‘ongruence properties of partitions.
By
S. Ramaunujan 1.

[Extracted from the manuscripts of the author by G. H. Hardy*))].
1. Let

(1. 11) P24

lix_!‘ l—x“ }"1 a:“+ )
98,8 28
(1. 12) Q=14200(;% + ”;’cg+1_x,,+...),

1) Srinivasa Ramanujan, Fellow of Trinity College, Cambridge, and of the
Royal Society of London, died in India on 26 April, 1920, aged 82. The manuseript
from which this note is derived is a sequel to a short memoir Some properties of
p(n), the number of partitions of n, Proceedings of the Cambridge Philosophical Society,
19 (1919), 207-210. In this memoir Ramanujan proves that

» (5n+4) = 0 (mod 5)

p(Tn-+5) == 0(mod 7),
and states without proof & number of further congruences to moduli of the form
5% 7% 11¢, of which the most striking is

2(11n+46) = 0(mod1l).
Here new proofs are given of the first two congruences, and the first published proof
of the third.

The manuseript contains a large number of further results. It is very incomplete,
and will require very careful editing before it can be published in full. I have taken
from it the three simplest and most striking results, as a short but characteristic
example of the work of & man who was beyond question one of the most remarkable
mathematicians of his time.

T have adhered to Ramanujan’s notation, and followed his manuscript as closely
a5 I can. A few insertions of my own are marked by brackets. The most substantial
of these is in § 5, where Ramanujan’s manuscript omits the proof of (5. 4). Whe-
ther 1 have reconstructed his argument correctly I cannot say.

The references given in the footnotes to ,Ramanujan‘ are to his memoir On
certain arithmetical fumctions, Transactions of the Cambridge Philosophical Society,
22, no. 9 (1916), 159—184.
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(1. 13) Rm1-504(1im+12:f; +13j;'§ )
(1.2) Fla)=(1—2)(1 —a*) (1 —a?). ..
Then it is well known that
(1. 8) f(m)=1_m_xﬂ+xs+m?_...-1+2 1)" (@ inBn=1 | ginen+y)
(1. 4) Q3~R"’:1728x(f(x))”.

Further, let

(1. 51) ZZ mens gmn ~~~an6 '

m=1n=1

where o, (n) is the sum of the k-th powers of the divisors of n; so that

28 g2 88 8
(1. 52) (‘D"’Ax)m]f{{”lnw ]miyu'+
and in particular
(1.53) P=1—249,,(x), Q@=1+2400, ;(z)y Re=1— 504D, ().
0.2 0.3 0.5

Then [it may be deduced from the theory of the elliptic modular
functions, and has been shown by the author in a direct and elementary
manner*), that, when r 4 s is odd, and r <, &, () is expressible as
a polynomial in P, @, and R, in the form

di?‘,s(x) :.—::2 ’Icl,m,nPlQm'Rn’
I —1< Min(r,s), 21+ 4m 4 6ns==r -} 1.

In particular®)]

(1. 61) Q"’m1+f480¢o,7(w)m1‘*"4‘8()(""?”"“}”2 o),

where

(1.62) QR = 1~204¢0a(m)m»1m264< erl wﬂ+ )
(1.63) 441Q°+ 250R" = 691+ (13520 P, ,, (=)
m691+65520<1~«“ e )

?) Ramanujan, p. 165.

* Ramanujan, pp. 164—166 (Tables I to ITI). Ramanujau carried the calou-
lation of formulae of this kind to considerable lengths, the last formulae of Table I
being

7709 321041217 4 82640 B, 5, () = 764412173217 @°
+ 5323905468000 @° R® + 1621008400000 @° R*.

It is worth while to quote one such formula; for it is impossible to understand Ra-
manujan without realising his love of numbers for their own sake.
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) Q—P"=12889, ,(x),

) PQ—R="7200, ()

) Q°—~ PR=10089, ,(=),

) QPQ—R)="1200, , (),
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Modulus 5.

6P°Q—~8PR+38Q"~ P'=6912%, (v
P°Q—3P°R+3PQ°— QR =3456 D, , (),
15PQ° —20P°R+10P*Q — 4QR — P" = 20736 B, , ().
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2. We denote generally by J an integral power-series in & whose

coefficients are integers. It is obvious from (1. 12) that
Q=1-+F5J.

Also #*—n == 0 (mod 5), and so, from (1.11) and (1. 13),

R=P45J.
Hence

Q' — R =Q(1-+5J)—(P+5J)'=Q—P"+5J.

Using (1. 4), (1. 71), and (1. 51), we obtain

(2. 1) 1728« s 2882/ "‘71 x'n -+ 57,
A=l
Also
(1 — w)% e | e x‘z:s_l__ 5J,
(Fa)™ =F(z")+ 57,

and so
(2.2) (Fla) =80 457
But
=l eLa+ (e,
and therefore, by (2. 1) and (2. 2),
2. 8) 17282 f(2*)(1+ p(L)z+p(2)2*+...)

= 17285 L0ED e 1728 2 (F (%)™ + 57 == 288 3 n, (n) 2"+ 5.J.
n=1

f(=)
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Multiplying by 2, rejecting mulbiples of 5, and replacing f(z*) by
its expansion given by (1. 38), we obtain

(@ — %8 — xm»{—xm—{— JA+p{(LHz+p@)a*+...)

-~27n<11 2" -+ 5J.
Hence
(2.4) p(n—1)—p(n—26)— p(n—51)+p(n—126) -+ p(n —176)
—p(n—801) —... =no,(n) (modb),
the numbers 1, 26, 51, ... being the numbers of the forms

25

or, what is the same thing, of the forms

15n —1)(15n —2), 3(5n-+1)15n -+ 2).
In particular it follows from (2. 8) that

25
Bn(3n—1)+1,

(2.5) p(5m —1)=0(mod5).
Modulus 7.
8. It is obvious from (1.18) that
R=1--7J.
Also n” —n=0({mod7), and so, from (1, 11) and (1. 61),
Q=P 4 7J.
Hence

Q' —RB'=PQ—-1+4+7J)=PQ —2PQ+1+7J
=P'—2PQ-+R-+T7J.
But, from (1.72) and (1. 81),

P’—2PQ-+R= 14427(5’”03 (n) ~12n%6, (n)) 2"

e}
=3 (n%o, (1) — noy (n)) 5"+ 7J.
And therefore =
(3.1) ”“Z(" o, () — noy(n))a" 4 7J.
n=1

Again (by the same argument which lead to (2. 2)) we have
w_ [
(3.2) (Fen* =L + 70
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(‘ombining (3. 1) and (3. 2), we obtain
(3.3) @ f;fx)’ = w? (F(@)) ™ T = 1728 2* (F(2))® + 77

,Q°‘~R P47g
MZ (nto, () —no,(n))2" +7J.

From (3. 5 ) it follows (just as (2. 4) and (2. 5) followed from (2. 8)) that
(8.4) pln—2)—p(n—>51)—p(n—100)+ p(n—247) -+ p(n — 345)
~p(n —590) — ...:.n*o, (n) — nay(n) (mod 7),

the numbers 2, 51, 100, ... being those of the forms

T —1)21n—4), 3(Tn+1)(21n+4);
and that

(3.8) p(7Tm ~ 2)=0 (mod 7).
Modulus 11.
4. It is obvious from (1. 62) that
(4. 1) QR..1--11J.
Also n*'—mn .~ 0 (mod 11), and so, from (1.11) and (1. 63),
(4.2) @* —38R*- 441Q°-}- 250 R* - 11J

w091+c>5020( +f L ...>+11J
pom 2448 (i 2 ) 1L
i = UP 4-11J.
It is casily deduced that
(4.8)(Q*— B*)’=(Q*~3R*)" —Q(Q°~8R*’ —R(Q*—3R")’+6 QR+ 11J

= P* —3P*Q —~4P°'R+6QR+ 11J.
[ For
(Q* —3R*)" — Q(Q* — 3R’ — R(Q" — 3R*)* + 6QR
= (Q"—3R")"—Q"R*(Q"—3R")’ —Q"B"(Q°— 3R’ +-6Q"B"+11J
wr QF — 16@” 2 08Q° R* —985Q R 4+ 423 Q" R* — 243 R 4 11J
e= (Q° — R*)® - 11J

by (4. 1), and ( . 3) then follows from (4. 2).]
Again, [if we multiply (1.74), (1.83), (1. 92), and (1.93) by —1,
8, —4, and —1, and add, we obtain, on rejecting multiples of 11,]
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PE“3P3Q“4PQR+6QRE‘“ 5@1,5 +3@~2,7 + f“ps,u - @4,5+11J9
and from this and (4. 3) follows

.4 (Q*—R*)’ = --Z(5na, (n) —3n20, (n) — 8n?o,(n) n'o (n)x"+ 11J.

n=1

But (by the same arguiment which led to (2.2) and (8. 2)) we have
0 f(wlﬁl)
(4’ 5) (f(m))m == ’"‘»“(x)“ -}~11J.
From (4.4) and (4.5)
2 L) 8 (£ ()0 4 117 = 1728° & (F ()04 11J
(Q3 2)5_] 11J
= Z 5n0,(n) — 310, (n) — 3n°6,(n)+nto, (n))z" 4-11J.

It now follows as before that

(4.6) p(n—35)—p(n—126)— p(n—247)+ p(n — 610)+ p(n — 852)
—p(n—1457) — . ..=—n*o (n) 4+ 3n® o, (n) - 8n’ o, (n)
— 5n0,(n) (mod 11),

5,126, 247, ... being ﬁhe numbers of the forms
t(11n—2)(38n —5), $(11n--2)(33n-5);

and in particular that

(4.7) p(11m — 5)=0 (mod 11).

5. If we are only concerned to prove (4. 7), it is not necessary to
assume quite so much.

Let us write & for the operation 2-% . Then *) we have

dx
(5. 11) HP = % (P* —
(5. 12) 3Q = é’(PQ - R),
(5.18) 9R=3(PR—Q").

From these equations we deduce [by straight-forward calculation
8649*P =P°—~ 10 P°Q — 15 PQ* + 20 P* R+ 4QR,
7290°Q = 5PQ+15PQ*—15P’R—5QR,
249° R = ~14PQ*+ TP*R+7QR.

% Ramanujan, p. 165.
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The left hand side of each of these equations is of the form

s
.’tdm.

Multiplying by 1, 8, and 2, adding, and rejecting multiples of 11, we find
(5.2) P*—8P'Q+ 2P R=2" £ 11J,
We have also, by (5.11)
6P R —6QR - 72aR L.
But, differentiating (4. 2), and using (4. 1), we obtain

d R)

720R0E 36 0B (— 3@2 98 1 6% 110

= e IOSxQ +u‘)1t)a:R2«—- +11J
aJ | .

Hence
(5.3) 6 PR —6QR -zl +11J.
From (5. 2) and (5. 3) we deduce

P'—3P'Q-4P'R+6QR=310 +11J,
and from (4. 3)]

2 dJ
(5. 4) (@* — R*)’ =gt 4114
Finally, from (4.5) and (5. 4),

e L) e g (@)™ 4117 = (Q° — B*)* +11J

fa =F
il 4 11J.

As the coefficient of z*'™ on the right hand side is a multiple of 11,
(4. 7) follows immediately.

(Eingegangen am 20. Juli 1920.)



