^> —<j sin 3̂> + <j8 sin Ity •—

j / 9 l <ji!

s in tp — q% s in 3 ^ -f- 9? s in 5<p —...
si)i^» — g s in 3</> + g" s in 5̂ » —...

From p. 339, Ex. 2,

sin <f> — g* sin 30 + <?$ sin 5(/> —...
i g sin 3^ + g3 sin 5̂» —...

7. The formula § 2 (2) yields, on putting x = gn"H, and changing
6 into 2y>,

^ , { 3 cos 2^ + - M r i 22
3 cos 4 ^ - . . .

But, since . .

A* (tf) = - ^ - ~ ( 1 + - ^ - 2 cos 20 -f - 5 ^ ^ - 2 cos 4^ + . . . } ,

wo see that the abovo product of tho n f'& is obtained from J2.. (y)»
by Avriting 221*"" (—I)1" cos 2r̂ » instead of 2 cos tir«. Hence, if

ao+atJi (0) + . . . = fco.+ 26, cos 20 + . . , ,

we have a o +a i / i + a1/1/8-+... = b0 — 2Z>32
4cos2(/) + 2612

3cos 4^)—... )

(1),

which is a formula of the type investigated in the second memoir, and
from which many there obtained may bo easily derived by giving 0
special values.

For instance, if cos ity = 0, wo have Ex. 4 on p. 341 ;

if 0. = O, „ Ex. 3 on p. 339 ;

if <r*' = </4. „ (12) on p. 322.
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Moreover, from §§3 and C in the present memoir, we have from
form alia in the second memoir altered as in § 3 to the form

obtained relations of the type

1+VitL
2.1

and

llenco, by (1), we see that, if

(sin^>—q

then the coefficients c and ft are so related :that we also have

1—2ĉ 2* cos 20 + 2c4(/
a cos 4̂> — ...

= (7 ) 2 _ \ Jll +„ ;& . + „ i i +

We may note, moreover, that, by § 3 (3), and by (1) in the present
section,

1 4. («-?*)(t;-<y*)(l-2r/*cos 20 + 7)
qal

If u = 0, « = 1, wo have

= pr cos

In addition to the abovo formalin, it is worth whilo mentioning that
we may obtain a very similar set of identities by considering terms
which contain odd sullixcs in u, A, m, b, &c, but it is scarcely
necessary to outer fully into those relations.

8. 1 f 70 + Z, 7,, (0) +1, tst (0) + ... = m0 + vh M, (0) + r^Jlf, (0) + ...,

we can easily obtain m0 in lorms of the /'s, by substituting for the
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i ' s by § 2, and equating coefficients of the vai*ious M'a. Thus

™& = A. +« i.fcz^)Al ?, + *<! 0«"-X)(A«—xg) V j 4 + ,

Applying this to § 3 (2), which is, of courso, equal to the same
function of X's and Z/s, wo get

__ XL

(1—

while, from § 6 (3), we get

KJ4 (0) (M-X)X,!
(1-X«)(L-X3

9) /i,! Sl

9. In conclusion, it is interesting to show that there is a formula
giving an expression for the product of Lr (6) and L, (6), correspond-
ing to and including that given in Vol. xxiv., p. 343, for the product
of Ar {6) A, (6). This formula is

Z^ L, _ K+,*\Lr+i Xr! \l+,\ X,.+<_1Xf>.+<_.i X,! X,.!.' X .̂,! X'»«-i! .

the general term being

Af+t-2<+iIv,.>,.2t X,_t! A,I \r-t. X r + t . ( ! /-jv

Xr+,-jt! g,_t! qt\ 2^_,! X,.+,_t+l!

where ^ = 0, 1, 2,... s, and s % r.

This may be proved by induction, though tho process is somewhat
tedious. Tho formula is easily seen to bo true when s =,1, reducing
in fact mei'ely to the relation (3) in § 1.

Assuming (1) above, wo may deduce tho corresponding formula
for. L,+lLr by multiplying each side of (I) by X,, and replacing //, 7/,
on the left side, and hxLrJtt_u on tho right, by terms containing
single L's. In this way tho products L,+\Lr and />,_i//,. remain on
the left, and. when the latter 1ms boon replaced by tho i'urmulu
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similar to (1), wo get aftor considerable reduction a now similar
formu 1 a for L,+(J/,..

In this way, from tho known formula for LaLf and L,L,, wo may
obtain all the required form ill ro up to LI, and thus obtain tho general
result. This will, of conrso, give yl-prodnct and //-product formuho
by putting A = 0 and A — co . Tho purely trigonometrical formulio
got from A = 1 or g'rcqniro no special notice Tho most interesting
application of tho forinuho, however, is to zonal harmonics, sinco it
gives a general formula for expressing tho product of two zonal
harmonics as a linear function of tho samo.

Let A = q'} and afterwards put q = 1. Then

where primarily n is a positive integer,

K\ _ _Z«"
qr\ r ! '

whoro Z"» = Z(/-f I) ...(Z + r - 1 ) , '

and _•=:!__ '
'If ? •

By putting fi - q"\ P(/«»;)/PCi:) becomes (L-2.-t: cos 5 + a:2)"",
where m is a positivo integer, and tho formula § 2 (1) connects tho
coefficients of xr in (I —2;«cos 0 + :i?)~l with those of x'\ a?~'\ ... in
(1 — 2x cos O + x2)"". Just as in the binomial theorem, however, it is
not necessary to restrict the values of I and m to positive integers,
and wo may therefore suppose the resulting' formula to hold good for
all real values of I and vi.

In tho case where in = £, tho latter oxpansion is

whore P,.(M) is tho zonal harmonic of order r, so that wo have hereby
a means of expanding (1 — 'J.ccos 0 1 , r ) ' ' in zonal harmonics. iSinco,
when q— 1, tho Jleiueau Korios (j> [a, b, <;, (/, rcj hecmnes tho hyper-
goometric series i''('«, /?, y, xj, l)y writing a = q", b == q", c = q\ and
evaluating, wo see that tho coefficient of P,. (0) in the expansion of
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10. The formula § 0 (1), will also afford a means of expanding the
pi'Oiluofc P(A.v/) P(As)/./'(-(/) P(s) according to useemding ordora

of L'B.

Wo liavo, in fact, to find tho coefficient of Ln (6) in the product of

aftor reducing any term -' ' ' -'* y'z* by § 1) (1).
qr. q,.

Now, Ln (0) can only bo derived from such products as

J f
and in gonoral y'"s'" —J"'i"*^ /"if' yn'vz'\

whoro j) = 0, 1, ... n ;

it occurring as tho (p+iyh term from tho end in tho oxpansion of
this gonoral expression by § 0 (1).

Wo will first keop m constant whilop runs through all its values.

The coeilicient of Ln in -JiLt^zr.hmiL iH got by writing

s =

r = m+p,

r + s—2t ==. w,

so that r + s -t =

t = MI ;

whilo the coefficient takos tho form

ITonco, giving p its (« + l) values, wo sco that this group of terms
containing hH may bo written

A,,! A,,,,,,,,! tjj {(jlt\ (/„_,! </,
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The bracketed series may be simplified by writing

y = xe*\ z = xe'*{,

in which case it evidently becomes

We now have to give m all values from 0 to co, and we easily see
that the whole term containing L,t (ti) is

2,,!

Thus P (Xa;e*0 P (Xxe'*') / P (ae«') P (««-•')

= * {X, X«f Xff, q, X*} +»h!&Ml+ {A, % Xq\ q, *»
3iAi

-f....

By the methods of the last section, we get the following zonal
harmonic expansion:—

{1 -2x cos (6-<p) -fa;'}"• {l-2xcos (0+<p)+a*}"»

= F {h 1, f <} +*P, W A (f) iF {I, 2, I, a;8}


