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9. In the former figure (Vol. xx11., l.c.) we may mention that ad',
B intersect on the symmedian line through 0.

10. Let pq cut BO, 04, in D, E'; qr cut 04, ABin E, F’; and rp
cut AB, BOin F, I,

The points are given thus
D, 0, a’, c(a’+b*); D, 0, b(+a?), ca’;
E, a(b*+c%), 0, b%e;  E, ab® 0, c(a’+b%);
F, ¢a, b (¢*+a?), 0;  F, a(b*+¢?), bc), 0.
Hence we obtain DE? = a'b’’ (b*+¢’+2bccos 4) /A¢;
EE’' = o’ [\ = D'F,
i.e., EE'. AC = o'’/ = FF'. AB= DD'. BC.
11. The conic round DEFD'E'F' is
b3 (P4 ) (P +bY) @+ .+ = (204408 bo (B4 By +.oa 4.
12. We see that AE =1°F/A!, AF = b*c*/\;
hence the hexagon
DDEEFF = A (1—3a'%*/\*) = 2Aa’b"c*/A%

Also the diagonals pass through the mid-points of ', which is
therefore the centre of the conic in §11.

- Second Memoir on the Fxpansion of cerfain Infinife Products.
By L. J. Roaers. Received April 2nd, 1894. Read April
12tb, 1£94.

1. If A4, (0) denote the coefficient of #/(1—q)(1—¢)...(1—¢") in
the expansion of )

1+ (1—22 cos 6+2a%) (1 —2zq cos §+2%) ...,
we have seen that the value of 4, (#) is
r r -1
2 cosrf+ IT:% 2 cos (r—2) 6+ ll:_ﬂq_ ll—l_’_ 2 cos (r—4) 0+ ...
- - —q
' verenenne(1),
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and that certain series and infinite products have been expanded
according to ascending orders of A’s. Now suppose that any such

series Got-y 4, (6) + 034, (6) + .
be equivalent to the Fourier series '

b, +2b, cos 6+2b; cos 20 +... .

We obtain, by equating coefficients of cosines of even multiples of 6,

ps | —_nt S ] —_nt — —at

_ —q 1—¢"1-¢
Y e e e e AL
a‘+a,%l€1;+aai—:§ i—__?!-;:-i- =\
a,+asllEﬁ;+... ‘ =1b,
agt... = by
&e. 7 @

‘We may evidently, by mulliplying these equations by suitable
quantities, obtain a relation connecting the a’s and b’s in the form

Gt e g N .. = bt b bt e 3).
Now, since a,+a 4, (0)+... = by+2b,cos b +...,
and 2c0s8.4,,(0)=A4,(0+Q—-qg "4,

{see footnotes on p. 344, Vol. xxiv.), we get, after multiplying by
2 cos 6, which is 4, (9),

ady (6) +a, {4y () + (1—0)} +2, {4, (6) + (1—g") 4, (O)} + ..
= 2b,+ (b, +b;) cos 0+ (b, +by) cos 20+... .........(4),
and hence, by 3),
o (1—9) + {aptay A=)} A+ {atas A=)} N+ ..
= 2b|+(bo+b,) P1+(bl+bs) {‘a'*'--- 3
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z.6., Aoy tad+a)'+ ...}

>‘]v—‘

a,o+a.l)\+a,)\+ }—-—{ao+a,)«q+a,4\’q’+ -}

= oty by (24 pg) +05 (1t py) + ..
If, however, as in Vol. xxiv., p. 337, é, denote the operation which

turns f (\) into f x): MI), we see that

(A48,)(bo+ b,y +byust..0)
ig identically the same series in the b’s as
bopy+0, C+p) + ... .
Hence m=A
24 p, = (’H‘BA) m= )‘ +1-q
Pitps = (A+3) 1y

From these equations we may successively obtain the values of
K1 Mg, ..., and by substituting in (3), and equating coefficients of
powers of A, we may obtain the values of @ a,, .... It is, moreover,
obvious that the terms containing a’s with even suffixes may be
equated to those containing b’s with even suffizes,

The actual values of u,, u,, ..., however, may be best determined by
means of the identity

1+ THy +zf‘n +34I‘1 +..
1—¢ 1-¢

7 L (A —2)(A—2q)

=2 A-2z¢) +... ......(6),
which we will now proceed to establish.
Calling the latter sevies F, we see that
WF=a+2A—2)+22 A—2)A—2z)+... .coceenn(7),
since h(A—z)(A—2q) ... A—2¢""")

= %— {(A—z)(A—2q) ... A\ —ag""")
| ~" (g~ ) A—a) A—z) .. (A= 2"}
= (1—-g"(A—2)(A~ xq) ... (h—mq""’),
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Again,
LF={A=a(1+49)}+2 A—zg) {A—2 (1 +¢)}
+2' A\ —2g) A—ag") {A—2 1+ } +...)
as is easily seen, and this
= (A—zg) +2 (A—29) A—2¢") +2' A—2zg) A —2g") A—2¢") + ...

—z—2* A=2g) - A—2z0)A—=2g") — ... seerernnenns(8),
while, by (2),

LOF =14z (A—a)+2' A—z)A—29) +..
—g—2g (A—2g) —'¢' A—2) A—2g) —we  onr(9)-
Now & (A\—=2) 3. F = a(A—z) (A —zq) +2* A—z) (A —2g) (A—2g") +...
—2 (\=2)=2 (A=) (A —2g) = v
and, since J,F may also be written in the form
(A—2) +& (A—2) (A—2g) +2* (\—2) (\—2g) (\=2g") + 1oy
—2g—a'g" \—2q) — 2" A —2q) A—2¢") — 1.1y

wo see that
QA—-Az+a%) 8, F = (\—2)

+& (A—2z) +2 (A—2)(A—2¢) + ...

—ag—a'g (\—zg) —2’¢* A —2q) A—2¢") = ..y
which, by (9), =A=22+420,;8F .cvvrseeisirnernisiccancrnnssnsseass (10),

If, then, F be arranged in powers of @ in the form

m z'm,
1+ l—q + l—g’+""

we see that & F = my+myz+myat+...,
and (10) becomes
A +2)(my+mgz+mya* +...)
= A—2z+2 (A +3) (my +mgz+ 1,2+ ...).
Equating coefficients of powers of z, we get
my = A,
2+my = (A+3,) m,
my+ay = (A +8,) my,

VOL. XXV.—NO. 495. Y
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so that the m's are derived from one another in precisely the same
way as the u’s in (5), and are therefore identical.
Hence the trath of (8) is established.

If we write g, as an abbreviation for 1—¢", we may easily observe
the formation of the coefficients.

In fact, sincée A=z)(A—2z9) ... A—z¢""")
=X.— ﬁ.x._lz_l.qgugn-l N‘”w’ lgngn—l ﬂn— N"’z‘-i-
N Qs

%9
we get, from (6), gy +a A+ a, N+
=b+ab -A_} +q:bs { L. —1—}
N & 4

{
e o)
+94b4{$:"'§£' %’:""9%}
3
e w ara i
{o-

U A‘ s A3 % M 1 }
LALLM | —q* — vesnnnnne (11)y:
% G O 1 9% N9 1 ] (L

where the coefficients in the bracketed series are formed on the
analogy of those appearing in the development of 2 cos n0 in powers

of 2cos §, and ¢ occurs in the 7*" term of any series raised to the
} (»—=1)(r—2)" power.
Equating the several powers of A, we see that
ay="b,—(14+¢) by+q(1+¢") b— A+ bg+... ... :(12),
the general term being
(=1)7g"* (1+¢) bar,
while (1—-g) &, =(1—¢) b,—(1—¢") b;+g (1 —¢°) be—f(l-sl')bz—
the general term being
(1) g™V (1—g"*") bogrerereessonnnasennes «(13).

Similarly, series may be obtained for- a;, a,, ... in terms of the b’s,
but for our present investigations it will not be necessary to quote

them here.
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Either of these relations gives us a method of expanding the square
of the infinite product (1—¢)(1—¢*)(1—¢°) ... in powers of q.

" For from the identity which gives 1 +6 (g_K_O) as a series of partial
- ]

fractions, which, on changing ¢% 26 into g, 6, becomes

I [1—g"]
n [1 _2qn+] cos 0 +q'lu-l]
= 1-¢g . _9(0=¢) . ¢Aa-9¢) _
1—2¢tcosf+q 1—24°cos+¢°  1—2gtcosf+q

= (l—g+¢—¢+...)
+2¢tcosd 1—q.9+¢*. ¢*—¢*. ¢*+...)
“+2gcos 20 1—q.9*+¢". ¢*—¢°. ¢°+...)
+ ..

we get, from (13),

O{l-¢"]'= (A-9A—g+¢=¢+..)
~g(1=g)(A~g'+¢'~g"+...)
+¢ A=) —g"+¢"—¢"+...)
—¢' A=gNA-¢g"+¢"—¢"+...)
+....

Multiplying out the binomial factors on the rfght-hand side, and
arranging the series in two blocks, it will be found that horizontal
and vertical series are equal in pairs, starting from a series of terms
running parallel to the diagonals of the blocks, so that

O[1-¢*]'= 1-2¢0+2¢"~2¢"+...

—q' (1-2¢°+2¢"—2¢"+...)
+¢* (1—~2¢*+2¢°—2¢" +...)
_glo (1_2qs+2qu_2qls+ .“)
+q" (1-2¢°+2¢"+2¢" +...)

where the indices in the terms outside the brackets are of the form
n (3n+1), while those in the bracketed series form series whose
differences are in arithmetic progression.

Y 2
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2, The series on the right-hand side of §1, (6) can, in the cases
where A =1 or where A = ¢}, be very easily arranged according to
powers of 2, by means of a functional equation which it satisfies.

Let F(wa) =147k (a4 l_ﬁ'? (A=2)(A—2g) + ...

Then F(p, 2)—F (pg, 2)

=p A=) +p A—2)(A—29) +...

=p (A—z)+n A~2) {F (4, 20)=F (pg, 29)} ......... .
Moreover sz {F (pg, 2) —F (pg', z)}

= plg A—2)+p'g'z A—2)(A—2) +...
= — ! (A\—g8) A—2) —p* A — ') A—2) (A—2g) — ..
+ 10\ (A—2) + A A=2)(A—2g) + e
= pA=2)—Q—p) {F(p, )= F(pg, )} «overenn(2).
Again, |
F (p, 29) —F (p, 2) = pa+pa {F (u, 29) = F (ng, 29) } .....(3),
.6, F (p, 2q)(1—px) = F (p, 2) — paF (uq, 29) +p2.

By the help of (1), (2),and (3), we may eliminate all the functions
except F (p, z), F (pg, 29), and F (ug’, z¢°), and obtain the equation

1o (F ()= F (4g,20) +ua}
+ptag® P (F (ug, 20) —F (g 20) +pag’)
= p(1=p2@®) A —2g) cceerenrerarecerinninnand(4).
Let p = 2, and write F(z) for F (z, ). Then
15 (F@) - Fag) +2} +2¢ {35 {F o) —F(ag) +2¢'}
=2 (1-2'g) (A —=29)-

2
Let A =1, and write y (z) for F —111: )+2 , 50 that

¥ (z) +2%% (2g) = a—a*q—2’¢" +2'¢"

From this relation we easily get
¥ (2) = a—2g—ag +22 +2% —2Pq" =2+ ... .ni(9),
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a series which is worthy of notice for its resemblance to the expansion
of Iy [1—g"] in powers of g.-
Substituting for ¢ (z) and multiplying up, we get
F(x)—F(aq) = a—2Yg—a (g +¢) —2'¢' +2¢C+2 (¢ +¢) +...y
and, finally,
=142 - @ (e g | g2 | (@ree,
F(x) 1+1-—q - I-¢ 1 —q +1 9°+ —q
R () 2
Hence, by § 1, (6), a,+a,+ay+ ...
= by+ b, —gby— (g +¢") by—q'bs+ 9°bs+ (¢° +9") bs +¢"b; —g'°bs —

The formation of these coefficients is sufficiently obvious. The
coefficient of by, is (—1)" {gi"@-V4gin@+D} while that of b, is
(=1)" g N and that of by,,, is (—1)" ¢"®"*Y. Moreover we may,
of course, equate the series of terms with even suffixes to each other,
and those with odd. '

Again, in (4), let X = ¢}, so that
A—aqg =gt (1-22).
Then, in a manner similar to the above, we may show

= @ _¢d+g)a qw‘ gie® | g'd+qYe’
Fe)= 1*1—9 P R R P L yr
‘ e (8),
so that, by (1), a+gte +ga+...

= by+ ¢t —by— ¢} (1+¢°) by—g*b,+ gt by +9* (1 +¢°) by +g¥ b, —g*bs—
The series of alternate terms giving
O+ gagtgiact ...
= by—by—g'by+q* (1 +¢*) by— g0y — "Dy + 9" (1 +¢°) bjy—..e  ...(9)
is of special interest, as will be seen later.

The coefficient of b, is g ¢"~"+g™@+" while that of b, ; and
bous2 Are respectively —g™ P and —g™@*+D,

3. Closely analogous to the results obtained in the preceding sec-
tions are those derived from the coefficients of z"/(1—g")! in the

expansion of (14 2zq cos 0+2%¢*) (1 + 229 cos 6+2g")...,
which in Vol. xxiv., p. 352, was denoted by B, (6).
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If the q series  a,+a, B, (6) +a,B, (6) +...
be equivalent to the same Fourier series
b, + 2b, cos 0 4 2b, cos 260+ ...,

we have, as in §1, (2),

a +a’q101 1,. +a, gaos l_la +a, G+sm+". =b0‘
019:9s :
a,q’+a.q°"' _9__ +aﬂqlooa1_q_@+ =b,
09 .
a ql0+%qlﬂ+li +a, qzusq_q; +.. =b[ wenee(1),
0195
aeqn_’_asqmn_gi +... =b,
1
asqm"'... = J

whence a,, a,, ... may be expressed in terms of the b's. However, it
is easy to see, from the formation of the indices of the powers of g
which occur in the coefficient, that if by § 1, (2), we obtain a relation

My Gy + My Oy + M B+ oo = R0y + 1y by +7,b+ ...,
then, from (1) above, we get
Myg+mag’ay +mg a,+meqag+ ...
=nyby g™ by +1,g7 b+ 19 bt e . 2),
while, in a similar manner, if

MmO+ My ay+ ses = 80y byt oy
then

myqa, +myg'ay+myglag+ ... = n,b,+n,q" by + 159 by + 2,971y + ... .
4. By the results obtained in § 1 it is obvious that, if conditions for

convergency are satisfied, any cosine-series in 6 may be expanded
uniquely in the form

a+a, 4, (6) +a,4; (6) +... .
Let us therefore expand the product
(1+2Ag cos 6+ Ng%) (14 2Ag* cos §+1'gY) ...
in this form.
Now it has been seen in Vol. xx1v., p. 345, that, if
f(6) = C+C,4,(6)+C,4,(6) +...,
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and %((% = Ey+ KA, (6) + K, 4y (6) + ooy
where PQ) = (l—2)\c059+)\')(1 —2\g cos 04+N¢Y)...,

then K+ Ko+ Ko+ . (CoF CA+ )y

T @ ’\) @) 3)

where  operates only on the A’s not contained in the ('s; or, since
Lo =k

we may write this relatlon in the form

B+ Ko+ E@+... = L

=09 ()‘8)(0°+0,w+0,z’+ “)s

Hence Op+0,z+Cia'+... = (A&,)(M)(K°+K,w+...).

If, then, P(A) =0+ 0,4,(0)+...,
we have Cyt+ Ciz+Cya'+... = (A3,) (Az),
because K+ K 4,(0)+...=1
Now (A8,) (Az)
={1 A3, g% } {1-—£°- +——9’i’“—”—-...},
1-g (1-q)(1 o8 1—¢g A-9)(1—g)
and since o= (1—g)a!
by definition, we see that the coefficient of =" is the ‘Series -
. !'('—{)Ar A2 qgrets(e=1)

(-1 %1_9,)! dL_ T weseernenns(1),

where 8=0,1,2 ...

Changing A in —Ag, we have
(1+2Ag cos 0+7") (1 +2)0g" cos 04+ A'gY)...

Xg’ X‘q“ )Gq\l .
=1
+ —q+(1—q)(1-q)+(1 —p0-a=-m
_9_ Ngt L Mg
+ A(B){1+ o g)(l___q)+...}

(I—_qg)ﬁ——A’(o){ ll’_l;+...}

+'.. L ol e L Y R NI Y YN Y YY) .'I.‘C.Q'.l.(z)’
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Moreover, if we write x (A*) for the series

oL NP
i taooa—p T

which is the coefficient of 4, (6), we can write this expansion in’the
form

x0)+ 510 g 4 LD 00

¢4, (6) ;
+ (]._q)(]__qs)(l_qa)X(A 9°)+m ------ (3).

The function x (A') also satisfies the relation
x (W) —x (V'g) = Ng’x (Vg"),
3 \3,¢
th t m = —L E x—’l M‘..- YR TRYYRTTRYYY 4 »
fo tha XxX(Ng) 1+ 1+ 1+ 1+ “
5. When A = g7}, we get some very interesting results. For then
the equation § 4, (2), gives

(1+2¢t cos 0+4q) (1 +2¢% cos 0+¢") ...

=1 _L+___9‘— v
tigtaoapt

¢'4,(0) q ¢
+ {1 s ol e

+ ... .

24, (9
- =¢(9)+ %‘%—llﬁ(q)hu, say.
But, by the theory of theta functions, the above product

1
= ————— (1 +2g* cos 8+ 2¢° cos 20 +2q* cos 30+ 2¢® cos 40 +...).
n[1_q»]( q g’ co q ¢ )

Hence, by § 1, (12), -
O[1-¢"]1¢ () =1-¢"(A+g)+¢° A+¢")—g" A +4)—...
=1—gt (g +¢) +¢" (7' +9)—q¥ (g~t+gD) +...
=1 [1—¢"] I [1—¢g"*"];
therefore ¢ (g) =1+ (1—g)(1—¢Y(A—¢A—¢")...
=1+ [1=g" T crennenresieoseeeane(1)
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Similarly, by § 1, (13),
O[1-¢"]¢ () =1—g—¢' A=) +9" (a—9)—-..
=1—gt(g-t+g%) +...
=T [1-¢g"] U [1-¢"*];
therefore Y (@ =1+T[1—g"*] .ccovrvvnnrcrnnninnen (2
Combining these results, we see that

= (1—9")(1— ‘°)(1—q“)
and that

1 9 ¢ & _ (1=)(1=g)(1-)(1—g)..
v(@ 14+ 1+ 1+ 1+ A-¢H)A—-¢g"(A-¢)1-¢")...
=(1=-9)A+¢") A+ A+)A+FHA—-F) A=) A +g"...,
where the indices in the binomial factors include all numbers whose

final digits are 1, 2, 3, 7, 8, or 9, the first and last being combined
with minus signs, and the rest with plus signs.

Similarly,

%g =1+9)A-P) A+ A+ A~ A+ (L +g) A —g%)....
6. The series

XM =14+ 7L+ N

Ta—pa=m "

may be expressed in'another form by means of Lemma 1v. on p. 340,
Vol. xxrv. For, since this lemma gives

Qem) ) s T = s O,

we get, by putting 'l'(k )=(—NAg), and u = —q,
(=Ag) = (=Agn)(—Ng).

0‘a )
Expanding each of these products and performing the operations
involved, we get -

1+gH, (’\ N +EH, (M A+ ¢ Hy (A ) + ...

—(— 1 A’ 3
(~h {1+l 0= +hl+he) | )
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which, by symmetry,

= (= Ag | A’
{1+ =gt + g e }

oooooooooooo

Let A, = Ag}, so that
1432°H, (A A) = 1+ (1=2z) (A —rzgh) (1—Azg) ...,

and H L) =N+ (1=g)(A-g)... A=g");
then (1) becomes, after changing ¢ into 7
M X
+ - a0 "
te, x()«) =MO[14+¢""'A]x
{ A Ly } e (2),
(1 —gH( +’\41’) QA—-g)(A—g)A+Aq )(1+M°)
=M [1+¢"A] x

{ (1 s)‘q 3 .” 3 ~t e } e (3).
- )(1+M) (1-¢)(1—-g)(1+2¢) (1 +Ag")
Again, in (1), let A, = — A, so that
1432H, (\, A) =1+ (1=M)(1-2g%) ...,
and Hye (M M) =2+ (1-¢")(1-¢%) ... (1—¢"),
and Hyu (M A) =0;
then (1) becomes
\? 1Op¢ Ag
st ahamn T = 0 - asptme )
Changmg g into ¢*, and A into Ag, we get

N At "
Mt apasg t =TI

{1- Ay X } (4),
1-g)(A+Aq) (1—9’)(1—4‘)(1 FAI+AE)
the left side of which is x (A*) in which ¢ has been changed into ¢*
If, now, in (2), we put A = g™, we get

¢@=T[1+¢"1{1+

q )
ta—pa=p b
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therefore ¢ () +o(—¢) =2I[1+¢"] x

1 q‘ 16
{ ¥ (1~-¢91~-¢) + [ D T I T § B Ty g +.e } .
But in (4), if A = —g~*, we get

¢ (¢") =M [1—g']x

q g
{1+ 1t t opa—pa=n -}
Comparing these results, we see that

I [14+4"]

i LACK RO OF

?(@+e(—9) =2
Similarly,

#@=¢ (-0 = MO+ { Tt Gy T+

which, by putting  =+1, and —g* for g in (4),

_om[14¢"] .
. _IT[_I_angi_.].q‘p(—q)........................(6).

Again, by (3), we shall get

v@ =m0+ {14 g g+
whence, by (4),

V@4 (-0 =2 T LN @) o,

and similarly, by (3), used twice,
J— 1 i 4
+Yy(l—g)=2 [1+g"] o crreeenenn (8).
¥ (Q) ¥ ( 9) n [1 qﬂn-d] ¢ ( q ) (8)

These four identities (5), (6), (7), (8) are sufficiently remarkable
in themselves to call for mention at this point, although they may all
be derived from the O-function values of the series ¢ (gq), ¥(g)
obtained in the last section.

For instance, ?(@Q)+9(—9)

= (1=9(1-¢)(A—=¢")(1—¢")... +(1+9) A +¢) (1 +¢") (A +¢")...
1-HA-¢")1-¢")...xA-"A—-¢")A-g)(1—¢") '’

by §5, (1)-
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This numerator multiplied by -

A-¢"A-g")A-g")...
=2{14+4" (¢ +¢)+¢" (@ +¢") +...}
=2 (1—-¢")(1+¢)A+¢®HA+*) A +¢%)....

In this manner we reduce the left hand of (5) to an infinite product,
which is easily seen to include identically all the factors in the right-
hand side, after substituting for ¢ (¢') by § 5, (1).

It is not, however, in these identities that the special interest in

the series ¢ (¢) and ¢ (¢) lies. These relations may be considerably
simplified by substituting the functions

$ ()X A—g)(1—g)(1—¢")... and ¥ (g)x (1—g")(1—g)(1—g")....

Let %+, denote tp(iq’)‘ﬂ {1—g"},
and vy, P(&g) T {1—g"}.
Then (5), (6), (7), and (8) become
—pnbn
thtu.,=2II[1-¢"]¢ (¢") =2 ll—[l—%,—nl Upgeseesnses 9),
I [1—¢™]
Uy =81 = 200_4 cvieirinieiinniniin e e seneessne (10),
oy—v_; = 2q’£[1—:ga—"l‘v ORRPF RPN ¢ 8 § X

V02 == 2Uoy cevreiininnennieineesesesennsnesne (12)0
Now, if we put A = ¢~ in (3), we get
9 () =1+A+)A+)...

1 g ¢’ ny
x{1+ T+9(-g) T A=A+ 0= T)
so that %)

=n{1—N(—gr){1+

<4 g +.}
(1-¢)1—¢") (1—g)X1—-g)A—¢")1—¢")
PPN ¢ ) B
By §2, (9), and § 3, (2), we seo that, if
a,+a, B, (6) +a;B; (6) + ... = by+2b, cos 0+ 2b, cos 20+ ...,
then et a e, ag®+ ...

b (14).

: b b
=b__i__l__4_+01+4__g__8
0 qq. g*( q)q, 73

9



1894.] Ezpansion of certain Infinite Products. 333

Now, by the definition of B, (),
(1+2¢ cos 6+¢)(1 4 2¢# cos 04¢%)...

B, (ﬂ)q B;(6)g! B, (0) g+
RS Tl ey T ) Sl ey g e e

o[1—g"] |
Hence, by (13), ., is the right-hand side of (14), where b, = ¢*.
Thus  u. =1-¢—¢+¢" (1+4)—¢"—¢"+¢" QA+¢)— ..(15).

This series may be systematically arranged, if we notice that by

taking every fourth term we get powers of g whose indices are in
hyper-arithmetic progression.

(1424} cos 6+ 2¢* cos 20 +2gt cos 36+2q’cos 40+ ...).

‘We then see that we may write the series in the form
+qlﬁ.l' (q~ﬂ+ qﬁ) +qlh.2' (q—‘+q4) +""
—q {1+q|s.|- @ *+¢) +qls.z' (q-la+qle) +... },
consisting of two ©-series of the 15th order.
Changing ¢ into —g, we arrive finally at the remarkable identity

mi-g) {1+ L = =t

=.1_qll.l' (q-i_*_qi) +ql§ .30 (q-‘+q0)_ e

+q {l_qlu.lﬁ(q-s+qa)+qla.:- (q-le+q10)_."}

A-¢")A-g")(1-¢")(1—-g)... }
=1 l— H
[ q‘”"]{ +9(1-9)A-¢")A-9")(A~-g)...
and, remembering the product value of ¢ (¢) obtained in § 7, we see
that
: T[1—g] + M [1—g™] I [1—g"*]
= (1-¢"1-¢)Q1-¢")A—-¢NA-g)A~¢")...
+3(1-(1-*)A-¢"A-*)A=g")(1=¢%)... ..(16).

We may, moreover, obtain from (10) a similar expression for v,
after changing —g* into g,

= l_q“-l' (q-0+q¢)+qll.i’ (q-8+qa)_"‘
+93 {l_qlﬁ.l' (g-ll +q“) +qlﬂ-2' (q-”_*_q?s _".},
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whence m[1—g™] + I [1=g"] O [1—g*#1)
= (1-¢Y(1-g")(A-g")A=g")(A=g")(1~gD)...
+¢ 1-9)A=-¢") A~ (A=) A=) 1 =%)....
Again, since, by (9),
 utu,=T[1-¢"]¢(¢"),
we have I[1-¢"]¢(¢")
=13 () + T ()
-g {¢"" (g7 +P) +9"° " (g7 +¢)
— T[1—g™] { A+4*)A+¢*)(A+g™)(1+9"™)... } :
-9" (¢ +)(1+g")Q+g™)(A+¢™)(1+¢™)...
therefore, changing ¢ into g,

M [1-g"]¢(¢")+T[1—g"] = (1—g)1 =)A= g)1=g)...(L = g")...,

where N is any integer which is not & multiple of 15, or whose last
digit is not 2 or 8,

A+g)A+)(1+g)A+¢%)...
=g A+¢)A+g")A+g)A+g)A+¢")... .
Similarly, from (11),
Afl1—¢"]¢ () +TMA-g™] =1 [1-g"],
where N is not a multiple of 15, and does not end with a 4 or 6,
= (1+¢)A+¢")A+g)A+4")...
—-q(1+9(1+¢)A+¢)YA+4%)....

7. We have seen that, if

Gyt 4y (6) +3 4,y (8)k ... = by£2b; 008 042b, c03 20... ...(1),

then ay, a;;... can separately be expanded in §1 in series containing
b's with simple coefficients. Moreover the series

g+ a+ag+... and ayta,qt+a,q+...
‘have been similarly expanded in § 2.

These identities are only & few of a very large number of relations
connecting simple series in the a’s with simple series in the b's,
which will be established in the subsequent sections of this memoir.
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These can all be treated in the manner of § 6, (14), where by § 3 (2),
we see that, if

Caymy g+ myayt . =B F b Fagh .. el (2),
then ay+myglay+mglat ... = by+ng ' by+n,g 7 b+ ..
and - mygtay+myg¥ agt ... = n,g7b, +myq by + ...,
which, apphed to the 6-function 1dent1ty
. B(®)gt, B }
n1—¢) {1+ 20, B
SR S M =

= 14+2¢3 cos 6+2¢" cos 20+ ...,
gives ‘

m[l-¢1 {1*

2
o gtm, o }
1-91-¢) " A—-9)(=g)(1=g))
=1tgmtgnE@nFenE.. 3).
Many of the relations obtained will only lead to well-known identities,
and in such cases the application of this section will not be quoted.
8. We have seen in § 4, (2), that, if
B, () A + B, (o) ¥
1-¢ * (1-9(1—-¢")
be expanded according to A (6)’s, the coefficient of 4, () is
' )‘u-n q{r(ulun'n(ul)
' A= a-gHt’
when s has all integral values from 0 to .
Now 3r(r+1)+rs+s(s+1) =31 +% (r+25)(r+2s+2),

so that, if any power A™ of A bé changed into AgT1*™+) the corre-
iponding coefficient of 4, (8) would be

A7 it
*a=nra=pt
This is precisely the same thing as saying that
Bi(0) g\, B, () g\
1-¢  (A-9Q1-4)

A!!o)g*A A, (0) g\?
= {1+ 220 GO 4]

{145 rapazp t f @

1+

+..,

14
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Now suppose that, in consequence of & relation

o+ 4,(0)+... =ag+a; By (0)+ .. civiiinnenns(2),

we can establish some relation of the‘form

Gyt amdtad+... =qtam@tang+.. e (3);

then (1) gives relations connecting the A’s and B's by equating
coefficients of powers of A; (2) establishes connexions between
ay @, ... and a,, a,, ... by equating coefficients of the 4’s; on substi-
tuting for the o's in (3), we get relations connecting A, A, ... with
Myy My,

It will be easy to see, however, that these are simply expressed by
substituting A, for 4, (), and m, for B, (6) ¢~¥*?, so that

mA myA?
it aoa=o |
= {1+ Tg*; + (1_;;8'_4,) +o } {1+ l—i‘_’i Foun } (4),
Now, in § 3, we have seen that, if
G+ M0y +Mmeag 10 = byt b byt ceeieeinnnn(8),
then  ay+ mgle+myglay+... = by+mg o +mg 7 bt sy
1.6, o\ +Ha+ .. = B+ n,g7 b 4097 D+ Li(6)

If, then, we know a relation of the form (5), we can by (4) obtain
the coefficients Ay, Ay, ... which establish the equation (6), and vice
versd.

+l'l

Ezample 1.—Let A=M=..=0,

80 that, by § 1, (12), we know the values of #,g=%, n,g}, &c. Then
substituting in (5) the values of the m's given by (4), we get

ay+ay (1—¢°) +a,(1—¢g*)(1—¢*) +a, (1—¢)Y(1—¢") A —¢") +...
=b—q(A+9) b+ A+¢) bi—q" (1+¢") by+....

Egzample 2—In § 7, (1), by putting 8 = -’é-, we get

=0y (1=9) +0, 1 =) (1 ~¢") = .. = by—2by+2b— ...
The present section gives

atay A—g)+a(1-9)(1—¢") +... = by—2gbs+2g'D— ...
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Ezample 3.—By putting £2c08 0 = gt+qt in § 7, (1), we get
oxagt(1+e)+agt(l+d)A+g)+...
=bykb gt (1 +¢) +8,078 (1+9) %oy
and the derived form is o
axa (1+¢) +a,(L+¢) A+ +a, 1 +¢)A+9)(1+gh) +...
= bytby (1499 +bygh (140) byt (1+q1) +...

Ezample 4—If —2c0820 = q™'+4¢,
a—a9"' 1—@)+a,g* 1—)(A—¢)—...
=by—q' (1+¢") by+q* (1 +¢*) b~
and the derived form is
at+ag (1-9)+ad (1-9)(1-)+...
=b~(1+g¢") b;+¢' (1+¢*) b—¢" (1 +¢°) by +

9. Quadratic transformation of q. )
We have already seen, on pp. 175 and 343 of Vol. xxiv., that

(0 v
P(P)P(V) 1+Hl(l‘1 )Al(0)+ ’

from which relation, by putting » _.pq X a.nd afterwards changing
q into ¢, we have

P"%*‘W’%""H +58 “(12)2“ 5+

4,06, ¢")

=1+ -vi_ﬁ) pt G sy Q)
—q (A-9Q1- o M
where 4, (6, ¢*) is what 4, (8) becomes when g is changed into ¢*

By equating coefficients of powers of u, we get 4, (6, ¢') in terms
of 4, (0), 4,,4(6) ....

Now suppose that we have some function expanded according to
both kinds of 4, z.e.,

aptad, (@ +.. =1+74, 6, ¢)+.00 wiiieennnn(2).

Substituting from (1) in the right-hand side of (2), and equating
coefficients of like 4’s, we get relations connecting the a’s and ¥'s.

VOL. XXV.—NoO. 496. A
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If this is written in the form

Gtma+mast ... = votantaysta. e .(3),

it will not be difficult to see, just as in the last section, that the m's
and ¢'s will be connected by the relation

3
14 9L 4 GH +one
1-¢ (1-99(1-¢")

— mp mgp? Y [ .
{1+1—q+(l—q)(1—q’)+'"}{1 1—9’+(1-q’)(1—q‘) - §
R ()}

It is evident, moreover, that if we know a relation connecting a
series of y's with a series of b’s, we may change g to ¢! throughout,
provided we change 7, into a,.

In this manner we may extend very considerably the number of
relations connecting series of a's with series of b's. It will not be
necessary to work them all out in detail, since the method of deduc-
tion is the same for all.

Ezample 1.—Let m, = gV,
so that the right-hand side of (4) becomes

A-p'A—p'PA—p'g)...
(A—pd)(1—pgh) (1 —pgd) °’

which = (1+pg)Q+pgh)...

3 3 8
=1+-£L 4 E9q Foes
1-¢g " A-9)(-¢)

Hence ay+a,¢'+0a,9+agt+a,9’+...

= %+ nd+n¢+rng+rd+...

But since the left-hand side has been given in § 2, (8), and changing
q into ¢}, and y into «, we have

ay+a,¢t +ayg +ayqt +ag + ..
= by+big'—by—g* (1+9) by—gbi+gibs+ ...,

where, of course, the series of terms with even suffixes are equal, and
those with odd.
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Ezample 2.—Let m,=0;
then a, = v,—q(1—q) v;+¢*' (1—-9)(A—¢") v,—...
=by—(1+¢) by+9 (1+9") b—¢" A +4°) b—..., by §1, (12);
therefore a,—g¢* (1—¢') a,+¢* 1—g)(1—¢t) a,—...
= by—(1+¢") by+¢* 1+9) by—gt (1 +gb) by +... .
By § 7, (3), we get the identity '
. , 1—gt T ot (1—ob) (1—
n01—¢) { 1= L G+ T e
= the ©-function 1—q (1+¢") +qt (1 +q)—....

EBzample 3. ay+a;(1—q)+a,A—q)(A—g") +...
=747 (1-¢)'+7 (1—9) A=) +... ,
= b,—2¢b;+2¢'b,— ..., by the preceding section ;

therefore ay,+a, (1—g¢)*+a, (1—¢")* (1 —gt)*+...

= by—2q*b;+2¢%b,—...,
whence, by § 7,

gt _(—gY’q A-g) Q—gh)'¢*
Mgl {1+ T—0(l—-g) T T=9 A= A== +o ]
= 1——2q’+2q°— vee s

Ezample 4.  ay+a;(1—¢)+a,(1—¢H)(1—g9 +...
=yt 1-9)+7(0-9A-¢)+...
=b—q(+q) by+¢* 1+ by—..., by §9, Ex. 1;
therefore  ay+a, (1—g") +a, (1—g)(A—gt) +...
=b—¢" 1+ by+qt (1 +q) b;—q* Q1 +qt) by+....
By § 7, this gives
m0-¢1 {1+ L0 + T s =
=1-gt (1+g)+q¥ (1+9)—¢" (1 +gD) +...
=M [1-g"] M [1—g™*9].

Hitherto we have deduced results by changing ¢'into . We may
derive other identities by assuming values for the ¢'s in § 4.

z 2
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Ezample 5—Let ¢, =0;
then 14 i"’i"q- +..=1+(1 —#’q)(l-—p’q‘).--
=1+ 9 ' + ———q + .
a- q’)(l -q%)

therefore ¥, = gy+a,g 1—g) +a,¢’ A—g)(1—-¢") +.. ,
= by—b; (14+¢°) +0,9" A +¢)—beg* A +¢°) + ...,
by changing g into ¢%, and g, into v, in § 1, (12).
This result agrees with § 8, Ex. 4.
10. Second quadratic transformation of g.

By putting » = —pu in the identity quoted at the beginning of the
last section, we get a relation

40 .y 4O
{1+ Qe mha=m )

X{l—f_ﬁ_—qi'(l—_q-gf(—l_—,)—...}
= A(29 Q) i 4,(26, ¢ ‘
1
* I a-o" -

As in the preceding sections, we see that, if in consequence of a
known equation.

ay+asd, (0) +a,4, ) +... = ¢+ e,.4, (26, qa) +-e54, (26, 9,) +.

we can derive a relation

Ayt aymy+ame+ ... = etk + ek +

kyp? kyp
then l+ +(1 q’)(l q‘)
msl‘ mpt
_{1+ e oTie +}
{1 (l-—q)(l—q’) } (1)
Ezample 1.—Let k= 0;

then o= 0+a,(1+9)+a, g (1+Q)(1+g)+...
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But the expansion of ¢, in terms of the b's is evidently obtained
by changing q into ¢°, and b, into b,, in the expansion of a,; therefore

atas (1+q) +a,g A+q)(L+¢)+ag* A+ A +¢)A+¢") +...
= by—b, A +¢") +b3¢° 1 +¢*)—b, 1 +¢°) —...
By § 7, we get

. _q(+9) ¢ (1+9)(1+4")
n0-r {4 5t apa-pi-nan )

= the O-function 1 —¢* (1 +¢%) +¢® (1 +¢%) —...

Ezample 2.—From Ex. 1, § 8, we get

a+a A+ +a, A+ (A +¢) +...
= by—b," 1 +¢°) + 84" (1 +¢*) —...;
whence
—" q(+q) A+ (A+g)
npi-g]{1+ =90~ T A=A -P - (=) +o }
= the O-function 1—¢’ (¢7'+¢q) +¢® (¢ *+¢)—...

Ezample 3.—Let k=—q, kh=¢, k=—q¢..;
then a,+a,+a,q’ + g +agqt + ...
= gy—e,q+ et —esq*+ ...
= by+gb;—b—q (1 +¢*) by—gbs+ ..., by §2, (8).
Similarly, ay,+a,q+a,q4* + ...
=¢—et+e—e+...
= by—b;—q°b+¢* (1 +¢*) by—..., a8 in § 9, Ex. 1.

Ezample 4—Let my=1+q, m;= A+9)(A+¢%, ...;
then, since

__q 3 +9)(A+¢) W, _ A+ +u)...
L hets (EBGEG e = G IR,

k]l‘ Y (] et — bt
- v =1+ (1=p)A=pYY)...;

therefore ay+a; 1+ q)+a(1+¢)(1+¢%+...
=e¢te(1—g)+e,(1-¢)(1—¢")+...
= by—2¢’b+ 2¢°bs— ..., by §8, Ex. 2.

we have
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Ezample 5.—Let m, =0,
e—(1+g) e+ (A+g)(A+¢") s—...
=0y = by— (1+q) by +q (1 +¢) by— ..., by § 1, (12);
therefore ay—(1+4¢') o, + (A +g)(1+9) a5—...
=b—(1+¢") b+g* A +9) by—gt (1+gH) by—.....
11. Cubic transformation of q.
The identity
1—,%%% = 1+ 3H, (/A ) 4, (6),
given in Vol. xx1v., p. 346, when
' r=2g, v=12g,
and g is changed into ¢°, becomes

4,(6) 4,0 s
MM aspa-pt T

TR B, |
(i rampiep o DR 46,0}

(1=N¢"s) (1 —N%q%)...
(I ) (A =Agz)(1—Ag'z) ..

If, then, gt a, A, (O +... =f+fH4,06, ) +...,
we see that  ay+ayq 1—¢) + e, A—g*)A-¢") +...

=by— (1 +¢*) be+¢* (1 +¢® b— ¢ 1 +¢°) bg+... .
Again, by §9, we get
aytayg (1-¢) +a,¢' (1-gH(1—g) +...
=y+7¢ (1-9)+rd Q- A~ +...,

so that ay+a,9 1—-g) +a,* (1—g) (A -g) +...
| = by—(1+¢) byt gt (14+¢) be—gt L+ ) bt ...,

where 143H, 2" =

and, by §7,
. £ (1—g) ¢ (=g (1—g)
g {1+ G m s+ A A= )
=1—gq—gt+ gt +g¥—..
=T [1—gP] I [1—g*™*7] (of. Ex. 4, §9).
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The foregoing examples will illustrate the ‘great fertility of the
method employed for deducing identities which are difficult to prove
by other means. It may be noticed that, when all the b's are equated
to unity, the expression for @, vanishes identically. The equation
§ 1, (4) would lead us to infer that @, would also vanish identically
on the same supposition, as indeed is obvious from §1, (13).
Similarly, it may be shown that all the a's vanish identically when
the b’s are equated to unity. Consistently with this fact, it will be
then seen that, if in any relation connecting an a-series with &
b-series the coefficients of the a’s form a convergent series, then the
b-series vanishes identically, as in § 2, (9), § 8, Ex. 4, &c.; but, if the
b-series does not vanish identically, then the coefficients of the a’s
form a divergent series, as in § 2, (7), §8, Ex. 1, 2, 3, &c.

On Regular Difference Terms. By A. B. Kemer, M.A,, F.R.S.
Read and Received April 12th, 1894.

1. Let «, 3, v, ... be a system S, of » quantities, which may be
termed roots; and let w differences a—p, a—3; B—vy, a—y; &c., be
formed with these, each root entering into v of the differences. Then
the product of these w differences will be called a regular difference
term of the system S,, and will be said to be of degree n, order v, and
wetght w.

2. The expression
(@=-B)'(B=v)(r—98)'(4—a)

affords an example of a regular difference term of degree 4, order 3,
and weight 6.

3. We may have difference terms into which the different roots do
not all enter the same number of times; such difference terms ave,
however, srregular. A difference term will be irregular although each
of the roots which enters into it enters the same number of times as
the others, provided that there are other roots of the system under
consideration which do not enter at all. Such & difference term will,





