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1. Introduction.

The numerous experimental and theoretical investigations that have
followed Bradley’s discovery of aberration have led finally to the enuncia-
tion of a principle of relativity. This principle which is being widely
used as a working hypothesis is gradually attaining a position analogous
to that held by the second law of thermodynamics,* inasmuch as it gives
a satisfactory account of the experimental results and is not in direct con-
tradiction with any known facts.t

The mathematical analysis on which the principle is based was intro-
duced by Lorentz in 1892. It consists of a certain space time transfor-
mation of the coordinates in which the fundamental equations of the
electrodynamical field are unaltered in form.

The principal features of the transformation are the introduction of a
local time, and the hypothesis that & body moving through the sther with
a constant velocity v suffers a contraction 4/(1—2%/c?) : 1 in the direction
of motion : ¢ being the velocity of light. With the help of this hypothesis

* Cf. H. A. Bumstead, Amer. Jour. of Science, Vol. xxvr (1908).
t The principle has received additional support from some recent experiments made by
Dr. Bucherer, Phys. Zeitschr., Sept., 1908, p. 755.
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a satisfactory explanation of the results of the Michelson-Morley experi-
ment can be given on the supposition of a stationary sther. The results
of the experiment seem at first sight to indicate that the mther is carried
along with the earth, but on such a supposition a satisfactory explanation
of aberration would still be wanting.

The theory of Lorentz’s transformation has been developed very con-
siderably by Einstein, Planck, and Minkowski. The transformation has
become a powerful instrument of research, inasmuch as it provides a
means of transition from the mathematical expressions of physical
quantities connected with a system at rest to the corresponding quantities
for a similar system in uniform motion. The transformation of Lorentz
only enables us to pass from a system at rest to one in uniform motion,
but it has been postulated that there is a more general transformation
which can be applied to systems moving in a more general manner. . The
case of a system moving with a constant acceleration has, in fact, been
discussed by Einstein.*

The object of the present paper is to find all the transformations for
which the electrodynamical equations are invariant. In the case of the
simpler equations of the theory of electrons, it is proved that the trans-
formations belong to a certain group which is isomorphic with the group
of conformal transformations of a space of four dimensions. It is
assumed, however, that the transformation is such that the total charge
on a system of particles is unaltered.

I have great pleasure in thanking Mr. E. Cunningham for the stimulus
which he gave to this research by the discovery of the formule of trans-
formation in the case of an inversion in the four-dimensional space.
These formule suggested the more general formul in terms of Jacobians,
and the transition to the integral forms led at once to the present analysis.
The two integral forms of the second order had been introduced previously
by Mr. Hargreaves in another connection ; they enable us to give a very
concise expression of the electrodynamical equations which promises to be
of considerable importance in future developments. The integrals that
oceur in the equations differ from the usual surface and volume integrals
by the fact that the quantities in the integrand are calculated at different
points of space at different times, these times being specified by an
arbitrary known law.

The invariance of the two integral forms of the second order leads at
once to the formul of transformation of the electric and magnetic force,

* Jahrbuch der Radioaktivitdt (1907).
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and to a number of identical relations which are shown to imply that the
differential equation At dyP+dR—de =0

is invariant. This is the differential equation of the characteristics of the
electromagnetic equations and gives the form of an elementary wave
front. Since this is a sphere, we have called the group of transformation
the group of spherical wave transformations. The differential equation
also expresses the condition that two neighbouring particles should be in
& position to act on one another. The transformations which leave the
electrodynamical equations for ponderable bodies unaltered in form must
depend upon the form of the constitutive relations connecting the mag-
netic induction and electric force with the magnetic force and electric
displacement when the bodies are in motion. Minkowski, Einstein, and
Laub have proceeded in the opposite way and constructed a set of con-
stitutive relations for bodies in wntform motion, by assuming that the
transformations are Lorentzian transformations and transforming the
known constitutive relations for bodies at rest.

This method, however, does not give the constitutive relations for
the case of a dielectric whose motion is not uniform. The general
spherical wave transformation can be applied to obtain a certain type of
accelerated motion, but the dimensions and shapes of bodies are con-
tinually altering in the transformed system.

An attempt has been made to discover whether there are any types of
constitutive relations which are invariant for the general space time
transformation. It is shown in § 7 that it is possible to construct such
relations on the assumption that a certain quadratic form is invariant for
the transformation. These relations may be supposed to correspond to a
special type of configuration and state of motion which preserves its
character after any space time transformation, which satisties certain
limitations. The general theory of space time transformations is dis-
cussed with the help of two theorems on the transformation of integral
forms. It is shown that when a transformation of variables is performed,
and the forms equivalent to two given integral forms are known, then the
integral forms may be multiplied together by the rules of Grassmann’s
calculus of extension, and the resulting integral form is equal to the one
obtained by multiplying the equivalent integral forms in the same way.
Secondly, it is shown that when a quadratic form and its equivalent are
known, & pair of equivalent integral forms may be obtained from a given
pair by a process of analysis analogous to reciprocation, the new integral
forms being of order n—m, where n denotes the number of variables and
m the order of the original integral forms. These theorems are very

S8ER. 2. VOL. 8. wNo. 1050. Q
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useful for finding invariants.* Various invariants are calculated with a
view of obtaining the general form of the equations of motion. Abraham’s
expression of the reaction of radiation on a moving electron is shown to be
an invariant for the group of spherical wave transformations, provided it
is multiplied by a certain factor.

2. The Integral Equations of the Theory of Electrons.

Let the electromagnetic units be those adopted by Lorentz, and let the
units of time and length be so chosen that the velocity of radiation is
unity.

Let curl H denote the vector whose components are

OH, _ o,
dy oz "

when the axes of z, y, z are right-handed and the vector whose compo-
nents are

9H, _oH.
g

when the axes are left-handed. Then the fundamental equationst of the
theory of electrons may be written

_OE )
curl H = —a—t-+p'w
o0H
curl £ = — a_t , (I)
divE = p
divH =0 ,

where E is the electric force, H the magnetic force, p the volume density
of electricity, and pw the convection current.

* They appear to be closely connected with two theorems used by Ricci and Levi Civita,
*‘ Méthodes de caleul différential absolu et leurs applications,” Math. Ann., Bd. v (1901).

t H. A. Lorentz, Ency. d. math. Wiss., Vol. 18, No. 5; and Vol. 14, No. 2, The Theory
of Electrons, Leipzig (1909), p. 12.
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These equations may be replaced by the two integral equations*

ﬁ (Hydyd:+Hydzdz+ H.de dy+ E.dz dt+ E,dy dt+ E,dzdt) = 0, (II)

H (E,dydz+E,dzdx+ E,dxdy— H,dz dt— H,dy dt— H,dz d¢)

= - m (pw.dy dzdt+ pw,dzdz dt+ pw,.dzdydt—p dzdy dz), (III)

provided the integrals receive suitable interpretations. The interpreta-
tion that first suggests itself is obtained by regarding (r, y, 2, t) as the
coordinates of a point in a space of four dimensions. Let any closed two-
dimensional manifold S, in this space be assigned by equating z, y, 2, ¢ to
one-valued differentiable functions of two parameters a, 8, and let S, be
the boundary of a three-dimensional manifold S; in which the coordinates
are like functions of three parameters a, 8, v, of which y = 0 on S,, and

y<0on S;. Then any term such as H H,dydz may be interpreted to
. 0
mean H H, %(—(g’—g dadf3 taken over S, and any term such as

Hj pdxdydz may be interpreted to mean HJ p g%:’-g—;%dadﬁdy taken
over S;. .

The relations (II) and (IIT) may now be obtained with the aid of (I) by
applying the generalized Green-Stokes theorem as given by Baker,t
Poincaré,! and others.

In order that equations (II) and (III) may be equivalent to (I), the
axes must form a right-handed system. If we wish to use left-handed
axes we must change the sign of H in (II) and (III).

We shall now endeavour to give a simpler interpretation to the
integrals occurring in equations (II) and (III).

Let S be an arbitrary closed surface in the (z, y, 2) space, and let ¢ be
expressed in terms of z, y, # by an arbitrary law ¢ = ¢(z, ¥, 2), which
must be chosen, however, in such a way that ¢ is a single-valued function
which is finite together with its derivatives with regard to =z, y, z at all
points within S and on S itself. Let the coordinates of points on S be
expressed in terms of two parameters a, 8.

* The integral forms occurring in these equations have been studied by Hargreaves,
Camb. Phil. Trans., Vol. 21, p. 107 (1908).
t Camb. Phil. Trans., Vol. 18 (1900), p. 408.
1 Acta Math., t. 9 (1887), p. 321.
Q 2
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A term such as H E,dzdt may now be understood to mean*

O, t) d(y,2) , Oz, t) Oz, z) , Oz, 8) Oz, y
E ]
ﬁ [au, 5 36 T e e T ey O ]d a8,

and a term such as Hj pw.dydzdt to mean

JH PWs g—EL;-’,—)S dzdydz.

The equation (II) may now be written

H [(E —H, gt +H. gt> dy dz+ (Ey—Hz gﬁ +H;%) dzdz

+(E~H. g—; +H,%) dvdy]
= m (,ow1 ét +puJ % +pw at p) dzdydz.

Transforming the left-hand side by means of Green’s theorem, we get

m[;z (E Hva +H:: y)+ d (E,, g ot +Hrat)

d
+2 (= Hza +HJa ) |amayae.
, dE, _ 0B, | OB, ¥
Now ~ oz +_5_ oz’
dH, _ O, | O, )
i r Ty

ot oz’

hence the above integral may be written

[k (afl‘ aH’+aH)§i+(aaEt a§”+a§)§2

* The relation b_(a, t) ?:'—t—) Ny—’ —Z) + 3 (=, t) 9 (2,2) B@’ —’i)-
7w B) (Y, 2) (e, B)  (2,7) ¥(a, B) Tz y) 9 )
is a particular case of a general relation given in Scott’s Determinants, p. 134.
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and this is equivalent to
ot , 0t , ot
- jﬁ (sz % +pw”8—y +pw, ~ —p) dzdydz,

if equations (I) are satisfied and the axes form a right-handed system. In
the same way, it can be shown that the integral on the left-hand side of
(IT) is zero, if equations (I) are satisfied.

Conversely, if equations (II) and (III) are satistied for every closed
surface S and for every law ¢ =t(z, y, 2), such that 0t/dz, 0t/oy, 0¢/Cz
are finite and continuous within S and on its surface, then equations (I)
are also satisfied, provided, of course, that the quantities E,, ..., H,, ...
possess derivatives which behave in such a way that an application of
Green’s theorem is permissible.

It seems natural to regard equations (II) and (III) as the fundamental
equations of the theory of electrons, because they do not require the
assumptions that the medium is continuous and that vectors E, H can be
associated with every point in space;* all that is required is that the
quantities E,, ..., pws, ... shall be integrable.

It is clear that in the genmeral case the quantities occurring in these
equations are evaluated at different points of space at different times.
The integrals are thus more general than the usual surface and volume
integrals, and seem to be better adapted for purposes of measurement, the
difficulty of measuring quantities at different points of space at the same
time being avoided.

Equation (III) may be regarded as the definition of the electric charge
aggociated with a system of particles. The triple integral represents the
total charge on the particles.t Each particle is supposed to be within

* In the case of a single pulse travelling across a medium in which the vectors E and H
are initially zero, these vectors may exist at a given point at one time and not at another.

t This may be proved by showing that the triple integral remains invariant during the
motion of a system of electrons.
Let an electron which was at the point (z, y, 2) at time ¢ be in a new position (z’, y', 2)
at time ¢, where , ,
' =+ ew,, 2 = 2+ ew,,
Y = y+ewy, t'=1t+e,

and ¢ is a small quantity which is a function of z, y, 5, {. The integral form is transformed

into pwldy ds'dt + p'wyde’ da’dt' + p'w da’ dy’ dt —p'de’ dy' d,
where pWe = pw. Y, & b) gy 0L & E) L 0@ YL 8 _ 0@y, 2)

@ and LA L awad L o ad’
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the closed surface S at the moment when its charge is evaluated, but
since the charges on the particles are evaluated at different times, the
particles need not all be within the closed surface at a given time. This
explains why the total charge is not

([ paeavae.

The double integral expresses the total charge as a surface integral, but
here again the particles over which the integration extends are not all on
the surface at the same time, but at different times.
In the same way equation (II) may be regarded as a general way of
expressing the fact that there is no free magnetism.
If ® is the scalar electromagnetic potential and (4., 4,, 4.) the com-
ponents of the electromagnetic vector potential, we have
_ 0® 24, _ 04, 04,
B=-%"a %% "%

., a(zr' yl, Z', ta) Yo o’ o '
) =, % pw, O 4w, 9 4 p %%
Y ey " P05y TP 5 P ok

or
o

This gives  pw’, 220 ¥5 25 8) _ W [1 + e_aa’:_’Hu, g—;] + py [e')’_”hw, aEJ

T,y 2t 3y 9y
W de o, de
* o [ ¥ R A T T K
A, Y, 2 t) _ de o ¢ [ Bs:' .
p EIch g},_z,-t)' pWr S + py P + pW: 2% tp| 1+ 3

Multiplying the last equation by w,, and subtracting from the first, we get

Lo, Y, 2, ), . [aw, ows ow, «)w,]
T2Vl (w —w,) = 2w +w, S e, 20
Yy e d) WeTWR S e | G W 0y Tt 0

d 9 + J ] Pl

2 =Lliw, L rw, = +w.
at "3 Ty T s

Putting

)

we see that the equation is satisfied if

de\, ., _ _dw,
(1+dt)('w,—w,) =€ i’

and if ?i: is a small quantity of the first order

, dw,
W, —Wr = € —dE,

in other words (1w, w;, w,) are the component velocities at time ¢+ e.
Since the integral form is an invariant, we may calculate its value by considering the
swarm of electrons at a given time ¢{. The temporal terms then disappear, and the integral

reduces simply to —pdxdydz,

i.e., the total negative charge on the system of electrons.
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These equations are equivalent to the single integral equation
j (Azdz+A,dy+A.dz—Pdt)

= ﬁ (H,dydz+Hydzde+H, dedy+E de dt+ Eydy dt+ E.dz dt), (IV)

provided a suitable interpretation is given to the integrals.

Take any closed curve C and a surface £ bounded by this curve. Let
¢t be expressed in terms of (z, y, z2) by an arbitrary known law ; then the
line integral may be understood to mean

J[(4m25) aot(4,-2 5) v+ (4-2 5) ]

and can be transformed into the surface integral by means of Stokes’s
theorem. Since

7 (4-25) - 7 (4-25)

=GR -y

- ot ot
= H,—E, p +E, 5
the surface integral which is obtained is

H[(H,—E,a‘ +E,,g") dyde+ (H,~E. gt +B.2 )dzdc
+(m, E,Ja +E,a )d.ch]
or ﬂ(deydz+Hydzdz+sz;cdy+Eﬂd.z:dt+Eydyclt+Esdzdt).
Hence equation (IV) is established.

8. The Group of Point T'rwnéfomnations for which the Integral Equations
of the Theory of Electrons are Invariant.

Let us consider a transformation of coordinates from (z, y, 2, ¢) to
(', y', 2, ¢) which is biuniform within a certain domain of values of
&, Y, % t). We shall suppose that the choice of a transformation is
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limited by the condition that the total charge on a system of particles
is invariant. This is expressed analytically by the equation
pw.dydzdt+ pw,dzdz dt+ pw,drdydt—p dz dy dz
= p'widy' dz' dt'+p'w,dz' dz' dt' +p'w,dz' dy' dt' —p'dz' dy' dz', (1)
provided the axes form a right-handed system in each case.
If the transformation is such that the integral equations of the theory
of electrons are invariant, we must have
E.dydz+E,dzdz+ E.dx dy— H,dx dt— H,dy dt— H,dzdt
= Eldy'ds'+ E, d?' dz'+ Eldz' dy' — H,dz' dt' — Hdy' dt’' — H;dz' dt’,
H,dydz+H,dz do+ H,dz dy+ E,dz dt+ E, dy dt+ E.dz dt
= 0[H;dy'dz'+ H,dz' dz'+ H,dz' dy' + E,dz' dt' + E,dy' dt'+ E;dz'dt'],
@)
These relations give two sets of equations connecting the quantities
E, ..., H,, ... with E,, ..., H;, ..., viz.,
o', 2') o, z") , 0@,y az', #)
-Ez — E; 3 E! ) Ea ) —H; ’
3y, T3 e 0w,

0, ) 0, )
Hy ay, 2) H”a(y, 2)’

where 0 is a constant.

o 0,2 | 10,2 |y 0, Y) e O, 8)
H.=E; o(z, t) +Ey oz, t) +E: oz, ) * o, t)

e 0@, ) o, 0, t)
H, oz, ) H, o, &)’ @

_ , 0y, 2') 0, &) | 7 02, )
and g=o m 2w, T3 T

o', t) Oy, t) ,0(2", ¢)
oy, 2) + 0y, 2) +E oy, 28
oy, 2') o', 2) | 0@, y)
oz, 9 o, t) +H, o(z, t)

, 0@, t) , Oy, t) ,0(z', ¢)
+E: d(z, ?) +E, d(z, 1) +E oz, 1

+E:

B, = 6[ =, +H,

In order that these equations may be equivalent to one another* we must

* It is assumed here that the equations of transformation are independent of E., Ey, E.,
H,., H,, H..
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have 6® = 1 and eighteen relations of the types
oy, 2) _ g0, t)

o, y) o b’
oy, 2) _ o, )
oz, t) — oy, 2)

There are clearly nine relations of the first type and nine relations of the
second type. We shall now show that when 6® = 1 these relations imply
that there is a relation of the form

dz"+dy"*+ dz"— dt"? = A (dr*+dy*+d*—d8d);
for this purpose we shall require the following lemma. '
Lemma.—Let the sixteen quantities
(magagay), (B1BaBsfy), (V1vaysyss (6165639
‘be connected by the eighteen relations of type
Bays—Bsvs = a18,—a,dy, Yaag—ysa3 = B16,—8,dy,
asBs— 3By = ¥16,— 7,6y

which imply that conjugate minors of the determinant [u;B;y3d,] are
equal. The identity

ay(ag B3 —asBy) + ag(a3 81— a1 By) +a3(ay By — . B1) = 0
then gives a;(y;6,— 461+ ay(yady—y,0)+ag(y36,—y,dy) = 0
or Sy(ayy1+aeyst+agystasy) = yalay 6+ a3+ a363+a,6)).
Introducing the notation
@y) = ayvitayatasystay,
we may obtain in the above way the equations
6,(ay) = v1(d),  d3(ay) = y;(ad),
d3(ay) = yy(ad), Sy (ay) = y4(ad) ;
81(By) = y1(B9), 63 (By) = v3(Bd),
5By = 1aBd) 5By = .89
Hence, either (ay) = (ad) = (By) = (B6) = 0
or all the quantities of type vy,0,—v,0, are zero. In the same way we can
prove that either @) = (@) = (v = (y&) = 0
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or all the quantities of type B8,6,— 8,6, are zero, and that either
(Ba) = (BS) = (ya) = (y8) = 0

or all the quantities of type a,,—a,d; are zevo. It follows from this that
either (1) the six quantities (a3) are zero or (2) that the thirty-six quantities
(a,83—asdy), (B18,—Bady), (y16a—v0y), ... are all zero or (8) that there
is a set of relations

(ay) = (ad) = (By) = (Bd) = 0,

B _B_B_B 4 . % _ 45 _ 4y
6 0q 03 S’ d, g O3 A
It is easy to see, however, that in the latter case we also have

(yd) = (aB) = 0.
Hence, in all cases,

(ay) = (af) = (ad) = (By) = (Bd) = (yd) = 0.
Again, we have
a B vl = ay(a;8,—a,8)+as(agd;—a, 8y + aglaz ,—a, 3
ay Bs vy| = 8 +al+tal+tad)—asla6,+aydy+azds+a,d,y) ;
as BQ Vs
hence, since the last term is zero,

aq Bi 7 =64(af+a;+a§+af)-

a B v
ag Bs vs!
This gives
(@t tag+a) (G+E+8+G) =|a B v 6| =2
' y By y2 G
us B3 vs G
ay By vi 6

say, and there are similar equations in a, 8, ay, By, 86, yé. It follows
et @taltalta = Bi+BHAHE
= vit+vityityi = S+&+E+E = £ N

These conditions, combined with the previous set, imply that the sixteen
quantities a,, B;, ... are the elements of an orthogonal matrix.
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If the signs of the «’s are all changed, the relations take the form

Bavs—Bsys = — (06—a,d)),
but the final result is unaltered ; hence a set of relations of this type also
imply that the quantities « are the elements of an orthogonal matrix.
Taking the quantities a, B3, ... to be the elements of the matrix
oz oy’ 0z 4ot
v
ox Jdy Oz 10t
ox oy 0z 10t
i ot' ia_t' @a_t' o
or dy 0z ot
we have the result that, if eighteen relations of the type
o', 2) _ o', t) oy, 2) _ __ o, t)

dx,y)  dz B’ da, t) Oy, 2)
oy',2") _ o, ¢t) oy, ) _ o', t)
orofthetype B =T %G8’ owd 0.9

are satisfied, then the matrix is an orthogonal one, and this implies that
dz"*+dy"*+dz"—dt? = N [dz’+ dy*+d?—dt*] ;
in other words, that the differential equation
(da)*+(dy)*+(dz)’—(dt) = 0

is an invariant. The converse is also true, and may be easily verified.
This differential equation expresses the condition that two neighbour-
ing particles should be in a position to act on one another ; it also indicates
that an elementary wave starting from a given point will have the form
of a sphere. For this reason we shall call a transformation which leaves
the differential equation invariant, a spherical wave transformation. Our
analysis shows that a transformation which leaves the integral equations
of the theory of electrons invariant is necessarily a spherical wave
transformation. 'We must next inquire whether all spherical wave
transformations are relevant for our purpose. If we call ¢ the local
time, we must exclude transformations which make the local time run
backwards as ¢ increases. Hence, in order that a transformation may

be relevant, the condition ot

55>0

must be satisfied.
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Secondly, we must exclude transformations in which the axes are
changed from a right-handed system to a left-handed system, for then
equation (1) would imply a change from positive electricity to negative
electricity. Such a transformation, however, becomes relevant when
equation (1) is replaced by

pw,dy dz dt+ pw,dz dz dt+ pw.dx dy dt—p dx dy dz
= —plw,dy'dz'dt’ —p'wydz' dx'dt' — p'w,dz'dy' At + p'dx'dy'ds’, (1)
equation (2) by
E.dydz+E,dzdz+ E,dxdy— H,dedt— H,dydt— H,dz dt
= —E,dy'ds' — Eydz'dx' — E.dz'dy' — H,dz'dt' — Hydy'dt' — H,dz'dt', (2)
and equation (3) by
H,dydz+H,dzdz+ H,dxdy+ E.dzdt+E,dy dt+ E,dzdt
= 0[—H.dy'd?' — H,dz'dz’' — H,dz'dy' + E.d«'dt' + E, dy'dt' + E;dz'dt'].
@)y

These relations also imply that the transformation is a spherical wave
transformation, and so a transformation which changes a right-handed
system of axes into a left-handed system is relevant, but the formule
of transformation of the components of the electric and magnetic force
are not the same as before. The sign of 6 will be determined later by

the condition that a right-handed set of axes is transformed into a left-

handed set. If 3 o, 2)

o, y, 2) >0,

corresponding sets of axes are both right-handed or both left-handed.

If, on the other hand, o, o, &)

A(z, y, 2) ’

the axes are right-handed in one system and left-handed in the other.
It is easy to establish a relation between the two quantities

ot' o@', y', 2)

—a—t and 8(9:, m Z) .

3. #) _ g0@,t) 3, 7) _ o0t
oy, 2) oz, t)’ d(y, 2) oz, t) ’
o', y) _ o9, t)

oy, 2) oz, )’

Since
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we have

T =BG @ -G

L w w oy dy 00 0ot o
o oz ot Tor ot Toc ot o o0
a(zl, E[I’ Z') _ atl azl 2 % 2 ‘a_zr 2_ % 2
or oz, y,2 67[(—5) +< z +(81 (83: ] (A)

We also have

o, y', 2, ¢) _ oy, 2 o, t) +a(2’, z') oy’ t')
oz,y,2,t)  O(y,2 Ot ' 0,2 Jx, 10

o', t’)l a(y’, e, 0, N _
0[{ o(z, t)) | Oz, t) ) LR ]

=-o[{(&)+ 6+ G -G}

G+ @)+ (5 -6

{0z’ dz' | dy' dy' | dz' oz’ _ ot Dt’)*]

+...

“ 10z ot T oz ot +Ow ot ¢z ot)

Therefore
Tt =6 @+ @) - @)

L@ +@) + () -]
This gives us the relation*

-2 ) -6 F H o

which holds for any spherical wave transformation.
We shall now introduce the further restriction that the inequality

(dz*+(dy P+ (dz) < (dt)?
is a consequence of (dx)® 4+ (dy)*+(d2)? < (db)*.

This means that, if a particle is moving with a velocity less than that of
light in one system of eoordinates, it is also moving with a velocity less
than that of light in the transformed system.

* I am indebted to a referee for calling my attention to this relation and the nccessity of
distinguishing between the two types of transformation.
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Putting
(2P +(dy P+ —(dt)? = N[[de)+dyP+da’—@t’),  (©

we see that A? is positive, and therefore

G+ &)+ -G

is negative. This shows that aa(_?;,y/_,:)) and %%m———’%’—:)—') must have
ot' . J(@, 7/ )

the same sign. Hence, if % is positive, I must have the same

@, y, 2)
sign as the Jacobian. Accordingly, a transformation which changes
a right-handed system of axes into a right-handed system must have a
positive Jacobian ; & transformation which changes a right-handed system
of axes into a left-handed system must have a negative Jacobian.

The sign of & may now be determined from equation (A). Since

o)+ (@) +(E) -G =»

it is necessarily positive. Consequently 6 must have the same sign as

%(?_x’%’ and therefore the same sign as the Jacobian.

We can now obtain the formul® of transformation in the two possible
cases.

() When the Jacobian is positive, 6 = +1, and the formule of
transformation are

H, %((j t)) _m %(g, :’)) _m aa(é,’ t’;
R T Rk R
~m SR - S

K ,a(y z,8) | ., 0@, 2, ¢t), . 0, y,t) 0,y 2)
R T M T S T L TP

pPWz =

(/Y %) ,,a(z , t) ,,a(a: y, t) ,8(w )
p=F za(xy,z)'*_ yd(,y,2)+ Y@y, F 0@y, )
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These equations may be simplified by using the relations of type

oy,z,t) oz |4
.J 3 1 — 6 bl A
oz, y, 2) ot "’
which are proved in the same way as (A), the quantity A* being defined
by equation (C).

The new equations are

—\2 ro f)_.z:' ' ag 1 aZ, _ I?Lt'
P, = A [pwzax +pw, e +p10; = P 5 |
ax' ' a ! ’ aZ’ vat,
= )2 ' ' _y_ - _
p=A [’”w” o TP tevigy =P |

and these imply that
pw.dz+ pw, dy + pw.dz—pdt = N[pw,dz + prw,dy +pw.dz —p'dt’].

The formule connecting the electromagnetic potentials are obtained by
putting

Ay dz+A,dy+A,dz—Pdt = 0[A,dz’'+ A, dy'+ A,dz —P' dt'].

Since 6 = + 1, they are

g ax' ' a?j’ ' aZI_ '8t'

(ii) When the Jacobian is negative and 0¢'/dt > 0, the axes are right-
handed in the original system and left-handed in the system specified by
the dashed letters. To obtain the correct formul® of transformation we
must change the sign of H' in equations (2) and (3) and put 8 = — 1,
There is also a doubt about the sign in the equation

pw dydzdt+pw,dzdzdt+ pw,dxdydt—pdzdy dz
= + (p'w,dy'dz' dt' + pw,dz'dx'dt’ + p'w. dz' dy' dt' — p' d' dy'd:"),

the sign depending upon whether positive electricity is transformed into
negative electricity or positive electricity. If the negative sign be taken
there must be a corresponding alteration in equation (3).
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4. Spherical Wave Transformations and the Group of Conformal Trans-
Jormations of a Space of Four Dimensions.

The group of spherical wave transformations may be reduced to a
known group by putting ¢=4s. The quadratic form which remains
invariant is then of the type

A (da?+ dy?+d2 +ds?),

and so the transformation is a conformal one.

The group of conformal transformations in a space of four dimensions
has been studied by Sophus Lie,* who has shown that it is composed of
reflexions, translations, rotations, magnifications, and inversions.t The
transformations which are of importance in the present case are the
imaginary ones, and it should be noticed that by a combination of two
imaginary inversions we can obtain a transformation of the type

) _kz o = Y Z,_kzn+y“’+zg+sﬁ—aﬁ
4’ Tt © T 2az+is)

o= k$2+y2+22+82+a2
. %a(z+1s) ’

z

which is quite different from an inversion or simple displacement. This
corresponds to the real spherical wave transformation}

kz k 24y i+ P—at—
| — ! = .2J ! —
== i LR k 2a(z—1t) ’
= k$2+@/2+7«2+a2—‘t2
2a(z—1t) :

An imaginary rotation in the four-dimensional space may be specified, in
a particular case, by the equations

z' = =z cos tw+s sin 1w, Y=y,
s’ = — z sin 1w+ s cos 7w, 2=z
Putting tanh w = v,

¥ Gottinger Nachrichten (1871), Transformationgruppen, Bd. 3, p. 851.
1 Every transformation belonging to the group is a birational transformation.

1 See a paper by the author “ On the Conformal Transformations of a Space of Four
Dimensions and their Applications to Geometrical Optics,’’ Proc. London Math. Soc., Ser. 2,
Vol. 7, p. 70 (1909).
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we obtain Lorentz’s transformation

, _ =+t , , , t+vz
= — =y, =2 =—-rz .
va-» ¥ =Y Va—2o)
The formule of transformation of the electric and magnetic vectors are
obtained at once from the general formule ; they are

Z

4. = B(4;—vP), —% = BA,.—P),
Ay = 4y, A, = A4..

E, = E., H,=H,

E, = B(E,—vH), H, = B(H,+vE)),

E, = B(E.+vH,), H, = B(H,—vE,),

pw. = Blpwi—vp'),  pwy = p'w,,  pw: = p'wr,
—p = Bwp'w,—p",
1

where B = ‘m .

These agree with the formule of Einstein, Lorentz’s formule for the
convection currents being slightly different.

In the case of an inversion with regard to a hypersphere whose centre
is at the origin, and whose radius is a real quantity %, the formule of
transformation are

o = Kz o = Ky o = k%2
TPt Y T At A I i e e
, ks

$ =.’£2+y2+22+82,
Putting s = i¢, 2?+y*+2* =%, we get the real spherical wave trans-
formation
K’z . Ky o = k%2 o= k%
7.2__t2’ y _?ﬂ_tﬂi - ”'2—t2’ "'2-—— tz_-
This transformation has a negative Jacobian ; the formule for transform-
ing the components of the electric and magnetic force have been obtained
by E. Cunningham.*
It should be noticed that
atr _ 248

at ~ P—0

' =

* Proc. London Math. Soc., Ser, 2, Vol. 8, p. 77.
sER. 2. vOL. 8. N~o. 1051, R
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and is positive; hence ¢’ increases as ¢ increases, if (z, y, 2) are kept
constant.

The transformation which corresponds to a reflexion in the four-
dimensional space is also of considerable interest. In the particular case
when the reflecting space passes through the plane z =0, s =0, the
reflexion may be replaced by a rotation round the plane z =0, s =0,
and a reflexion in the space z = 0. The corresponding transformation is
thus made up out of a transformation of Lorentz

z—ot t—ox
= "=y, =z =—--xs,
va-o YT VA=)
and a change in the sign of z'. Putting
2 1 14

)
VA=) T 1—u? A —=0) 1—u?’

and changing the sign of z', we get

1442 Qu
FEC et et
¥y =y,
7 =z,
o= 1442 f— 2u
1—3 1—u?

The quantity » is introduced because the angle of rotation in the four-
dimensional space is twice the angle between the reflecting space and the
space z = 0. Its geometrical meaning in the case of the spherical wave
transformation is indicated by the equation

' —ut' = — (x—ul),
which implies that a plane moving with the constant velocity » is trans-
formed into itself. Further, when z = u¢, we have
=z y=y =2z =t;

hence every point of the plane is transformed into itself.*

The formule of transformation of the electromagnetic vectors are
found from the first set of equations for a transformation with negative
Jacobian.

* Geometrically the transformation is equivalent to a reflexion in a moving plane mirror,
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T he general infinitesimal spherical wave transformation 18
z' = z+te[p@?—1PP =2+ O+ 2qzy+ 2rz24 25zt +ux+ hy + g2+ lt+al,
Yy = y+telqg PP =22 =2+ O+ 2y + 2ryz+ 2syt— hax +uy +fz+mt+b),
2" = z4e[r (=2t — '+ O+ 2z2+ 2qyz+ 252t —gx— fy+uz+nt+cl,
¢ = t4e[s @@+ + 2+ 0422t + 29yt +2r2¢ + lz+my+nz+ut+d),
where the coefficients are all constants, and ¢ is a quantity whose square
may be neglected. Since there are fifteen arbitrary constants the group

is a fifteen parameter group.
We have

ox' _ oy _ 0z __ ot
"a% = 5’5 = g’z- = 2= = 1+e[u+2pr+2y+2rs42st] = ),
At —do —dy — dz? = N [d— da?— dyP— d27).

If (z, y, 2) is kept constant as ¢ varies, the corresponding point (z', ', 2')
moves along a parabola, but in one type of transformation it moves along
a straight line with constant acceleration. This is the case, for example,

when ' = zte@y+52—22—1), Y = y(1—2ez),

2 = z2(1—2ex), = t(1—2¢x),

for, since quantities of order ¢ may be neglected, the first equation may

be written ¢ = z4e(P+A—a—1t?).

Hence, if (z, y, 2) are kept constant, the point (z’, %', z') moves with con-
stant acceleration y given by

vy =—2e.
Substituting for y, we get
' = z—3y@+—a'—1), ¢ =yQl+y2),
?2' = z2(14yz), = t(1+vy2).
The last equation agrees with the one obtained by Einstein.*

In the case of the general infinitesimal transformation, the expression

@' —2)+ @' —yP+ (' —2P— (' —¥)?,

* Jahrbuch der Radioak{iviiiit, Band 1v. (1907), p. 457.
R 2
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is of order ¢?, but there is one type of transformation in which it is of
order ¢* at least. The formula of transformation are then

o' = gte[2(ztmy+ni—t)—1 @@+ +2—0),
¥ = y+e[2ylz+my+ne—t)—m@*+y* 42— )],
2 = z+4e[2 (le+my+nz—b—n @+ 22— 1),
t = t+e[2t (otmy+ne—t— @+y+P—B),
where B4mi4a® =1,

and signify that (z', ¥, ), (z, y, 2) are successive positions of a particle
which is moving with the velocity of light.

Real spherical wave transformations may be obtained geometrically in
the following way. Let the space time point (z, ¥, 2, ¢) be represented by
a sphere of radius ¢ having its centre at the point (z, y, 2). Then, if we
apply a real conformal transformation of space to these representative
spheres, the new set of spheres may be taken as the representative
spheres of a new set of space time poizits (', y', 2, t'). These are con-
nected with the original set by a system of équations which define a
spherical wave transformation. This theorem has. already been estab-
lished in the case of an inversion,* and since any real conformal trans-
formation of space can be built up from inversions, it follows that the
general transformation obtained in the above way is a spherical wave
transformation.

It should be noticed that the general spherical wave transformation
cannot be obtained in this way, because ¢ = O always corresponds to
t = 0. If, however, we combine these transformations with the real
spherical wave transformation obtained by increasing or decreasing the
radii of all the representative spheres by the same amount, it is possible
to obtain any spherical wave transformation by & suitable combination.
The proof of this will be left to the reader.

When we use the representative spheres the differential equation

(dz)*+(dy)*+(d2)*—(dt)* = 0,

admits of a very simple interpretation, as it implies that the two con-
secutive representative spheres specified by (z, y, 2, ¢) and (z+dz, y+dy,
2+dz, t+dt) touch one another internally.

* Proc. London Math, Soc., Ser. 2, Vol. 7, p. 70.
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5. The Transformation of Integral Forms.

The general theory of the transformation of physical problems by
means of a change of coordinates can be developed in a convenient manner
by studying a number of integral forms, examining the way in which they
are related to one another, and obtaining the formul® by means of which
they can be transformed.*

We shall commence by studying the simple case of a transformation
in two variables from (z, y) to (', 4'). Suppose that

adr+bdy = a'dx’+0'dy’, Q)
Adx+de = A'dz'+B'dy’, (2)
oz’ |, ,, _ ., ox , Oy’
then a=a ——+ b 8 b= 5—+ ?._
— 4102 | o0y , 0%’ ?4'
A=4 81:+B8a:’ B = A8J+B 5y

and it is easy to see that

- — (R ! o, 1/)
aB—Ab = (a/B'—A4'V") ey

This implies that (aB—A4b)dzdy = (a'B'—A4'0)dx'dy’. (8)

Now this relation can be obtained from the previous pair by the process
of multiplication used in Grassmann’s calculus of extension.t In this
calculus, the sign of a product depends on the order of the terms; thus

dedy = —dydx and drdz =20.

This rule can also be applied to the case in which the quantities « and b
are differential operators; thus, if

a-—Q— —0 a' = C b'=£

=m "= Y= Y=

0B ¢4 _ (B 84) ) 4
(W _8—37> dedy = (a.c’ oy dw'dy’, @)

a relation which may be obtained directly by means of Green’s theorem.

* The theory of integral invariants has been developed by Poincaré, Mécanique céleste,
t. 8; Méthodes nouwvelles de la Mécanique céleste, t. 3, p. 33 ; Goursat, Liouville’s Journal 6),
t. 4, p. 331; Koenigs, Comptes rendus, t. 122 (1906), pp. 25-27.

t Scott’s Determinants, p. 16.
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Next, suppose that the formula of transformation of a quadratic
differential form is known, e.g.,

Edz*+2Fdzdy+ Gdy® = E'dx"*+2F dz'dy’ + G'dy"; 5

then taking two independent differentials dz, dy, oz, dy, and writing
de+XNér, dy+Ady, ... in place of dz, dy, we get the formula of trans-
formation of the bilinear form

Edrér+ F(dxzdy+dy dz)+ G dydy
= E'dz'éz'+ F'(dz'Sy’ +dy'Sz") +G'dy'Sy’. (6)

We may multiply this equation by itself, multiplying both sets of
differentials according to Grassmann’s rule. The resulting equation is

(EG—F?) dzdydzdy = (E'G'— F") dz'dy'dz'Sy’.
This gives VEG—F)dzdy = +/(E'G'—F? dz'dy’, )
or Adzdy = A'dx'dy’.
Multiplying (6) by (1) according to Grassmann’s rule, we obtain
((Eb—Fa)éz—(Ga—Fb)dy]dzdy
= [(B'V —F'a)éz' — (@'’ — F'')dy'] da'dy’.
This gives the formula of transformation of a linear form

Eb—Fa Ga—Fb, _EbV—Fd ., Ga—Fb
oz — oy = oxr —

which may be called the reciprocal of the first.
Multiplying this equation by

adz+bdy = adz' +b'dy,

0 0 _ ,a ,8

respectively, we get

Eb*—2Fab+Ga®
A dedy = N

[38E (GaZFb>+3%(EbZFa>]dwdy

= [ (55)+ 5y (FF7) ]

9 _ )
E'V:*—2Fa'b+Ga dz'dy,
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These formule are well known in the differential geometry of a sur-
face.*

We shall now show that the above theory may be extended to trans-
formations in any number of variables. TIn the first place we must show
that the law of multiplication still holds. Let there be n variables
Ly, ..., Ly, and suppose that

2a,de, = Za,dc,
Zb.dx, = Zbydx,;
then by multiplication we may obtain an integral form of the second ordert
= (a,b;—asb,) dz,dz, = Z(a, b,—asby) de, dz,
the multiplication being performed by Gra.ssma.nn’s rule. To verify this

we have only to replace dz,.dz; by aa((z” ) dadB, and notice that the last

equation may be written

am, oz, _ , O, , CZ,y
Za, T 2b, " B dadB =} Za, o’ 2b, ™ dadp.
oz, oz, , Oy , O,
E 7618, Eb,aB 2@,53—, 2braIB
-Similarly, if we take three integral forms,
Za,dz, = Za,dz;, (@)
b, dz, = b, da, ®
Ze dz, = Zlendry, (y)

and multiply them together by Grassmann’s rule, we obtain the integral

* Darboux, ‘L'iéorie générale des Surfaces, t. 3, p. 193.
In particular, if da? +dy* = A [da'*+ dy'*),

we may deduce from the identity

oV oV r)V ,
amd:z:+ dy = —da'+ i

oy .17
oV 14 14 14
dz-%" dy =L dx' -2  dy
that z 5 ] o dz 3 -dy,

and on multiplying by (9), we get the well known relation

(325 o = (2 )

t An integral form of the second order must be carefully distinguished from « quadratic
differential form.
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form of the third order

2. |e e a|dedzde = z la a o dadrde.
Y r’ s'

b b b b b b

G ¢ G cr € C

It will be seen also that this equation may be obtained by multiplying the
integral form of the second order derived from (a) and (B), by (y). The
question then arises whether integral forms of any order may be multi-
plied together by Grassmann’s rule. To show that this is the case we
shall consider the two integral forms

I 4y, dzds,... = 3 A, dedzi, ...

7 . ’ 1
B, .. dz,dr,dx, = X B,,, . de,dc,dr:...,

P, ... U Ty

of orders & and m respectively. Choosing m-+% variables o, 8, ..., we

!
have (7::; 2 relations of the type
a(xsy Lt -..) —_ ’ a(x;, z;’ )
o At 5a B Ta s 5 B, )
and the same number of relations of the type
S By, 0 Ty, gy Try ...) _ s B 0 (Tp, Ty Try ...) )

Dy Ty

’ a(-y, S, ...)  mar. D00 oy, 6, € ...)

These may be arranged in conjugate pairs in such a way that the whole
set of variables a, B, v, 4, ... occur in each pair. Multiplying conjugate
pairs together, attributing proper signs to each product, and adding, we find
from the properties of the minors of a determinant that the coefficient of a
term such as 4,,,, By, . is zero, unless the quantities s, ¢, p, g, 7, ... are
all different. When these quantities are different the coefficient is simply
O(Tsy Lty +-vy Lpy Tgy Ty -2
d(a, B, v, ...)

multiplied by dadBdy... this yields dz.dx, ... dz,dr,dr. ..., and it is
clear from this that the multiplication of the integral forms by
Grassmann’s rule is justified.

Taking the case of a transformation from four variables (z, y, 2, t) to
@,y 2, t). If

H,dydz+H,dzdz+ H,dzdy+ E,dzdt+E,dydt+ E.dzdt
= Hidyd? + H,d/dx' + H.dx'dy' + E.dx' d{ + E,dy'dt + E,dz'dt,

the determinant with a proper sign. When
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and
E.dyds+E,dzdc+E,dcdy— H,dzdt— H,dydt— H,dzdt
= E,dy'dd+E,d/d2 + E,dr'dy — H,dx'dt — H,dy'dt — H,dzdt,

we obtain, on multiplication,

(B4 El+E:—H:—H:—H?) dedydzdt

= (B4 EX+E:—H!—H:—H? dsdyd7de,

while, if either form be multiplied by itself, we obtain

(E,H,+E,H,+E.H,) dzdydzdt = (E,H,+E,H,+ E. H)dr' dy dZdt.

These equations indicate the invariance of the property that at a surface
of discontinuity, or in a spherical wave, the electric force is equal in magni-
tude to the magnetic force and perpendicular to it.

A gpace time transformation from the variables (r, y, 2, ) to
(', ¥, 2, t") can be used to transform the whole motion in one dynamical
system into a corresponding motion in another, as far as the kinematics
is concerned, provided the velocities (w,, w,, w.), (ws, w;, w, of corre-
sponding points are such that the equations

dr = wi,dt’, dy = w,dt, di =w.dt,
are a consequence of the relations
dz = w,dt, dy=w,dt, dz=w.dt.
This condition is satisfied, if
dz’' —w, dt' = vyy (dx—w, dt) + v (dy —w, dt) +vig(dz —w. dt),
Ay’ —wy dt' = vy (dx —w, dt) 4 vey (dy —wy dt)+ veg(dz —w, db),
dz' —w,dt' = vy (dx—w, dt)+vgy (dy —w, dt) +vag(dz —w. dP).
Multiplying these equations together by Grassmann’s rule, we get
dz'dy'dz' —w, dy'dz' At —w, d2'dz' dt—w' dz' dy' dt’
=|vy via wg|(dzdydz—w.dydezdt—w,dzdzdt—w.dxdydt).
Va1 Vaa Vg
Va1 Vs2 Vg
This shows that there is an integral invariant of the form
0w, dydzdt+wydzdx dt+w,dzdydt—dz dy dz).

This fact has already been used in § 8 and will be required again in § 7.



-250 Mz H. Bateman [March 11,

We shall now obtain some further properties of a general space time
transformation.

When an expression has the same form in the dashed letters as in the
original ones it will be convenient to say that it is an invariant.

Let us suppose that the bilinear form

Adréx+Bdydy+Cdzdz+Ddtét+ F (dydz+dzdy)
+G (dz8z+dzd2) + H (dxdy+ sz dy)+ U(dx 5t +dx di)
+ V(dy dt+didy)+ Widzt+dtéz) (1)

is an invariant. If “we multiply it by itself four times according to
Grassmann’s rule, we obtain the invariant

A H G U|dzdydzdtdéxdydzét.

H B F 7V

G F ¢ W

U Vv W D
Putting dx = ér, ..., and denoting the determinant by A, we have the
invariant VA dedydzdt. ©
Now, let u.dydz dt+u,dzdz dt+u, dedydt+ u,dz dydz (8)

be an integral invariant of the third order.
Multiplying by (1) and rejecting the factor +/A dxdydzdt, we obtain

an 1nvariant v dz+v,dy+v.dz+v,dt, (4)

where VAv, = Auy+ Hu,+ Gu.+ U,
/A v, = Hu,+ Bu,+ Fu.+ Vu,
VA v, = Guy+ Fuy+ Cu.+ Wy
vAv, = Uu+ Vuy+ Wu,+ Du,

(5)

Multiplying (3) and (4), we obtain the invariant

[4u2+ Bul+ Cul+ Du;+ 2Fu, u,+ 2Gu, u,+ 2Hu,w,
+ 20w+ 2Vuyue+ 2 W, u,) dx i/zz dt ; (6)
hence the quantity in the square brackets divided by A is an invariant.

Conversely, if we are given an integral form of the first order (4), we
may obtain a reciprocal integral form of the third order (8), by multiply-
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ing (4) by (1) three times and rejecting the factor drdydzdt./A. The
relations expressing the quantities u«, in terms of the quantities v, are
exactly the same as those obtained by solving equations (5).

Next, suppose we are given an integral form of the second order

B,dydz+B,dzdc+B.dcdy+ E.dedt+E,dydt+E.dzdt, (N
which is an invariant. Then multiplying it twice by (1), and rejecting
the factor /A drdydzdt, we obtain a reciprocal integral invariant

D.,dydz+D,dzdz+ D,dx dy— H.dr dt— H,dy dt — H,dz dt, (8)
where

~VAD,= (BC—F)E,+(FG—CH)E,+HF—-B®E.

+HW—-VG)B,+(BW—VF)B,+(FW—CV)B,
—VAH, =HW~V@EA+(GU—AW)E,+(AV—HU)E,
+A4D-U»B,+HD~-UV)B,+(GD—UW)B,

7

The relation between these two invariants is evidently a mutual one.

Multiplying them together, we obtain the integral invariant
(E.D.,+E,D,+E.D,—H,B,—H,B,—H_.B,)dzdydzdt (10)

and the absolute invariant
% [(BC—F)E:+(CA—GYEi+...]. (11)

The theory of reciprocal invariants can evidently be extended to the case
in which there are n variables, and a bilinear integral form is known to be

invariant.
If we suppose that a biquadratic integral form

k11 dY Az 8y 62+ kog dz dx 62 61+ kg d dy Sz Sy
+xy dzdtdz ot + kg5 dy dt Sy 6t +xggdz dt 8z 0t
+ kg3(dz dz 0z 6y +dx dy dz6z)+ ... (12)

is invariant for a transformation, we may multiply it by itself and obtain

the invariant
(K kaat -+ 2k05534+ .. .) dx dy dzdt oz Sy 5z o¢.
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Putting dz = éz, and extracting the square root, wa obtain an invariant

VO dxdydzdt. (18)
Now, let

B,dydz+B,dzdz+B.dzdy+E,drdt+E,dydt+ E.dzdt

be an invariant of the second order. Multiplying it by (12) and rejecting
a factor /O dx dydzdt, we obtain an invariant

D,dyéz+ D820z + D,z dy— H,dx 6t— H, Sy St— H. 6z ¢,
where
Ve D.v = K11E3+K12Ey+K13E;+K14 B1+K15By+K16-B.‘.‘)

—VOH, = knEat kg Byt kg B:tkyy Bet x5 By+ k46 B..

The relation between the two invariants will be a mutual one if the co-
efficients «,, ... are the elements of an orthogonal matrix.

The Invariants of a Spherical Wave Transformation.

Starting from the fundamental invariants

dr? = N [d—da®—dy?—d7*], (0
N dzdy dzdt, (2
Audz+A,dy+A,di—B dt, (3)

H,dydz+H,dzdz+ H.dx dy+ E.dz dt+ E,dy dt+ E.dzdt, (4)
E.dydz+E,dzdz+ E.dz dy— H,dz dt— H,dy dt— H.dzdt, (5)
pw,dy dz dt+ pw,dzdz dt+ pw.dxdy dt—pdz dy dz, (6)

we may obtain a number of others by the methods of multiplication and
reciprocation. It will be sufficient to enumerate these if we mention the
equations from which they are derived,

(1 and 6) i lpada-tpw, dy+pusdz—pdt), @
(5 and 4) (E*+ B+ E!— H:—H,— H;) dzdy dzdt, (8)
(4 and 4) (E.H,+E,H,+E.H,)dzdy dzdt, 9
(3 and 6) p w4 Aywy+ A, w.— 2] dedy dz dt, (10)

2
(6 and 7) L A—w)dedydzat, (11)
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(5 and 7) —% ((B,—w. H,+w, H)dy dz dt+ (B, —w, H.+w, H:)dzdz dt
+(B,—w,H, 4w, H,)dz dy dt — (w, E.+w, Ey+w. E,)dzdydz, (12)
12 & (Bt w,H—wH,) S+ Ey+w. He—w:H)dy
+(E.+w.H,—w,H,) 62— (w; E; 4wy Ey+w. E;)ét], (18)
(18and 2) pdzdydzdt[(E,+w,H,—w.H,)éz+(E,+w.H.—w.H,)dy
+(B.+w,Hy—wy H,) 62— (w. E.+w, E,+w. E.) 6t]. (14)

These invariants represent quantities which are of considerable importance
in the theory of electrons.* Another invariant which is of some
importance is obtained in the following way.

Lett .
w, = S R Wy = - Wy = W w, = —1—
1T V/A=w) TP /A—wd’ TP (A—wd)’ T /A=Y’
$? = d?—daz?—dy*—d7?,
_dz _dy __dz _dt
so that wl—-ds, wg—%, ’wa—%» w‘_—ds'
' dw, _ Wy (ww)
Then ds - 1 2 + (1 ,wa)‘z ’
do, W, 8. {ww) 8(ww) P (ww)? )
ds® (l—wz)*+ (1—w )’*+ ’)* 1w + + 1—w?) °
Hence

(&) +(@&) + (“2—?)‘2— (”2—?)2

2)2 + 2 (ww)? +wg(ww)” _ (ww)?

(1 w (1=w?)® " 1—w?)* (1—wd
(ww)®
(1 w“’)"‘ + (1 —2w?¥

* Bome of these are already known in the case of Lorentz's transformations. Cf. Planck,
Ann. der Physik, Bd. 26, p. 1 (1908). Minkowski, Gottinger Nachrichten (1908), Born. Ann.
d. Physik, Bd. 28 (1909).

+ Cf. Minkowski, Gétt, Nachr. (1908).
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Thus
Sr-n ()-8
ass Tt \ds ds ds ds | i
10, 8w,(wic) (. 8(ww) ).‘.
T a=o +(1 w?)i + ) l(w“‘H- 1—w? )

Now Abraham* has given a formula for the reaction of radiation upon a
moving electron, the z component of the reaction being

2 3 (ww) ( 8(ww)*) ]
K, = —IU?) wx+( + 1 wg l )+ —2° ) 3
accordingly,
2¢* [d*w, { (dawy dw,\? | (dwg ”_ dw4 1
K.dt = vl T l(ds)+(ds>+<ds) ]d”s'
= K, ds.

To complete the symmetry of the result, we define quantltxes K, and K,
by the equations

e = g [ Gt o | () + () + (%) - (&) e
= K,ds;
we then have w. Ko+, K, 4+w. K, = K,,
w, Ky 4w, Ky+ 10y Ky+w0, K, = 0.

Lauet has shown recently that Abraham’s formuls may be derived by
means of the principle of relativity. We shall complete this result by
showing that (K.80+K, 8y +K.0s—K 8t)dt

is an integral invariant for the whole group of spherical wave transforma-
tions. It will be sufficient to prove this for the case of the transformation

z r—_Y r—_ % = t
z 2’ ¢ g

* Theorie der Elektricitit, Vol. 11, p. 128.
T Ann. d. Phys., Bd. 28, p. 436 (1908).,
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Now, if ds' = ?—f, ot =r—8,
d’ _ 2P\ dr 2wy dy 2wz dz | 2xt di
b (o) 8L gy dy  abs Ge ) alt 4t
ds’ p’lds p* ds p* ds p* ds’
iz _ o oo dx o dy , d% @t
g = P2 g ey g — e g s
—odz dp dp
+e—2 57 p 2 +4x ()
@z L, e _oade o dy _ d a’t
dS’s ds' = ds [(p 2$2) d33 2.2)’1}287 2172’@ +2zt ag

dr dz dr d*
—4 W % +813 E@ Zl;n].

Hence
o (@) + (@) + @) - 1]
= ao[w-2{ T - F [(3) + (@) + @) -@)'])
(-2 [+ @) +@) - @]
e 5 [0+ 0 -]
va |- (@) + @) + (@) - @) 1
Now g—; = p?—242?, % = — 2zy, s
therefore

(K62 + K, y'+ K. 8z —K.6t) At = (K,0z+K, Sy +K.dz— K, 5t)dt.

The Electrodynamical Equations for Ponderable Bodies.

We shall consider a system of electrodynamical equations for moving
ponderable bodies of the type used by Minkowski,* Einstein and Laub.*

* @Gottinger Nachrichien (1908).
t Annalen der Phys., Bd. 26 (1908).
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These equations are of the form

curlH=%—IZ+s, divD=p

0B @
-5
where the vectors E, H, D, B denote the electric force, magnetic force,
electric displacement, and magnetic induction respectively, s denotes the
current and p the volume density of electricity. The equations differ
from those used by Lorentz by the fact that the vector H—[Pw] occurring
in Lorentz’s equations is replaced here by the vector H.* It should be
remarked that Frankt has obtained Minkowski's equations by a process
of averaging in the case of non-magnetic bodies.

We shall suppose that the electric polarisation P and the magnetic
polarisation @ are connected with D, E, B, and H by the formule

P=D-E  (Q=B-H.

The electrodynamical equations (I) can be replaced by the two integral
equations

curl £ = divB=0

55 (B.dydz+Bydzdx+ B.dzdy+E,drdt+E,dydt+ E.dzdt) = 0, (II)

H(D,,.dydz-l-Dydzdm-l-D,dmdy—H_Tda:dt—-Hydydt—H_.dzdt)

= — SH (s, dy dzdt+s,dzdwdt+s.dedy dt—pdx dydz). (1II)
These equations are unaltered in form by a transformation from (z, ¥, 2, ?)
to (o, y', 2/, ¢ if
B,dydzs+ Bydzdz+ B, dzdy+ E,dxdt+ E,dydt+ E.dzdt
= [B,dy'd?+B,d: dx'+ B,d2' dy'+ E.dz' dt'+ E,dy' dt + E.d7'dt"), (IV)
D,dydz+D,dzdz+D.dzdy—H,dzdt—H,dydt— H.dzdt
= ¢[D,dy'dZ+ D,d7 dz'+ D,dz' dy'— H. dz' dt'— H,dy'dt'— H.dz dt"], (V)
s,dy dzdt+sydzdz dt+s,drdy dt—pdzr dydz

= ¢[stdy'dz'dt' + s} dz'dz' dt' +sida'dy' dt' — p'dz' dy'dz"], (VI)

where 6 and ¢ are constants.

* This simply means that a different definition is adopted for H, the object being to retain
the symmetry of the equations.
t Ann. d. Phys., Bd. 27, p. 1059 (1908).
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The formule of transformation of the type used by Einsten and Laub
in the case of Lorentz’s transformation are obtained by putting 6 = ¢ = 1.
If we use a spherical wave transformation with positive Jacobian, we can
deduce the relation

E.dydz+E,dzdx+E,dxdy—B,dxdt—B,dydt—B.dzdt

= E.dy'ds' + E}d:' dz’' + E.dz'dy' — B.dz'dt' — B, dy'dt' — B;dz'dt', (VII)
and this, combined with (V), gives
P,dydz+P,dzdz+ P,dzdy— Q.dx dt— Q,dydt— Q.dzdt

= PLdy'dsd +P)d7 da’ + P,da’ dy' — QLda' dt' — Q) dy'dt' — @, d7'dt’, (VIII)

which enables us to obtain the formule of transformation of the polarisa-
tion vectors.

The constitutive relations are obtained by Einstein and Laub by
assuming that all the bodies in the dashed system of coordinates are at
rest, and that in this system

D = G, B = uH, § =gk’

This gives a set of constitutive relations for the case in which a system
of bodies are moving with constant velocity w.
The constitutive relations that are obtained in this way may be written
in the form * ‘
D+{[wH] = e {E+[wB];

B—[wE] = u {H—[wD]}

TR — )
. = o {E+[wB]!%
v /(1 —w?) )

where the suffix w denotes that the component in the direction of w, w,
a component in & direction perpendicular to w is to be taken.

The first two equations are seen to be invariant for the group of
spherical wave tranformations when we obtain them in the following way.

Th i
e expression A[dt—10,dz— 1w, dy—w,de]

A (1—0% X)

* Minkowski, Gittinger Nachrichten (1908); Einstein and Laub, dnn. d. Phys. {1908).
SER. 2. voL. 8, No. 1052, s
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is seen from (1), § 6, to be an invariant. If we multiply this by the
invariants

B.dydz+ Bydzdz+ B,dxdy+ E.drdt+ E,dydt+ E,dz dt,
D.dydz+D,dzdz+ D.dzdy— H,dz dt—H,dydt— H,.dzdt,
H,dyd:+H,dzdz+ H.dxdy+ D,dzdt+D,dydt+ D,dzdt,
E.dydz+E,dzdz+E.dxdy— B,dxdt—B,dydt—B.dzdt,

we obtain the invariants

m (B:—wyE.+w,.E,)dydz dt+(B,—w. E,+w. E.)dzdc dt

+(By—w. E,+w, E )dxdydt-—(wgB +w,,By+sz,)dxdydz], (1)

V(lx_wﬁ) [(D.+w, H.—w. H,)dy dz dt+(D,+w. H, — w0, H)dzdz dt

+D.+w,H,—w, H,)dz dydt— (w, D,+w,D,+w.D,)ydz dy dz], (2)
\/(1)\ ) [(H,—w, D,+w.D,)dy dzdt+(H,—w -D,+w, D)dzdzdt

+(H,— w0, Dy 41w, D) dx dy dt— (w. Hy+w, Hy+w. H)dz dy dz), (8)
A

Ja= ,) [(E:+wy,B,—w,B,)dydzdt+(E,+w, B;—w,B)dzdz dt

+(E,+w,B,—w, B,)dx dy dt— (0. E,+1, E,+w. E)dz dydz), (4)

and the constitutive relations are obtained by making the first of these
equal to u times the third, and the second equal to ¢ times the fourth,
where ¢ and u are invariants. These, however, are not the only con-
stibutive relations which remain invariant,* for we may obtain the two
integral invariants

(%% aa%’*)d st (O~ T+ )dzdwdt
+(aa£t 5 B, )d d dt+( m/ )dwdydz; 5)
( p +8013 (D")dz/dzdt-l- (riH1,+a£ aiD>dZdwdt

A set of constitutive relations given by two linear relations between

* This was pointed out to me by Mr. Hassé,
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these six integral forms of the third order is invariant for the group of
spherical wave transformations.

To obtain the other constitutive relations, we construct an integral
form of the third order reciprocal to (X) and write it in the form

1—%%-0—2 [w.dydzdt+w,dzdzdt+w.dedydt—dz dydz), (7)

where p, 18 a quantity which will be determined presently.
Subtracting this from the invariant

sydydzdt+s,dzdzdt+s.dedydt—pdrdydz, (8)

we may obtain a set of constitutive relations by identifying the resulting
invariant with

oA

Ta—h [(E.+w,B.—w,B,)dydzdt+(E,+w.B,—w, B.)dzdz dt

+(E.+w. By—wy B.) dz dy dt — (Ew,+ Eywy— E.w.) dz dy dz].

If we multiply the first coefficient in this invariant by ., the second by
wy, the third by 1w, the fourth by 1, and add, the result is zero. The
same must hold in the case of the invariant to which it is equated ;
therefore

85Ws+ Sy 10y 8,0, —p— lf‘;og [wi4wl+wl—1]=0

or p = po+(sw).

Hence we have the constitutive relations

§— pl ___(::,{z) w = :/'(1(_7;\[_(’4) {E+[wB]},
which agree with those obtained by Minkowski, Einstein and Laub, in
the case when A = 1.

We shall now show that it is possible to construct a set of constitu-
tive relations which are invariant for a much wider class of transfor-
mations.

Let the transformation be biuniform within a certain domain of values
of (z, y, 2, t), and such that the bilinear form

Adzdéx—+Bdydy+Cdz8z+ Ddtét+ F(dy éz+dzdy)
+ G(dzéz+ 8z dx)+ H(dx Sy + dy 6z) + U(dr 6t + sz di)
+ V(dy St+ Sy dty+ W (dz St+ 82 dd), (1)
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is an invariant. When we put dz = dz, ... this implies that a certain
quadratic form is an invariant.

Let us suppose that the constitutive relations connecting B., By, B:,
E. E, E, with H,, H,, H,, D,, D,, D,, are given by the circumstance that
the invariant reciprocal to

D,dydz+D,dzdz+D.dxdy— H,dxdt— H,dydt— H,dzdt
is an invariant multiple of
B,dydz+ B,dz:dz+ B.dx dy+ E,dx dt+ E,dy dt+ E.dzdt.

This assumption preserves the analogy with the electron equations where
the two fundamental integral invariants of the second order are reciprocals
with regard to the quadratic form

A [de*+dy*+ dA— ae).

In the present case the relations between the two sets of vectors are of
the type

«4/A B, = — (BC—F)H,—(FG—CH)H,—(HF—BG)H.
+HW—VG)D;+(BW—VF)Dy+FW—CV)D:
k/AE, =—HW—-VGH,—(GU—AW)H,—(AV—HU)H,
+(4D-U*»D,+HD-UV)D,+(GD—UW)D,
LVAD. = (BO—F)EA+(FG—CH E,+HF~BG)E.
+HW—-V@B,+BW—VF)B,+(FW—CV)B,

—% VAH.= (HW—V@E,+(GU—AW)E,+AV—HU)E,

) (2)

where A denotes the determinant

A H G U
H B F 7V
G F C W
U Vv W D

To obtain the other constitutive relations we start with the assumption
that there is an integral invariant of the type*

0[w.dy dzdt+1w,dz dz dt+w.dz dy dt—dz dy dz).

* This assumption is justified by the remark made on p. 249,
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From this we may obtain the reciprocal invariant
ved+ v, dy +v.dz+v,dt,

where VA v, = 0(4w,+ Hw,+ Gw,+ U)
VA v, = 8(Hw,+ Bw,+ Fw.,+ V)
VA v, = 0(Gw, + Fw,~+ Cw.+ W)
VA v = 0(Uw,+ Vw,+ Ww,+ D)

(8)

Multiplying these and rejecting the invariant factor 4/A drdydzdt, we
obtain the invariant

—2—2 [Awl+ Bwl+ Cw?+ D+ 2Fw,w.+2Gw, w,+2Hw, w,
+2Uw,+2Vw,+2Ww.] = 0. )
Multiplying
D,dydz+D,dzdx+D,dcdy+H,.dxdt—H,dydt—H.dzdt
by vedz—+v,dy+v.dz+v.dt,
we obtain the invariant
e Dy—v, H.+v.H)dydzdt+ (v, Dy—v. Hy+v. H)dzr dy dt
+ (v, Dy—v, H,+v, H,)dz dy dt+ (w0, D,+v,Dy+v, D;)dzdy dz. (5)
We now assume that
sz dydzdt+sydzdxrdt+s,dxdy dz—pdzdydz
—O[w,dy dz dt+w, ds dz dt+w, dzdy dt —dz dy dz]
is an invariant multiple of this invariant. This gives the relation
8205+ 8y Oy + 8,0, + pv:— O [V, W+ vy w0y + v, w4 0) = 0,
or S2Vz+ 80y + 5,04 pvy = O/A. (6)
The constitutive relations are of the type
$z— 0w, = o Dy—v,H,+v,H,)
8y— 6wy = o (v.Dy—v. Hy+v.Hy) |, (M
$;—0w, = o(v,D,— v, Hy+v,H),)

and can be expressed in terms of E and B by means of the relations
connecting these quantities with D and H.
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With these constitutive relations the equations of electrodynamics
are invariant for a very large class of space time transformations. The
relations simplify considerably when the quadratic form is of a simple
type.

The vanishing of the quadratic form may be supposed to represent
the condition that two neighbouring particles are in a position to act on
one another.

We shall now verify that in a particular case the constitutive rela-
tions obtained in this way agree with the ones obtained by Minkowski,
Einstein, and Laub.

Starting with a system at rest, we assume that the invariant quadratic

form is A dy +de* — e dt.
This gives A =—eu,

: _ if_ €
and if we take Y ( m >,

the relations (2) take the form
B = uH, E =¢1D.
Now make the Lorentzian transformation

£o—ut , , ' —us’
= ——7 y=y, z=2, t=———m;

JA—=u?’

the quadratic form then becomes

dz'? [1 T K- u’j-{-d‘/’z—l-dz”-i-dt” W= — Zu,i cu 5 du'dt’.
We again have A = —eu, and the relations (2) take the form

Ba: = :U'Ha)

2
_e—1U eu—1
B, = e(1—u?) Hytu e(l—u )D""

B = em— u’ H eu—1

T el—uh) T Me—(thbngy’

E.», = i an

: 1—a? ep. eu—1
Ey i 6(1 D‘l[+l (1_ ) H‘.;
g =1 —uzeu eu—1 H,

T A=) T Yea=d



1909.] THE TRANSFORMATION OF THE ELECTRODYNAMICAL EQUATIONS. 268

These are equivalent to the relations
B; = uH,,
B,+uE, = u[H,+uD.],
B,—uE, = u[H,—uD,],
E,=¢"D,
E,—uB. = ¢'[D,—uH.],
E.+uB, = ¢'[D,4uH}],

obtained by Minkowski, Einstein, and Laub.
Tt is "also ea.sy to verify that the eonshtutwe relations- (7) take the
form .
Sy—Up E,—uB, L‘—ub’

VA= = B T Uy T i

given by Minkowski, Einstein, a.nd Laub.

We have thus shown that the scheme of constitutive relations
indicated by the invariance of a quadratic form agrees with the known
scheme of relations in particular cases, and is invariant for any relevant
space time transformation which is biuniform in a certain domain.

These relations are not the most general possible, and so the con-
figuration and state of motion under consideration is of a special type,
but the relations are sufficiently general for most ordinary purposes.

[Note added October 8th, 1909.]

Spherical wave transformations are not the only ones which can be
used to transform problems occurring in the theory of electrons, for there
are large classes of transformations which can be applied to particular
problems, bat cannot be applied to an arbitrary problem. The equations
of transformation in this case involve the magnitudes of the electric and
magnetic forces occurring in the particular problem.

Let us suppose that the electrodynamical field in a particular problem
is of such a nature that the components (E., E,, E,), (H,, H,, H.) of the
electric and magnetic forces are connected by the relations

EJ"H'.);+E”H”+E:H: = 0,
E:4-E,+E; = H;+ H;+H.,

and let (s, sy, 5.) be the componenté of Poynting’s vector.
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Then, if a,, a, a., @, s are five functions of z, y, 2, ¢ satisfying the

relations
Uy S,u-i- (y Sy+ u:S; = as,

s;ts+st =&
a transformation of coordinates for which
Al +dy*+d2—dt 4 (u,dec+a, dy + a,dz—adt) (s,dz+ s, dy + s, dz— s dt)
= ANdz"?+dy"*+dz"*—adt"?),
A being a function of &', y', 2, ¢/, is ih general suitable for the transforma-
tion of the problem in question. The above equation implies that, if the

velocity of radiation is represented by unity in the first system of co-
ordinates, it is also represented by unity in the second system.

[(March 15th, 1910.—

The relation u,s,+u,s,+u.s. = as can be omitted.]



