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derived from theories which involve the introduction of an absolute
time-constant, such, for example, as a period of free molecular vibra-
tion, thus verifying the statement of the last paragraph. The some-
what exact correspondence between Verdet's experiments*, on the
relation of magnetic rotation to dispersion, for a snbstance of simple
chemical structure, like bisulphide of carbon, and the law deducible
from the first of the three types of equations, is in accord with these
considerations.

In the same way the reversible rotatory property of quartz, and sugar
solutions, requires an additional term in the equation of motion of a
wave parallel to z of one of the types
LA dko

e and ——:
ddp " a7’
where 6 == u+v+/—1. The first of thesc represents a cocfficient of

inertia of the type p+o- g, 1.e., one which, in the wave motion con-
2

sidered, has a varying term which is a harmonic function of z. The
second connotes a law of clasticity involving differential coeflicients
of odd order of the displacement. Of these terms the latter is thus
the only one that can be derived from an elastic or other statical
theory based on a symmectry in the medinm ; while the former would
require some sort of motional structure (i.e., the existence of steady
forces arising from theinertia opposing unrecognised steady motions)
to justify its adoption.

On the Contacts of Systems of Circles. DBy ALEXANDER TiARMOR,
M.A., Fellow of Clare College, Cambridge. Communicated in
abstract, November12th,1891. Received 29th February, 1892.

In his paper in the Proceedings of the Itoyal Irish Academy, Vol.1x.,
Part 1v.,, Dr. Cascy gave, in a very elegant form, as n relation among
the lengths of thoir common tangents, the condition that four circles
should tonch the same eirvcle.  His discussion of this condition is by no

* Maxwell, loc. cit.
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means complete, and, in the subsequent portion of the paper, after a
proof that tho condition is necessary, it is assumed to be sufficient.

The condition is now well known, and has been incorporated in
toxt-books of gcometry, and discussed by various writers; but I am
not aware that anything substantial has been added to Casey’s
original treatment, .

I have attempted to give a somewhat exhaustive discnssion of this
condition, whether we look upon it as a relation among the common
tangents of the given circles, or as a relation among their angles of
interscction, and have shown, by purely geometrical reasoning, that
it is sufficient ns well as necessary—that it is not satisfied by any
relation betwecn the circles except this contact relation.

The condition is then applied to the investigation of the contact
relations of the eight circles which touch three given circles (due to
Casey), and also of the eight circles each of which passes through
three of the points of intersection of three given circles.* The latter
casc is also derived from the former by means of the polar transfor-
mation on the sphere.

Trom thesc results are derived the contact relations of the thirty-
two right circular cones which tonch three given covertical
right circular cones, and of the thirty-two right circular cones
which pass throngh three of the twelvo lines of intersection of three
given covertical right circular cones. Casey (loc. c¢it.)) has shown
that the former system of thirty-two right circular cones can be
divided into a certain number of groups of four, cach of which
tonchies another right circular cone. By means of a transformation
I have shown that a relation subsists for double this number of
groups.

From these theorems are then derived, by the theory of projections,
the contact relations of the thirty-two conics having double contact
with u given conic, and touching three other conics having double
conlact with this given conic; and also of tho thirty-two conics
having double contact with a given conic and passing through threo
of the twelve points of intersection of three given conies having
doublo contact with this one. Tho former system has been discussed
analytically by Casey, but ho has only detected half the full number
of groups which posseas the proporty under consideration,

Several important particular cases of theso general theorems are.
also noticed.

* Communicated in nhstract to Scction A of tho British Association, 1887. .
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We begin the discussion with the explanation of the nomenclature
adopted, and tho statement of some Lemmas which will be required
in the course of the paper.’

The small circle on a sphere, traced out by that pole of a tangent
great circle, to a given small circle, which lies on the opposite side of
the great circle, will be termed the polar of the given small circle,
and the small circle traced out by the other pole will be termed the
antipolar.

Two circles on a sphere will be said to have internal contact when
they lie on the snme sido of their tangent great circle at their point
of contact, and to have ewternal contact when they lie on opposite
sides of it. '

It is important to remark that the geometry on a sphere is more
symmetrical and admits of wider transformation than geometry on a
plane. The process of inversion by reciprocal radii vectores on a
plane corresponds to simplo projection from a point, of the dingram
on a sphere, and in this connexion its fundnmental chavacter, as
regards similarity of small partsin a disgram and its inverso, appears
in its truo light. Wo have, in addition, a symmetrical mothod of
polarizing on a sphere, wherein each point is replaced by its polar
great circle. Bnt this incrensed facility of transformation introduces
its corresponding diflicultios. A great cirelo has, in fact, two poles,
go thnt any diagram has two polar dingrams, which must be dis-
criminated. It is this circamstance which constitutes the chief
obstaclo to the goneral application of the method. It may bo re-
marked that there is an ananlogous difliculty in the coordinate
geometry of right cirenlar cones, Thus, for oxample, tho discussion
given in Salmon’s Solid Geomelry, Art. 259 seq., of Sir Andrew
Hart’s contact theorem relating to circles on a sphere, is not valid.
The demonstrations apply to cones, not to circles; each cone mects
tho sphiero in two opposite cireles, and there is no means given of
discriminating between thein,  The stune difficulty occurs throughout
in the treatinent of small circles on a spherc by moans of Cartesian
equations,

It will be found that, for a transformation involving soveral con-
tacts, tho discrimination between tho polar and antipolar diagrams,
although at first sight it scems o matber of great complexity, may be
effected by the use of the two following principles :—

(«) If two circles have internal contact with each other, their
polars have internad contact with each other (and their antipolars
have internal contact with each other).
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(B) If two circles have external contaot with each other, the polar
of either has external contact with the antipolar of the other.

The Lemmas which we shall-have occasion to use are the
following :— . .

(i.) If any point and its polar plane with regard to & quadric be
taken as centre and plane of projection, any plane section of the
quadric projects into a conic having double contact with the section
of the quadric by the plane of projection. If any other plane be
taken as plane of projection, any plane scction of the quadric pro-
jects into a conmic having double contact with the section of the
tangent, cone by that plane. '

When the plane section of the quadric intersccts its section by the
polar plane in real points, this proposition is evident; and therefore,
by the principle of continuity, it holds generally.

(ii.) If two circles, on a sphere or in plano, are the inverses of two
others with regard to a given point, they will all four touch each of
a group of four circles which have a common radical centre situated
at that point.

Consider the general case in which the circles are plane sections of
a sphere. The two circles and their rcspective inverses lie on two
cones having their common vertex at the given point. These cones
have, in general, four common tangent planes, which pass through
their common vertex and cut the sphere in four circles touching the
two given circles and their inverses. '

. (iii.) Given three circles 1, 2, 3 and a point P, there is only one
other point @ from which the tangents drawn to the three given
circles are proportional to those from P, viz., the other point of
concourse of the three circles passing through P and coaxal with
1,25 2,35 3, 1, respectively.

The straight line P@ passes through the radical centre of the
circles 1, 2, 8, and it easily follows that P and @ are inverses with
regard to the circle which cuts them orthogonally. The eight
tangent cireles of 1, 2, 3 consist of four inverse pairs with regard to
their orthogonal circle. .

Hence, it P is on neither circle of & given inverse pair, ¢ is not on
either.

We now proceed, in effect, to discuss, and in some measure to
systematize, the very remarkable complex of contacts which bind
together the whole system of plane sections of a sphere, or quadric.
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surface, that are constructed on the besis of any three plane sectious
(and their three opposites) by drawing in succession other plane
sections themselves determined solely by conditions of contact.

1. If any four circles 1, 2, 3, 4 touch the same circle, a relation of

the form
. 12,344+14.23-13.24=0

subsists among their common tangents, the common tangents involved
being direct or transverse according as the contacts of the corre-
sponding circles with the touched circle are of the same or opposite
nature.

Where it is necessary, in the following analysis, to distinguish
between divect and transverse common tangents, their lengths will

be;denoted by symbols of the types 12 and (12) respectively.
Let 4, B (Fig. 1) be the centres of two circles, O that of a circle

Fie. 1.

touching them both- externally or both internally at O, D respec-
tively; P@ a direct common tangent, and E the external centre of
similitude.

Let p be the radius of the touching circle. " Then, since ODB is a
transversal drawn across the triangle ACE,

40 _ AB FD.

P BE'DO’
and, since O0A is a transversal drawn across the triangle EBD,

BO_ AB EQ
p AE'0OD’

Honco A0:BO _ EC.ED AB'_EP.EQ AB'_ £
® 4E.BE CD AB.DE 0D 0D
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t _ v40.380

'th erefore oD ,

where ¢ is the longth of the external common tangent PQ.

When the contacts are one external and one internal, if we make
uso of the corresponding Ifig. 2, in which I the internal contre of
similitude takes tho place of I, we are led to this same relation;
where ¢ is now the length of the transverse common tangent.

Fia. 2.

Let P,, P, P,, P, be the points of contact of the circles with their
common tangent circle (Fig. 3); then, by Ptolemy’s theorem,

P,P,.P,P+P P, P,P,—P P,. PP, =0,
Hence, denoting by 12 the common tangont of the circles 1 and 2,
12.84+14.23-13.24 =0,
where the common tangents are direct or transverse according as

the contacts with the touched circle are of the same or of opposite
nature.

It is to be observed that the six common tangeunts involved must
be either— '
(i.) all direct,

(ii.) three direct and three transverse,

-(iii.) two direct and four transverse ;

and that in the two latter cases their distribution must be p.ccording



1891.] Oontacts of Systems of Oircles. 141

to the types—
(12). 34 +(14). 23 —(13).24=0,

and (12). (34) +(14) . (23)— 13 .24 =0,

F1a. 3.

respectively, where, as defined a.bovve‘, (12) denotes the transverse .
common tangent of 1 and 2.

We also remark that the product affected with the negative sign is
that of which the corresponding chords of contact intersect without
being produced.

2. If the circle 4 reduce to & point, we see that

12.84+14.23—-13.24 =0,
—12.34+14.23+13.24 =0,
or 12.34~14.23+13:24=0,

according as the point 4 is on the arc 13, 12, or 23, respectively, of
either of the circles which touch 1, 2, 3 all internally or all externally.

If it be on either circle which has contacts of similar nature with
1 and 3, and of the opposite nature with 2, then (Fig. 4)

(12) . (34) +(14) . (23)—13.24 = 0,
—(12). (34)+ (14) . (23) +13.24 = 0,
or (12). (34)—(14) . (23) +13.24 = 0.
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If it be on either circle which has contacts of similar nature with 1
and 2, and of the opposite natare with 3, then (Fig. 5) '
12. (34)+14.(23)—(13) .24 = 0,
—12,(34)—14.(23) +(13) .24 =0,
or 12.(34)—14.(23)+(13) .24 = 0.

2 (o)

Fig. 4. Fig. 6.

If it be on either circle which has contacts of similar nature with 2
and 3, and of the opposite nature with 1, then (Fig. 6)

(12) .34+ (14) .28 —(13) .24 = 0,
—(12) .34+ (14) .23+ (13) .24 = 0,
or (12) .34~ (14) .23+ (13).24 = 0.

Fia. 6.

These alternatives hold in each case according as the point 4 is on
the are 13, 12, or 28, respectively, it being regarded as a point circle
lying on the same sido of tho tangent cirele as the circle 2.

3. Conversely, if any one of the relations which occur in the last
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Art. subsist among the mutual common tangents of the circles 1, 2, 3,
“and the point 4, that point must lic on one or other of the two arcs

of the pair of tungent circles of 1, 2, 3 for which that particalar

velation has here been proved to subsist.

Suppose (Fig. 7) that 1’ is a position of the point 4, on neither of
the wrcs 13 of tho pair of tangent circles for which the relation
12.84+14.23-13.24 =0
is satisfied.
R

Fia. 7.

Through P describe a circle coaxal with 1 and 3, and let it cat
either of thesc arcs in Q.

"Then  12.3P+23.1P—13.2P = 0, by hypothesis,

and 12.3Q+23.1Q—13.2Q =0, by Art. 2; -

also 3P:1P :: 8Q:1Q,

since P and @ are on a circle coaxal. with 1 and 3.
Henco 3P:2P:1P ::3Q :2Q:1Q,

which is impossible, by Lemma iii.
4. If a relation of the form
12 . 34 + 14 . 23 4 13 .24 =0,
(12). 34 +(14). 23 +(18).24 =0,
or (12). (34) &= (14).(23) = 13 .24 =0,

subsist among tho common tangents of four circles 1, 2, 3, 4, they
will have a comumon taungent cirele.

Tuke that circlo, say 4, whoso radius is not greater than that of
any of the threo remaining circles. With the centre of cach of the
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remaining circles as centre describe a circle, whose radius is equal to
the sum or diffcrence of its radius and that of the circle 4, according
a8 tho common tangent of it and 4 is transverse or dircct.

These three new circles 1’ 2’, 3/, together with the centre of the
circle 4 (a point circle) form a group of four circles having the same
mutual common tangents as the four given circles, so that the given
relation is satisficd for this system, and it follows by Art. (3) that
the centre of the circle 4 lies on one or other of a pair of common
tangent civcles of 1/, 2/, ¥, and, hence, that 4 touches one or other of
o pair of common tangent circles of 1, 2, 3.%

5. To express the common tangents of a pair of circles in terms of
their radii and angle of intorsection.
Let ¢, ¢” bo tho leugths of their direct and transverse common tan.
gents,
d the distanco between their eentres,
0 their angle of intersection (viz., tho one which lies inside
both).

Then, for circles in plano (Fig. 8),

%

A

Fia. 8
0= 14 ;r" + 277 cos
= 4 +""—2r
= "4 47427,
Hence =2 (14cosh),
%= — 2rr' (1—cos b),

or ' t = 2~/r_77.cos-g- e rrereterreeas (i),

#=2v/"1. /o . sin % T TH )

* It will touch both circles of the pair if, in addition to the gnon relation, the
circles 1, 2, 3, 4 havo a common orthogonnl circle.
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For circles on a sphere (Figs. 9, 10),

cosd = cosrcos+ —sinv sin+ cos 8

= sinrsiny +cosrcosr cost
from triangle O0'P (Fig. 9)
= — sinr sin¢’ 4 cos 7 cos *’ cos ¢’

from triangle 0O0'P’ (Fig. 10).

Fie. 9.
Hence cosrcos? (1—cost) = sinrsin7’ (1+4cos 6),}
cosr cos ' (1—cost’) = — sin7 sin 7’ (1—cos 6),
or sill-t—=~/faxl1‘tanr’cos£- vevvreneenenrenans (1),
2 2
sin g- =/ =1tan7tan s’ sin-% TN L B

6. From Arts. (4) and (5), we sce that the nccessary and sufficient
conditions that four circles 7 plano should have a common tangential
circle is, when expressed in terms of their angles of intersection,

12 34 14 - 13 24
cos o cos o % cos-z- cos—z— %+ cos - o cos-z-._ 0,
. 34 14 23 13 24
sin —2— cos = 5 < sin 5 cos — B) =+ sin 5 cos 5= 0,
12 34 .14 . 23 -13 24, —
or sin = gin 5 £ sin &5 sin o =+ cos - o cos 5 = 0.

By inversion it is clear that this also holds for four circles on a
VOL. XXIII.—NO0. 439, L
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sphore, and, in this latter case, the condition, when expressed in terms
of the common tangents of the circles, is

sin 122- ‘ sin :22‘1’ + sin 13’ sin 223 =+ sin lj sin 224’ 0,
. (12) 34 111 13)
81 %— smj + sin >~ ( 2 sm f + sin ~—= ( n 2 =0,
or (12) sin —22 =+ sin = (1“ (2;) =+ sin 1‘?3 sin g‘; 0.

These conditions, in the case of four circles on a sphere, may also
be established directly, by following a method precisely analogous to
that adopted in the case of four circles ¢n plano.

[I am indebted to Mr. Lachlan for the following alternative proof
of the condition, directly applicable to the case in which the three
circles intersect cach other in real angles.

Let X,, X;, X;, X, be four circles whose external angles of inter-
gection are connected by the relation

$in Jwyy . SIT 3wy +8in Jwyy. 8in Jw,g—sin w;y . sin fwy, = 0.

Let Y ari Y’ be two circles which touch X, X,, X; in the same
sense, 1.¢., all internally or all externally ; then either Y or ¥’ touches
X, in tho same senso as the others.

Now two circles can be drawn to cut X,, X, at the same angles as
X, cuts them, and at the same time to touch Y in the same sense as
Y touches X,, X;. Let these circles be X;, X;. It is easy to see that, -
if Py, P, bo tho points of contact of these with Y, Py and P, will lie
on oppousite ares of Y which join the points of contact X;, X,  Hence,
if I; bo on tlio sanmo are as the point of contact of X,

8in Jwy . 8In Jwg+8in Loy . sin Jw,y—8in fuwy. sin fw,y = 0,
Gyl ) | i1 SO SRR S
or —silgwy.8in wg+6in Jwg. 5in Juwy+6in oy . sin fwy =0,

accordmg as Py is on the arc joining the poiuts of contact of X, Xy,
or on that joining the points of contact of X, X;.

Hence, since
in lw. = gin ! 1 sinde. ==sin L
8in Jwy = 8in Jwy, and  sin fuyg = sin Ly,

we must have sin Jw, = £ sindw,;
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the lower sign is impossible, since all the angles are less than two
right angles.

In the same mannor there will be one circle, X; say, which touches
Y’ in the same sense as ¥’ touches X,, Xj, such that

8in jwy, = sinjw,,, and sin jwg, = sin Juwy,
" in — qin 1
and therefore 8in fwy, = sin Jw,,
Hence Wy =wy;=w, Or 2r—uwy,;

the latter alternative is impossible, since 27 —w, >,

Henee the circles X;, X, cut X, X,, X at the same angles as X,
cuts them. .

Let X be tho orthogonal circle of X, X,, X;, and let Xi be the
inverso of X, with respect to X ; then it follows that X, and X, must
coincide with X, and X{. That is tosay, one of the pair X, X, must
coincide with X,

Henco X, tonches Y or ¥, That is to say X‘, X, X, X, touch
anothor circle, cach in the same sense. ’*]

7. Tho eight circles which can be drawn to touch threec given
circles on a sphero, or 2 plano, can be divided into fourteen groups of
four, cach of which touches another circle (Hart and Cascy).

Lct us assume that the three given circles intersect, as in (Fig. 11).

The thrce given civeles divido the sphere into eight triangles.
Consider any onc of these trinngles, and the fonr circlos related to it,
as tho inscribed and escribed circles of a plane triangle.

Then, since these four circles, 1, 2, 3, 4, say, touch the three given
circles as a, b, ¢, d touch a, 3, y in Fig. 11, tho following relations

* 1t is intevesting to observo that when X, euts X, X, X at cqual angles, tho
condition becomes
sin Joq + 8in Jway—~sin Ja)y = 0,

the interpretation of which is that 1, ¥” and .\, touch cach othor at.tho same point,
Tor, by inverting Xy, X, Xy into thwu cqualt circles, this cundmon reduces to the
relation

lgtily—ty =0,

among tho common tangents, which shows that theso thvee circles tonch two
paradlel straight Hnes, and it is clear that X inverts into a straight line parallel to
them.  Hoenee, in the original figiues, 1) P and Xy touch each other ab the origin of
inversion.—A. T..

2



148 Mr. Alexander Larmor on the [Nov. 12,
subsist among their common tangents, viz.,

4 . (23) a0 _in 124, G4
amzsm ) +8n2 2s1n 5 =0,

sin %’:sin@ +sin (—lglsin% —sin%ﬁ sin 1—22- =0,

smg—z— +sm sm (23) —gin 3sin(—221)‘=0

2 2 2 2
. (14) . a12) . 13) . 24
Hence sin £ 5 sm +sm 9 sm 2 —pin-22 5 sm 2 —0

showing that the circles 1, 2, 3, 4 touch another circle, the contacts
with 2, 3, 4 being of similar nature, and the contact with 1 of the
opposite nature.

Fia. 11.

As thero aro eight triangles, there are eight groups of this species.
Again, tho eight circles which touch three given circles on & sphere
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clearly consist of 1, 2, 3, 4, and their inverses 1’, 2', 8’, 4’ with regard
to the point of intersection of the planes of the three given circles.
The six groups of four, viz.,
11°22', 1133, 1144/, 22'38’, 22'44", 33’44/,
consist each of two circles and their inverses with regard to this

point, and therefore (by Lemmaii.) are cach tangential to four circles,
i.e., to another circle in addition to the three given circles.

8. The eight circles which can be drawn through the points of in-
tersection of three given circles, taken three by three, can be divided
into eight groups of four, possessing the property that each circle of
any group touches four other circles.

Let us denote the points of intersection of the three given circles
by 4, B, 0, A’, B¥’, ¢, respectively, and the point of intersection of
 their planes by 0.

The eight circles in question are those circumseribing the triangles
ABC, ABC,
ABC, A'BO,
ABC, ABC,
A'BC, ADBC.
Consider the six groups of four :—
ABC, ABC, AI'C, AB0O, ABC, ADC,
AB'(Y, ABC, ABO, ABC, ABC, ABC,
ABC, ATC, ABC, ABC, ABC, ABC,
A'BC, A'BC, A'BC, A'BO, ABC, ABC..
Bach of these groups consists of two circles and their inverses with
regard to the point 0.

Heneo (Lemma i) the four coustituents of each group touch each
of a group of four circles.

Consider the two groups :—
ABC, A'D'C,
ARG,  A'DBO,
A'BC, ARG,
A'BC, ABC.
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-The angles of intersection of the circles in tho former group are given

by the following schome (as may easily be seen from the figure), in
which a, 8, y denote the angles of intersection of the three given
oircles,

ABO| ABC A'BO A'B'C

ABO B~y y~a a~f
ABC | B~y at+fi—=|aty—mn
ABC| y~a | atfB—n B+y—m=

ABO| anf3 aty—=m | B+y—m

and, if we call the circles, réspectively, 1, 2, 3, 4, and supposo
a>3>vy, it is casily verified that their angles of intersection satisfy
the following four rclations :—

14 23 12 34 13 24

sin 5 cos 5 +sin g eos —gin® g 85 = 0,
sin !_2%(,083?4’ —s8in %3—cos 14 +sin 324'cos 13 =0,
—sin »224'0 123 +8in 1—;-'cosl = +4sin 324’ cos 122 =0,
— gin 23 14’ +s8in 123 +s 324’ 122— =0,

whence (Art. 6) the circles 1, 2, 3, 4 touch four other circles.
In tho same manner, or by inversion with regard to the centre of

tho sphere, it may be proved that the latter group
A'B0,
A’'BO,
AB'O,
ABCO,

touch four other circles.
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9. The contact relations of tho system of eight circles which pass
through the points of intersection of threce given circles can also,
in the two latter cases, be derived, by the following transforma-
tion, from those of the system of eight circles which touch three
given circles.

Consider the figure consisting of three great circles on a sphere,
and their eight tangential circles. Iiach great circle has two poles.
Let 4, B, O be the poles of the three given great circles, respectively,
which do not lie on the same side as the inscribed circle of the
spherical triangle formed by them, and let A’, B, 0" be their three
.remaining poles.

The polar figuro corresponding to the threo great circles, and their
eight tangential circles, consists of three great circles intersecting in
4, 4', B, B, C, ¢, respectively, and the eight circles passing through
thesc points three by three.

The inscribed and three escribed circles of the original spherical
triangle tonch a circle (Sir A. Hart's circle) the nature of the con-
tacts being, in the case we have chosen (Fig. 11), the first internal
and tho last three external. Hence (Lemmas a, 8) tho polar of
Hart’s circlo touches the polar of the first internally, and the anti-
polars of the other three externally, i.e., the four circles passing
throngh tho points

ABC,
A'BC,
A'BO’,
ABO.

Now we observe that the original spherical triangle has three co-
lunar triangles, and that each of theso has a Hart circlo of its own ;
hence, in the polar figure, we see that the four circles passing through
the points

ABC’,
A'BC,
AB'C,
AT,

touch tho polar of tho Iart circle of a co-lunar triangle ; and, invert-
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ing with regard to the centre of the sphere, that the four circles
passing through the points
A'BO,
AB'C,
A'B0,
ABC,

touch the antipolar of the Hart circle of a co-lunar triangle.

Thus this systom of four circles touches the polar of the Hart
circle of the original triangle, and the antipolars of the Hart circles
of the three co-lunar triangles.

10. To find the radii of these four circles.
The radius r of the Hart circle of any spherical triangle is con-
nected with the rading I of the circumseribing circle of that triangle

h .
by the relation tan I = 9 tan »

(Selmon, Solid Geometry, Art. 261).
Hence the radius p of any of the four circles, to which the circles

ABC,
A'D°C,
A’BC’,
ABC’,
arc tangential, is given hy the relation
2cotp =colr, or tanp = 2tann,

r, being the radins of the inseribed circle of one of the four spherical
triangles ABC, A'B'0, A’BO’, AB'C'.

11. The sixty-four circles which can be drawn to touch three given
circles 1, 2, 3 on a sphere and their three antipodal circles 1/, 27, 37,
in such o manner that each touches 1or 1, 2 or 2, and 3 or 3’, can
be divided into two hundred and twenty-four groups of four, cach of
which touches another circle.
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Eight circles can be drawn to touch each of the groups
123, 129,
123, 128,
1’23, 127,
1’2’3, 123
The theorem of Art. (7) shows that these sixty-four circles can be

divided into 8x14 =112 groups of four, each of which touches
another circle.

Let us take, for considerations of symmetry in the distribution of
the contacts, the case in which no two of the circles 1, 2, 3 interscct.

Let a, b, ¢, d, a', V', ¢, d’ Qenote the tangent circles of 1,2, 3, the
nature of their respective contacts with the latter being defined by
the scheme

1 | ext.| ext.| wnt.| int. | int. | int. | ext. | ext.

2. | ext.| int.| ext.| int.| int.| ext. | int. | ext.

3 | ext.| int.| int.| ext.| int. | ext. | ext.| int.

and let
i, i, iii, iv, v, vi, vii, viil denoto their respective polars,

1, ii’, iit’, iv’, v, vi’, vii, viii’, their respective antipolars.

Then a, b, ¢, d touch a Hart circle, all intcrnally, in the casc we have
chosen; therefore (Lemmas a, 8) i, ii, iii, iv touch the polar of this
Hart circle, all internally.

It is also to be observed that i, ii, iii, iv do not form a Hart group
in the polar figure.

For, let a, 8, v, o, 3, ¥" be the respective polars and antipolurs of
1, 2, 3; then, by the foregoing schome, and Lemmas (a, 3), the naturo
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of the contacts of i, ii, iii, iv with a, 8, v, a’, &, 7", is according to
the scheme

a | By |d|B|Y |
i _ B ext. | ext.| ext.
ii o int. | int. ;—
—iii— :n—t ) q,;t - ext.
i |oefi| || e

Thus i, i, iii, iv touch a circle, although they do not touch any three
of tho circles a, 8, v, @', 3, ¥'.

Again, a, a’, b, " (a Hart group of the second species) touch a
Hiut circle in addition to 1, 2, 8. Tho nature of their contacts with
1, 2, 3 is defined by the first scheme; whenco the nature of their con-
tacts with their Hart circlo is inferred according to the scheme

1 ext.| ext.| int.| int.
2 cat. | int. | wt. | cxt.

3 ext. | int.| tnt. | ext.

Iart
circle

ext. | ext.| ent. | tnt.

Therefore the polar of this Hart circle touches i’,.ii’ externally, and
v, vi internally (Lemmas a, 3).
It is further to be obscrved that i’,it’, v, vi do not form a Hart.
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group in the polar figare, for the nature of their contacts with
a, B, v, @y §', ¥’ is according to the scheme

1 |ext. | ext. | ext.

it’ |ext. wnt. | wut.

v | ent.| int.| int.

vi | int. ext, | ext.

Thus i/, ii’, v, vi tonch a circle, although they do not touch any
three of the circles «, 8, v, o', 8, ¥

Heuce, corresponding to each of the fourteen Hart groups of the
circles touching 1, 2, 3, we have a group of four circles touching a
or a’, 3 or 3, and y or y’, which touch a circle, although they are not
tangential to the same three circles. Thus, the sixty-four circles
which can be drawn to touch 1 orl’, 2or 2, and 3or 3’, can be
divided into 8x14 Hart groups of four, each of which touches
another circle; and also into 8X14 other groups of four, each of
which touches another circle; 7.e., in all, into 224 groups of four,
each of which touches another circle.

12. By joining the circles in the last Art. to the centre of the
sphere by right circular cones, we observe that :— .

The thirty-two right circular cones that can be drawn, with a given
point as vertex, to touch three given right circular cones with that
point as vertex, can be divided into one hundred and twelve groups
of four, each of which is tangential to another right circular cone
with that point as vertex.

13. In the same mauner, from Art. (8), we deduce that :—

The thirty-two right circular cones that can be drawn, with a
given point as vertex, to pass through the twelve lines of intersection,
taken three by three, of three given right circular cones having that
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point as vertex, can be divided into thirty-two groups of four, each
of which is tangential to four other right circular cones with that
point as vertex.

This proposition may also be looked upon as a degenerate case of
Art. (12), when the three given right circular cones become straight
lines.

14. In the theorem of Art. (7), suppose the three given circles to be
three great circles, and we deduce that :—

The four right circular cones that can be dla,wn, with a given point
as vertex, to touch three given planes intersecting in that point, are
tangential to four other right circular cones with that point as vertex.

This may likewise be looked upon as a degenerate case of the
theorem of Art. (12).

15. In the theorem of Art. (8), suppose the three given circles to be
three great circles, and we deduco that :—

The four right circular cones that can be drawn through three
given concurrent straight lines touch four other right circular cones
whose common vertex is the point of intersection of the three given
straight lines.

This theorem may also be regarded as a degenerate case of the
theorem of Art. (13).

16. The thirty-two conics that can be drawn having double con-
tact with a given conic, and touching three given conics which have
also double contact with this given conic, can be divided into ome
hundred and twelve groups of four, each of which touches another
conic having double contact with the same conic.

In the theorem of Art. (12), project the sphere into a quadric
surface; and the right circular cones become cones having their
common vertex at the centre of the quadric, and having plane
section with it.

Apply Lemma i., taking the centre of the quadric as origin, and
any plane as plane of projection; the section of the figure by the .
plane of projection consists of three given conics, having double con-
tact with the section of the asymptotic cone by the plane of projee-
tion, and the thirty-two conics that can be drawn touching them, and
having double contact with thoe section of the asymptotic cone by the
plune of projection; and the theorcm cnunciated follows at once from

that of Art. (12).
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17. The thirty-two conics which can be drawn having double con-
tact with a given conic, and passing through three of the twelve
points of intersection of three given conics which have double contact
with this given conic, can be divided into thirty-two groups of
four, each of which touches four conics having double contact with
this given conic.

This follows from the theorem of Art. (13), by the method employed
in the last Art.

18. The four conics that can be drawn touching the sides of a given
triangle, and having double contact with a given conic, touch four
conics which have double contact with this given coniec.

This follows from the theorem of Art. (14), by the application of the
same method.

19. The four conics that can be drawn through three given points,
and having double contact with a given conic, touch four conics
which have double contact with this given conic.

This follows from the theorem of Art. (15), by the application of the
same method.

Thursday, January 14th, 1892,
Prof. GREENHILL, F.R.S., President, in the Chair.

Mr. Ralph Holmes, B.A., St. John's College, Cambridge,
Mathematical Lecturer at King’s College, London, and Mr. E. T.
Dixon, Trinity College, Cambridge, were elected members,

On the motion of Mr. Walker, seconded by Mr. Brooksmith, the
Treasurer’s report was unanimously adopted.

The President drew-the attention of the members present to the
loss the Society had sustained by the death of Prof. Kronecker, who
wag elected an honorary member January 14th, 1875,

The following communications were made :—

The Harmonic Functions for the Klliptic Cone: Mr. Hobson.
Some Theorems relating to & System of Coaxal Circles: Mr.
R. Lachlan.
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Note on Dirichlet’s Formula for the Number of Classes of Binary
Quadratic Forms for a Complex Determinant: Prof. G. B.

Mathews.

Researclics in Calculus of Variutions (third paper) : Mr. E. P,
Culverwell.

Impromptn Communicationswero made by Mr. Jilliott and Major
MacMahon.

The following presents were received : —

¢ Beibliitter zu den Annalon dor Physik und Chemie,”” Vol. xv., No. 11; 1891,

¢ Atti dol Reale Institnto Veneto di Scicnzo, Lottere, cd Arti,”” Vol. xxxvir.,
Tth serics, Vol. 1., I’t. 10; Vol. 1., P'ts. 1-9.

“ Physical Socicty of London—Proceedings,’’ Vol. x1., Pt. 2, Dec., 1891,

¢ Nuuticul Alinanac? for 1894.

“ Procecdings of Royal Socicty,” Vol. n., No. 303.

¢ Mcmoir on the Coceflicionts of Numbers,”” by B. Seal, M.A. ; Calcutta, 1891,

¢ Bullotin do la Société Mathématiquo do France,’ Vol. x1x., No. 7.

¢ Rendiconti del Circolo Matematico di IPalermo,’’ Vol. v., Pt. 6,1891, Nov.-Dec.

¢ Avchives Néerlanduises dos Sciences Kxactes et Naturolles,”” Vol. xxv., Dts.
3, 4; Harlem, 1891. A .

‘¢ Atti dolla Reale Accademin dei Lineei,”” Vol vir., 9-11.

¢ Kducationul I'imes,”” January, 1892.

¢ Annals of Mathematics,” Vol. vi., No, 3.

¢ Journal of College of Scionco, Japan,” Vol, 1v., Pt. 2; Tokyo, 1891.

¢¢ Knginoering Reviow,”’ Vol 1., No. 8, Dcc. 6th, 1891.

# Acta Mathomatica,’” xv.. 3, 4.

“ Transactions of Royal Ivish Academy,” Vol. xxix., Pt. 17.

‘¢ Cayloy, Muthomatical Papors,”” Vol. 1v. (2 copics).

¢¢ Atti dolls R. Accademia di Napoli,”” 2nd Series, Vol. 1v.; Napoli, 1891.

¢ Wasghington Observations, made during the year 1886, at the U, 8. Naval

- Observatory ;" Washington, 1891,

“Die Willkiirlichen lunctionen in der Mathomatischen Physik—Inaugural-
Dissertation zur Erlangung der Doctorwiivde, zu Kouigsberg i. Pr.”” (24 Okt.,
1891), von Arnold Sommerfeld ; Kinigsborg in Pr., 1891,

“The Mathematical Mugazine: a Journal of Elementary und Highor Matho-
matics,”’ edited by A. Martin, Ph.D., Vol. 1., No. 6, Oct., 1891; Washington,
1891.

¢ A Direct und Generul Mothod of Finding the Approximuto Valuos of the Leal
Roots of Numericul Equations to any Degreo of Accuracy,’”’ by J, W. Nicholson,
A.M.; Now Orleans, 1891.

*“The Lifo-Romance of an Algebraist,”” by George Winslow Pierce; Boston,
1891. From the Author.



