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Parr L.
1.
Let [2] denote ZE; then, since [1] = 1,

(21 =1+4p, [8] = 1+p+P°,

and [—1]=-—p7, (—2)=—p1—p s

The number [7] is analogous to the natural number n. Various functions
analogous to the functions 2", exp (z), I' (x), J.(x), P.(x) may be formed,
in which these numbers [1], [2], ... occupy the place taken by the natural
numbers in the ordinary functions of analysis. Such generalized functions
may be obtained as solutions of differential equations analogous to the
equations satisfied by the simpler functions. In any number [n] a base p
is implied, and, if the base p = 1, the number reduces, in the limit, to
the natural number #n. It may be convenient to call [n] the basic num-

* Four papers, two communicated in March and two in April, have beep condensed into a
single paper.
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ber n, and the functions formed in this manner basic functions. In this
paper the application of the numbers will be directed towards obtaining
the following extension of Neumann’s addition theorem for the function J,.

Jo (be?, ce”) = Jio3(b) Bpay (’;7) —2p cos aJpy(d) Ip (%)
+2p* cos 2a Iz (b) oy (%) — ...+ @—1) ¢ (bcBy)
B—y =a.

This is only one of an infinite number of indepehdenb addition theorems,
all of which reduce, when p =1, to Neumann's addition theorem for
Jo(R). The form of the general series which contains the above and a
similar series symmetrical in b and ¢ as particular cases will be indicated.
The second part of the paper treats of the series corresponding to the

various transformations of Legendre’s functions, especially the expansions
of P,(cos 6). Incidentally it is shown that

(y—2)"' = Z[2n41] Ppa; (2) Qcay (i),
and the sammation of & case of F([«][B)[y][6][e]) is effected.

2.

The results numbered (1)—(7) in this article are such as will be required
in subsequent work. The theorems corresponding to the binomial and
exponential theorems are well known in other forms, but it seems con-
venient to collect them together and express them in the form most useful
for reference. If n be a positive integer, we take

(1—2), = 1=2)1—pa)(1—p’z) ... A1 —p" " 2).

» —i—r—1
In general (1—z), = II (1 z)

r=0 (1 _p—"‘-—l‘c) (_p > 1). ((1)

If, however, p < 1, the proper infinite product expression for (1—ux), is

o — (1—x2)(1—pr)...1—=p~r) .
(1=a), = xl—_:l-ﬁ (1—p'r)(1—p ') ... (1—p*F=a)’ 8)

The expansion of these products in infinite series has been considered by
many writers, and we may express the analogue of the binomial theorem as

N 5 PR O [ IO
a2 = 1= ey Lt o
+(_1)rp.}r(r—1) ["’] [n—l] '[N_’+1] I,r+... . 1)

(]

SER, 2, VOL. 2. ~0O. 863. o
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The series is convergent if p > 1 and z <p, if P <1 and z<p™, if
p=1and z<1.
From (a) and (8) we obtain without difficulty

‘(-]T(_];—;TZH)—;;‘?B-) = (l_z)_"-l’ (l_p—n(—ll:,;)‘f]?- —n=2 ) = (1—2)_,‘_2, (2)

which will be required in subsequent work.

The Function E, :—1If in series (1) we replace = by A(1—p)/p", and
make 2 infinite, we obtain

N A A?

L (M) =14 g+ »
The series is absolutely convergent if »p > 1, and is convergent for sall
other values of p, subject to obvious limitations of A. The infinite pro-
duct is convergent in form (a) when p > 1, and in form (8) when p < 1.
We therefore write the function (y) as E,(\), the analogue of the ex-
ponential function.

If we invert the base p, the number [1] is unchanged, but the basic
number [7] is transformed into p'~"[7], and the function E,(x) becomes

p 1(x) = 1+ [1] +p[—]- + -’.pl'("‘l),_”T

The following properties may be obtained without difficulty :—

E,@E,. () =1+ (z+y)+('J'+y)(w+py)v+(:v+1/)(w+py)(x+p Y) ..

(1] (2]! EIE
; 8)
E.(WE, (—a)=1=E,(—a E, - (a), (4)
which is the analogue of exp (—a) = 1/exp (a),
A\ A A2 N
o) =mtamtotente ©

The use of the symbol {27} ! to denote [2][4]... (2] will be convenient
in lengthy expressions. ‘

It is well known that
F([a)[Bllylp— = 14 %%]]_ll::é%pv—a—p .

_ "= [y—atn][y—B+n]
I [y=a—BFnlly+n]’ ®
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If we invert the base p, the series becomes F([a][B][y]p), while the
form of the infinite product remains unchanged. Both series are, how-
ever, required to fully represent the infinite product, because, while the
product is absolutely convergent for all values of the base p, the series
F([«][B][y]p*=*® is absolutely convergent if p>1 and the series
F ([«][B][y]p) is absolutely convergent if p << 1. Both series are, how-
ever, convergent for all other values of p including unity, subject to the
condition y—a—f8 > 1.

The infinite product, when expressed in terms of the generalized
gamma function, takes the form

1 Ty([y—a=BDT,([yD
p* T(ly—aD Tp([y—B]D "’

and this is equal to F([a][B][y]p) or F([a](B][y]lp**""), subject to the
conditions stated above. The function I', is defined, p. 861, Ser. 2, Vol. 1.

Some detailed properties of this function and its derivatives will be found
in a paper in Proc. R.8. London, Vol. Lxxiv. (1904).

8. The Functions Jpy and Fpuy.

We defi An+2rx|'n+2r]
o dofine Jrau@) 08 2 (—1 T

in which [n47]! =T, ([n+7r+1]) and (2), satisfies the relation
@.T,([n+1]) = [2] T([n+1)).

The function (2), reduces to 2" if the base p = 1. It will be convenient
to denote (2),T,([n+1]) by {2n}!, a function which has the following
difference equation :—

{2n}! = [2n] {2n—2}!.

The complete solution of the differential equatidn satisfied by Jp,j is given
in Proc. R.S. Edin., Session 1903-1904. If we invert the base p in the
function o . . Xn,+'2r

T = 2(=1) 2nt2rt! {20}

we obtain the series

pﬂ' 2 (__ 1)1-

An+"’r

foan+2rit {2r}!

p_r(n +7)

and denote this by p™ Jy ).
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It has been shown in result (5) that

Ep@)=3 %@J{
th A\ _ At AIp
erefore E, ([—2]> =1+ g+t
Y N X-*t-
and E’ﬁ(—m) ]2'|+ [ -

Taking the product of these, we obmin, on arranging according to
powers of ¢,

At
Eo (i) Br (~@Ty) = Tm W +Im@+ AT+
—t M Ty N+t T g ) —
which, since* J[n] = (—1)”-I(_,,],
may be written E. ([%tj) E,. (— E%) = +E” "IN,
Similarly we can obtain
At At — W n? gn A
() (-3 = E v 3)
Both of these are analogous to
+7
o (3 (- D)= E v
Writing at length
Ep (&) B» (~ ) = 70T @ 4 0T M

1 1
—TJU](A)'F?-J[z]O\)—---, ®

£ (- )2 ) =30 () -n30 2+
+Hp T () =+ B3 (5) + & B (5)+- @
we see that the product of the left-hand sides of (8) and 9} is unity, since

E,(@E - (—a) =1, as was shown in result (14). Tiis gives rise to
various interesting results, by equating to zero tne coeificients of various

* Tvans, R.§. Edin., Vol. xu1., Part 1, 1904, pp. 112, 113,
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powers of ¢ in the product of the series on the right-hand sides of the
above expressions. By considering the terms independent of ¢ we obtain

— A A o (A
1 =750 I (;)4-2};,7[,30\)3;[,3(p)+...+2p Tea®) Feoy (p)+....
In a paper (Trans. R.S. Edin., Vol. xL1.) a result

1= JA) I+ EQ% Juy ) Iy N +.. +p”"”%4r?l Ty N Fg Ay (94)
is obtained, and subsequently the general form including an infinite
number of theorems similar to the above is given. This is of interest as
showing that an infinite number of forms of the general addition theorem
exist.

4.
By (8), we have
At 1 . ) 1
([2]) ( L) \J[0]+tJ[l]+t J[2]+- J“]+ J sy —
(2]¢
A A\
but E, (— [2—?) E,. (@> =
therefore
At 1 ‘
Ep (m) <[2] t) Joy+ g+ — - B A (10)

Expanding the exponential basic functions, and equating coefficients
of the various powers of £, from the terms independent of ¢, we get
1 = JoyN+ = Jpy W +p? Jon N+ ... p' ¢ ”———-] TOVE S
0+ oW+ g e T
This theorem is a particular case of a more general theorem for .J:.-(\, x).

(Trans. R.S. Edin., Vol. xur.,, Part 1, Art. 8, p. 25.) By equating the
coefticients of ¢" in (10), we obtain

X’ll

. A L L2 A’ r(r=1) A -
-{—Z—m —_— J[n]+ {-27" J|_u.+1j+p ’{—4? J[u+ + +]) ,—‘— Jn+ry (11)

Equate the coefficients of ¢~ ; then we obtain

A ) N n+l .
=D BT, Ty +p"+Y :W Juy+ ... ad inf.
— ey AT g eeen AT (12)
=r Ton—g P Pu—d TR
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Putting » in succession as 1, 2, 8, ..., we obtain from the latter formula

A g A 5 A8
Iy = mJ[o]'FP mn’[x]'l'p [ZIT4T6] Ji+ ...

)\2 AS
and Jm—J = P s J)+2° e I+
) 70— = 2 gy Tt gy o
and so on. From the two expressions just given, we find

A? s A 4
Iy = 214 Joy+p [2]T4]6] %@% JmyMN+...,

and, finally,
_ A" 9 X"'+1
Tw® =rne, 00 e, Tt

+pf(r_l) )\'u+r—l
[n4r—1]! @)

Ty +....  (18)

5.
In this article it will be shown that

1
Imy(eA) = k"I A) —™ [2]( 7‘-) ey

+K"+2[—23\Tﬁ (K— —,1‘-\) (K— %) JintagN)—..., (14)

the coefficient of Jpa+r(A) being
(—=1)«™t7 mxr—m—’r] (K— %) (x— 2}) ...-(K— P?)

When p = 1 this theorem reduces to
2
'n, n+1 2 K i _
ToN) = k"Jo )=\ (2) Tor )X (2) Toa W) —....,

in which u = «—«~': see Todhunter, Functions of Laplace, Lamé, and
Bessel, p. 826. A theorem which may be derived. from the above is

P i ("N = Jon ) =\ %—31 (=1 Ttne )

e 2m[2]-‘3€;]—2 @1 sy W= (15)
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As before, we have

kAL KA
2 (&7) 2 (— )
= J[o] (K)\)+tJ[1] N+ .. .+tTJ[,-] () +.. .—t_lJD] (KA)+t“2J[2] (kA)— veey
Akt

A
Ep (m) By (- m:z)
= TN Fiet Iy N+ ... F T N+
— T W (=1 kT T (V) —

Now, by means of results (8) and (4), we can show that

E, ('[(;\]t>Ep*< [L;]\—t) _ E, (_[;_3\,) _ E,,z(— K)\) <_>§_.>
R ) g

A=) el )8
t [2][4] v
(16)

80 that
TN+t (6N + ... ad inf.— = 0y N+ £-2 Ty (M) — .. ad inf.

={1_%(--1-.)+ |

X { TN+t TN+ ... =k~ Ty N+ 2 62T gy N —... }

Equating the coefficients of ¢* in these products, we obtain

1
Tea(X) = k" Jpm () —x™ [2]( =) Taeny

4,2 r2—][—4](x— -1—) (K— '%2) It N —...

In a similar manner we can obtain

TN = Ty (N + -[72\—] (x— -i—) Jin+13(kA)
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Interesting particular cases of these are (x = 4/2)

— ot ) _A A? _ )
Timy(W/2N) = 2} ’iJ[nJO\) 2] Iy N+ [2][4] @=p) ey N)— -

(18)
and (K — pm)
Jm(p™N) = p™ ‘lJm A=A [[2—;’]&1 P—DJ N+
— 1Y )\" [2m] [2m 2r+2] r(r— Ym— 1) }_

PTa® = J[,.,<pmx>+xﬂfﬂ] ~1)p e ("N

aBlBm=2] o jpmg @ — ... (@0)
[2][4] -

The equations (8) and (9) of Art. 8 easily lead to various theorems
respecting the functions Ji, and F., when = is a positive integer. The
theorems' obtained as above in this way are, however, valid when = is not
restricted to positive integral values ; this is evident at once if we compare
the coefficients of the powers of A in' the series on the right side of (14)
with the coefficients of like powers of A in Ji,;(xA). We have from the
right side the following terms involving A***" :—

n+l _l n+2r
1 n Xn.+ 2r + K ( K ) An+E
)[m+w} 2T 2ntor]! 2r—2]!

Ku+2 (K‘—'— (K—E’) Xn+2r
+ o T T b
Taft {2nt2r}t {2r—4 ]!

which may be expressed as

, u)\n-{-ﬂr I;__] 27‘ 2 _ a ]
Y gt {2r}'11+ ) 1)+Le‘2[]m—1(’ D—p+-.. |

K" +2r xn+‘2r

= ntorfi {2}V
This holds for all values of n, subject to the interpretation of {2n+2r}! as

{2n+27}! = Qusr Lp((n+r+1)) = [2]* " Tn([n+r+1]).

6.

We have so far introduced two generalized forms of Bessel’s function.
The function E, gives us also a third form, which we denote Jy., as
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distinguished from Ji, and J. Jin is perhaps worth noticing on account
of its connexion with an expression analogous to cos (z cos ¢).

' A, A2 At
Sinea Fp () =4 iy iy o+ T

A At-! ,>\t2 r rirey NTET
nd By (— ) = 1= Ty +2 g~ HOP T fg e

forming the product of these, we obtain, by (8),

E#([z])EW( [E)i’t)=1+[%](‘ ks [2?E4](‘%)(“‘?;)
+tﬁﬂ(t—%)(t—%ﬁ)(t—%‘)+.... @1)

If, however, the product be formed in a series of ascending and descending
powers of ¢, the expression for the product is

Tn -+ 8 M+ BT+ =9t B () 24T (5 ) = @2

X'H' 2r

. . T pT(r=1)
in which Im@) = Z(=1)p ‘Tentorft{2r}V

If p =1 and ¢ = ¢, the series (21) becomes &**"¢,

Since the expansion in ascending and descending powers of ¢ is a
Laurent series, we have

dt

Im@) = SEP’ ) ( [_T) P

o~ Y g (LAY dt
Ia® =55 5 By ([2]) ( 2] T
Taking C to be a circle of unit radius, so that ¢t = ¢%,
f— 1 2 ;0__ -t
J[,,,](A) = 2 j ( [2] e e
(€ — =) (e —pPe ) ¢="9d0, (28)
+ @ pet
subject to the uniform convergence of the series. Also

3 -_— 1 _ég: i
4 35@](7\)—2_”5 Ep’([z] 2( 2] e"°do. (24)

7. Addition Theorems.

Many of the expressions used in the following analysis are rather
complicated : it will. be useful, therefore, to compare the expressions with
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those which correspond to them in the case of the ordinary Bessel function;

the work will, therefore, be on the same lines as the analysis on pp. 25, 26,

27 of Gray and Mathews’ T'reatise on Bessel Functions, and an analogous

notation will be used. References will be made in the form [G.M., p. 25,(62)].
We know that

B @E,(b) = 1+ (‘ﬁi? + (“+b[’2(]“!+ P, .

From this we deduce that

zt — 14 @+t @y tpye _
EJ,(@) ([2]) 14 + +.. =€,y (25)

{e}! {4}
and
_ 2 \g (Yo _Etypt ctyetp’ns
Ep’( [2]t>E"‘< [2]t)_1 o} + T4}
= @ (—z, —y, ). (26)

Forming the product of these, we have

(=2 \g . (4t _2_JL)= —z, —
([2]) By (- [2] ) B ([2]) By e = €@y HEl=a—y o
@n
By means of results (8) and (9) the left side of expression (27) may
be written in the form
+w +w

E rlwm@x T op' (L) =emy 0e—a—y 0 @9

Mm=—w

Equating the coefficients of ¢* on both sides of this, we obtain

m=+wn 2n -2
Z p(n m.)*J[ (.l.)sru m](p) (-E+1/ ($+yp2) ($+7/P )

M=~ I 27&}
(1 (@+y) @+yp™) 4 @ty ety ) @+ yp™) (2 +yp™*?) +..
T T[2nt2l12] [2n+2][2n+4](2][4] ")
= Jul, ¥). (29)

The series on the right side of the above reduces to J,,(z+y), in case p = 1.
A particular case of this theorem is

J[o](x)ﬂ[o]( ) 2PJ[1]($)31[1]( )+ A (=D 2P"'J[n](x)31[n](%)+...

SN . ) S .2 ) W .k v 2
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8.
~ Neumann has shown that-

JoW B F2bc cos atc?) = Jy(0) Jo(e)+22 (—1)*T,(8) I, (c) cos (sa).

We proceed to obtain the analogous theorem for the function Jp,;.

We have E,,.‘ (%;—;) Ep _(— Wxxt) = J:Z: k"8I (01 ().

Now

¢ z Kkt KT KT z
2 (f5) 2 (- ) = 2 () 2 (=670 2 (G13) % ()
*\) P\ "t = P ) P\ " e P ) B \ e
because the product of the two middle E functions in the expression on
the right side of the equation is unity, by theorem (4). The product of
the four E functions may also be written ‘

+2m "I tn) (kz) -2 (lﬁ) By (— -[2%4:1&) ;

n=—w

so that +2w "Iy (@) = Ep-2 (i) By (— [—236?)

+%
21t 2 P,

N=—-0

[Cf. G.M., p. 25, (62).]
Transforming the E functions in this equation by means of (4), we have

+o

n — kT 2 _z W ngn
Tt = By B ) B, ([2] . t),f_ tTm@. 6D

The product of the E functions in this equation is the series

1= (=) et (= 2) (- 2) pfage =
the analogue of exp {g_wt (x— %) };
therefore ":21 Iy (k) = { 1— (K"— —1—) [_;l—t +.. .}TL:ZC;K"'N [ ().

Put 2 = r, «k = ¢, and let

6 — (e‘e;e—.a) (eto_pﬁe'—"le) (8‘9—2946—‘5 .
1+p) A+p") A +pY ...

7" sin, " to n factors ;

then

b} i8) g = [ irsin 0 ig'g Sinae_isrs sin39 [ nd n
EJ[n](reW)t = ‘ll‘_ [l]t + [2]'t2 . [3]'t3 +...J'_zwg J[n‘](,r)t'

(82
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Equating coefficients of ¢*, we have

1 N ( 9 ’L'I‘? ln 9 %
Ton(re®) = €41 (r) — "53‘ e i1y ’HT%]'—”' °J[.L+2]<r)—...},<33)

analogous to G.M., p. 26, (64), ed. 1895.
If, in this equation, we put € = ¢, then we obtain

o 21457
Tonlin) = & T+ B T+ ([—2‘]%’—%] O+..). 60

9.

In this article we shall obtain briefly the theorems for the function
3 corresponding to those obtained in the last article for Jp,;.
We have shown in result (9) that

E(f5) B (- ) = 22030 (5)

Now

£ ()20 (- )
5 () 5 (-0 5 ()2 ()

and from this we deduce, as in the last article, that

,l_z_,p”’gf“(p)t ‘Ef”([z] )E"'(“[zjt)u_:p "n:’}["]< )

The product of the two E functions is, by theorem (8), after some obvious
reductions,

1= (=3 e (= %) %) fare

This is analogous to exp {% ("_—1)}’

but differs from tue corresponding series obtained previously in connection
with Jix;. We huve now

b3 p’”‘alu(”)t —Jl—<'<-i)—]

n==—an

+ (=) (=) r2][i]t“‘ : IISZP“’}“@) 59
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Put z =7, x = ¢, and let 4" sin, (—0) denote, as before,

(e=¥—e*) (e“’—p"e‘o) . (e“"—pz"‘%“) )
1+p)QA+p)...A+p" ’

then

E p‘ 3][1.]( pw) "

_(,irsin(=0) , ¥Psing(=0) | | Y7 s em (T
=i+ e T [2]‘432 oo 2 pYe "3@1(1,). (86)

Equating coefficients of ¢*, we obtain

I (T;j) =e ‘033(7;]( >+2_’_721[1_1,(t6) N H8 pie+in g m.(; ), (87)

s

analogous to result (88) of the preceding article, and corresponding to
G.M., p. 26, (64), ed. 1895.

If in (87) we put ¢® = 4, we obtain

i’r_ _s=w N 2% s(8+2n) ( )
3;[:7.] (P) = X1 ‘2 ,'p gfn-n] » (88)

s=0

10.

In result (82) put » = b, § = B, and in (86) put » =c¢, 6 = vy; then
multiply the results together : we obtain

3 rvenr 5 pa ()

—_——

-1 _a
1—if'(b, ¢, B, v) El—] 2", ¢, By y) E%T! -

+® +®
X _220 e J i (b) " _2; ™ p"™ By (—;T) t, (89)
in which
S, ¢, B, y) = b sin, B—[n] b ¢ sin,_, B8 sin(—+v)
nl]n 1] b"‘

(2] 2 sin,_g B sinyg(—y)—...4+(=)"c*sin, (—y). (40)

This expression (40) reduces, when p =1, to (bsinB+4csiny)". If
B =y =20, then f™(b, ¢, B,y)=0. Equation (89) is anaiogous to
G.M., p. 26, (66).
11.

Consider now the expression on the leii side of (89), which we wil

write for convenience
Z Ty (6) " Zp™ P (/L—;"\) (k= eb, Ky = e)
prs
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Expressed in terms of the E functions, this is

bxt) <_b_) (c_t> (__c_)

Ep (['éj Eu |- [2].£...EP" 2] By 2]t/

Taking now the product of the first and third E functions, also the pro-
duct of the second and fourth, we have by (8), after gome .0bvious
reductions,

_f.1+ (bk+cx,) t+ (bx4cxy) (be+pPexy) At | )

l (2] [2]14] |
( (be+cxy) .1, (bx+cxy) (b4 pPexy) o
X 11— { T — 41
[ R ] 7Y oo
analogous to exp {éx—% (t— %) }

The product (41) gives us a Laurent series, in which the coefﬁcient}s_ of
the powers of ¢ are functions analogous to J, (bx+-cx;), which we will
denote by the symbol J, (bk, ck,). We see that

b 2 bK 2 bK 2 K 2
Ty bk, ok = 1= "[t]";l) +¢ +CE‘3)]2([ 4;'1” L @Y
and.in general

' _ (kFer)(be+pPexy) ... (be+p™ 2 cky)
3., bk, cKy) = 1 5] [4]1“. o] L

{ _(bx+cx)(bx+p2"cx) |
X 11 Rinte] T @Y

When 7 is not integral the finite product in (43) must be replaced by a
suitable infinite product, as

1 T +pﬂmc"l) b
: 2n : ! w=0 (bK+p'.’il+'3mcK1)

(p <D.

We have now

'S Tbet, eVt S (=) T (b, cent
)

=1

—_— ( —_af! t;l_ yarn t;l__ l
| 1 Lf (2 B’ Y) [1] +f" (b, ¢, Br 'Y) [2]‘ !
+ % ) +w s s c
X 3 BT S pre™ D (3)-) £ (44)
Equating the coefficients of the various powers of ¢, we obtain
Ta (be?, ce™) = Co—Cy3f" (b, ¢, B, )+ Co*f" (b, ¢, By y) —...,  (4B)
which is the analogue of G. M., p. 26, (67).
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12.

In this article we shall write down the expressions for Co, Cy, ... .
Since (Trans. R.S. Edin., Vol. xu1., Part 1, pp. 110-118)

@ = (—1)"J_y@  and B (_II;_) = (—1)" P (.%)

we can write by means of these equations
Co= €0 I (—%) + e DE T (0) Ty (%) t+...

+evrp”J 101 () Fa) (-%)

—e(n+l)‘ﬂ_‘pr[n+l]$[l] +e(lt+2)tﬂ-2t7p4J[,{+2] 3;[2] — e ad inf.
— APy By g D28 T o — L ad inf,

(46)
and in general

Cs= "8I Fo+ e plr e I+
+ oY Pt T Py
_e('b+s+l)t8—‘7pJ[n+s+1] I+ glvtetd) ‘5_2‘YP4J['»+3+'2] i — ... ad int.
— (et b st D=8 I G oiny
'|'p(u+e+2)2 eln+s+2) w—”J[‘z] 3}[1“”21 —... ad inf. .l

This formula -is very complicated, -but simplifies in two cases, viz., if
B =9y=0; then f™(B,y,b,¢) =0. We have in this case

@i.)
Ju(0,0) = Jpy (0) Fpo) <%> +p70-1®) I (%) ARRREMOILE (%)
— [P+ Ty Fpaary + 2 tus 35[1]]
+[P P Py + PV Il — -
F(=D [ i+ T s Fen ]+ (48)

A more general form of this result will be found in Trans. R.S. Edin.,
Vol. xur., Part 1, 1904, p. 117.

@ii) If p =1 and be+ce” be a real quantity, then
F®®,c,B,y) = (bsin B+csiny)* =0,

Putting B—y = a, we have the addition theorem for Bessel functions.
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(i) If we put be*+-ce” = a (a real quantity),
a? = B+ ¢+ 2bc cos (B—v) ;

also b sin B+csiny=0;

therefore if’ (b, ¢, B,y) = Ti (eB—eB) — 7F1 i) = 0

and

e R Bt
sesrglegn)

This expression reduces, since be—be *#+4-ceY—ce " =0, to

21%(1—p? be sin (B—1v)

(14p)(1+p?
The expressions f©, /@, ... are capable of similar reductions, but I defer
this, merely remarking that the problem of reduction is to find the

simplest form of expressions homogeneous in z and y derived from the
product of the two series

o b e - B )

x 11

R [ R

subject to the condition

(49)

18.

Referring to the expressions given in Art. 12 for C,, C,, Cj, ..., we see
hat, if » =0 and be*+ce” be a real quantity, then, since f'(b, ¢, 8,y) =0,

Jo(be‘ﬁ, ce"/) = Co— Cﬂf" (b: ¢, ﬁ, ‘Y) + ey (50)

nd in this expression
Co = T (8 iy () =2 08 B—1) 0 BT (£) + -
’ Y 2 b

+(—1)" 2p™ cos n(B—7) 73 (0) Fn) <f)—) +...
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Coft = — 2 (1—p? be sin (B—+)
1+pA+p?
X ([Tt Iy +e CVpI oy I+ 0V Iy
—p (€5 I+ Ty Jpsp) €717
+pH e g I +p7 I Jre T EV— b+
+7fCe+ ..., (51)

which is the extension of Neumann’s addition theorem, we may write
the theorem

To(be?, ce™) = Jo) (0) Fpoy (%) —2p cos aJ ) (b)) Iy (%)

+2p* cos 2a Tt (B Fezy (%) — e F (p—=1) (5,0, B, v)
B—y=a. 2

Finally we may remark that the addition theorem investigated above
is one of an infinite number of such addition theorems. The terms in the
general theorem being of the form

P9 [;:’L’;] cos n(B—7) Ju1 (4) Fuy (13—10_1)’ (524)

v being an arbitrary integer, if » = 0, we have the set of theorems which
we have been discussing.

Parr II.
14. Transformations of the Function Pr,;.
It is well known that

F(a’ 18’ Y w) = (l_z)y—a—ﬂF(.y_a’ V—IB! Y Z)

= (1—2)°F (av y=B ¥ .Ti_1>
z

=(1—2)"*F (B, Y=, :?:i) (58)

These expressions are a set of four equal particular integrals of the
differential equation of the hypergeometric series denoted*

Y1 = Ya = Y11 = Yis

* Forayth, Treatise on Lifferential Equations, 2nd ed., pp. 192, 194.
SEB, 2. VoL. 2. No. 864. P
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Let F([a][B][y]2) denote the series

(8], . [alla+11[B)B+1] o) |
N R Y A O A

then we shall show that

[0)(B) jy-e-pp g [a+ DB+ oo goy
Y LA 3161 S A

B.‘l,‘-

= (1—=1)y-a-p | 14+ (1]ly]

4+ ly=dly=at1)[y—B]ly—B+1] 2,

L &
BRI y)ly+1] j 4
=(1—2)_ .(1_Lﬁ1[}'_’_'_13_]_£‘”_
T 0lly] (p**'=uw
[(‘][“+1_][Y“:3][Y—ﬁ+1] p'e _ e
M iT] 07 P VR e (e R
——p 1 Blly—a] __px
== -G o
BIB+1][y—al[y—a+1] p*2? N R
+ 2] v]ly+1] (PP —2)(pP*2—2) ey +(66)

It p = 1, these series reduce to the series in expression (58).

Consider series (55) : we may write this series

. ! — Iy_—ﬂl Z I
GO T AGT T

and again, by means of result (2), we are able to write this in the form

b

(1—2) ot tﬁl{ﬁ—ﬁj z(1=—2)_a

(=adlze=1ly=By=B=11 800 .
R AT |4 e A=8)-wrt.... 69

Replacing (1—2)_,., by expansions in convergent series (1), we obtain
the double series
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! —al , w(r—1 a] —a—1 a—r+1] , 1
-‘1—[[1] ' 4. (=1 p¥¢ [= [ []']'[ ]x +._..)

[‘—a] ] z-1— [ 1] x
+ ST s (= g e
+(—l)r_lp*(1._l)(1‘-—2)[—a_l][-a—[f]]!"' [—a—=r+1] AL }

[—a[—a=1]ly—=Blly—B+1] s [;_[—a=2]_
+ By +1] (1= g a+
+(=1y-rppe-ae-olmazBlma=Sl. [Zamrdl] ey )

G '

(58)

Collect the terms according to powers of z. We obtain the series

e s[a][8]
P It

because the coefficient of z", after some obvious veduection, may be written

p-re [a][a41] ... [a4r—1]

]!

—7] B8 o [—7][—74+1 3 +1
<t g SIS e

and the series within the large brackets is, for all values of: #, by

theo
eorem (7), e Ly ([yD) Tu([B+]) .
p,,([y+;])r,,([B])

so that when » is a positive integer the expression (59), which is the
coefticient of z”, becomes

priv=a=) la)la41])... [a+r—1][B]... [B+r—1 1]
Oyl +1T - [y+r—1]

This establishes the theorem

P82 = a—a_, {1+ lly=Bl _pz__ | 1 (g

{ (ly] « p‘”")

which is the analogue of y, = y,;, among the twenty-four particular
integrals of the hypergeometric differential equation.
r 2
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Since the series F' is symmetrical in « and 8, we have, by an inter-
change of a and S,

y-a- \
FBAp 0 = a—-, 1+ Bl ey

which corresponds to 3, = y4.
The transformation analogous to

F(a, B,y,2) = 1—a) " F F(y—a, y—B, v, )
is due to Heine, being easily deduced from his theorem,
( ab:n

- ,7
__’= abx
plortea. )= T S o4

¢ denoting Heine's series

A—a1—b
I+ i=ga=a T

if wepnt a=p% b=pf c=p" ¢g=p, z=p Ptz
The result is
F([[B][y]p—Fa) = 1—a)y-a-p F([y—a][y—Blly]2).  (61)

We now proceed to apply these and other special transformations to the
funetions Pp,; and Q:y3.

15. The Function Pry.
If in theorem (60) of the last article we make

a=—13n, B=3mn+1), v=13,

and change p into p? also making z into z?/p, we have, after some obvious
reductions,

1—pi- [n][n+1 lm2+p_“ [n—2] [n][[ia—'l- 1][n+8] o

(2]!
_ r== (1 __!22r—1 .’l32) - L_]_2 zz
- TI;IQ (1 _pu —2r—1 2) ( +p [2] 1 (pn-s 2___ 1)

_o, [P [n—27 zt )
+ B [4][ (pn -3 2_1)(pn_5z2_1) J . (62)

We compare the series on the left side of the above expression with the

series 'n('n+ 1) 2 m—2) nn+1)n+38) —
1 + 4 ] cevy
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which is a particular solution of Legendre’s differential equation ; I have
discussed this series in the more general form in connection with the
differential equation in (Trans. R.S. Edin., ““ Generalized Functions of
Legendre and Bessel,” Vol. xur., Art. 5, p. 20). In the case when n is
an even positive integer 1t is easily shown that the series on the left
side of (62) is C. Py, (1),

[22]! j "y (n][n— 1] '
Pr@ [n] (n]! @), ( [2] [2n— T )
If in result (60) we put a = —3n, B = —l(n-—l), vy =3%—n, and

change p into p?% also  into p®/«?, we obtain

s [n)[n—1] > s (n][n—1][n—2][n—38 -
1P Gllee—11 " 1P IAIEe—1I[2a—3] °
ﬁ (zz p’r+3) (1 [71,]2 pu+"
reo @—p %) 7 [2][2n—1] (p*t'—2?)
[(n][n—2] pt - (68)
[2][4][2n 1][2n—8] (p**'—2d (p"~'—2)
([2r4+1]) .
Multiplying both sides of this equation by T (T ll] IS we

obtain an interesting transformation of P,(r). For the differential
equation of the functions Pr,), @3, and its properties, I refer to Trans. R.S.
Edin., Vol. xt1. Two other similar theorems may be obtained in the
same way, if we substitute the particular values of «, B8, y, given above,
in equation (56). Theorem (61) reduces to an identity if we substitute
special values, so as to obtain Pr,)(z), both sides of the equation becom-
ing C Pp;(x).

16.

In this article the transformations corresponding to

P, (cos 6)
1 n—1 2)(n—3
= cos" 6 { 7"(112 ) tan? 0+ i )g; 42)(”' ) tant 6— ; (64)
_ . @n—1) | L% s (o
= ——2—”._n_!_ | cos nf + T @n—1) ¢ (=26
+ 1.8.n(n—1) cos(n—4)9+---:‘ 65)

1.22n—1)(2n—38)
will be considered.
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Take a series

w4 =) 2

2

[2])[2] x
n] n—1][n—2}[n— 5\ [ 6 s |
i @5 )

of which the general term is

L [ =

If now we expand * the products- which involve z in each term, we obtain
that the coefticient of z" in (66) is

2 n)[n— |n]|n—1][n 2][n—8]
(2] [2] (2][4](2](4]

P [n] [n—2r+1]
1 [2] (2] e

and generally that the coeflicient of z"~* is
v D) [n] (n—2r4+1]
IR ¢ FY BT B
[ sy —2r][n—2r—1] [2)+2] |
X 1+p rez+z (2 T 6D
The general term of the series within the large brackets in (67) is
sy —2r] .. [n—2r—25+1] [2r4-2] ... [2r+2s]

4 2r+2) ... [2r+25] 2 ). 2]

When » is positive and integral these series.are finite, but for all values

of n they are particular cases of series F([a][B][y]z). The application
of

pr-a-py — Ty Ly=B+n][y—a+n]
Fi{a)(B)lylp=h = 13 [y—a—B+nlly+n]

in the case « = r—3n, B =s—3m—1), y =17r+1, the base p being
changed into p?, gives us

ey —27][n—2r—1]
g BT
21(4] ... [2r] [11[8]...[2n—1]
211,—1] [gnj—'}?»] . [2n—2r+1] E3E ©8)

or an equivalent expression in infinite products, when » 1s not integral.

* ¢ Series connected with the Enumeration of Partitions,’” p. 9, (11), (12)
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The series (67), whlch is the coefficient -of z“~*, is then, by (68)
and (67),

(_ 1)1 r(r+2) [ ] ["L'— % + 1] [2] . [2'] [1] [3] [Z)I —_ 1.]
2]04] ... [2r]}® [2n—1] ... [2n— 2)'-}-'1] ]!

which is

REPTe— [2n]! [#][n—1]... [n—2r+1]
(W e B ] et

namely, the coefficient of z"~*" in the standard form of Pr(z). When
n 1s not positive and integral we must replace [21]! and (2), by infinite

products defined in Art. 3. 'We have finally

" L[] —11{n—2]... [n—2r41]
Pl = 2 & = e

(p - p—8> (p — 1;—5> (p""" ‘)La;“_) (70)

The extension of (64) is thus detelmmed for, putting & = cos 6, p =1,
the theorem reduces to

P,(cos ) = cos" 0 {1— ‘ﬂ'—%ﬁ tan? 9+...:-.

17.
Consider the series

[ , _p [n)[n=1]) 0 p"
D] () (]! (2 [(2),, ( z ) n (2),,_-_ (n][2n—1]) I e+ L) nez +...], (1)

which, if p =1, reduces term by term to P,L 1 (x+ )

The genelal term of the series within the brackets 18

(— 1) prer+h. [ }['b—l] Jn—er+1] [ +£‘-’_'|
(2)n o [2] (4] ... [2r] [2n—1] (2n—2r+1] ET T

If » be a positive integer,
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In case 7 be not a positive integer,

N p'.'u—:h i
U 3 '<'L+ 1'),. T (z+z) 0
= = =" (p>1) or II " (p<l).
| A -2 0 on+2r
e ()
For all values of » we have shown* that
{ 1)
vtz

— o [2n] uay o[20][2n—2) ., s[2n][2n—2][2n—4] .
Rl o R L“%’L—Jz][q SRS S 1)1 €3] R

If, now, we expand ::::—I—%} , &e., in expression (71), and collect the

terms according to powers of z, we find that z* arises only from the first
term of (71), and the term which involves it is x"/(2),, and in general the
terms involving z"~*" form the series

yl2n]...[2n—2r+2] e [2n—2r][2r]
2]...[2r].(2). p [2][2n—1]

p/'(r

2r)[2n—2r—2][2r][2r—2] _ e

s[2n—
+p [2)(4][2n—1][2n—8] )

(712)

The series within the large brackets is a particular case of the general
hypergeometric series (7).

When » is positive and integral the sum of (72) 1s

pro-n i[2n]. (2n—2r+2]; {1](8)... [2r41]; 2%
((2](4]...[2r]} i[2n—1]...[2n—2r+1]} ().

If n be not a positive integer, the finite products in this expression will be
replaced by appropriate expressions in terms of I', functions, which, for n
integral and positive, will reduce to the expression given above. We have
then transformed (71) into

[2n]! [ [27n] Vet 1]{8]{2n][2n—2
(]t [n]1(2).(2), et f2][2n— 1]” 2+p2[2] [4][2n—1][2n—38]

4 },
(78)

¢ Supre, Ser. 2, Vol. 1, p. 69, (11).
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which is the extension of

iy f 1\i nt i 1.2n '
PN'J)' "—)= 5 - =2 .
l‘(£+ z)) " atmiom (© +2(2n—1)°c oo

(]! = T ([n+1]).—If we make p = 1and 242! = 2 cos §, we obtain

P,(cos6) = cos 4 ———

2(2 )

22,. cos (1—2)60+.....

18.
It is easily established that

' 7
A= %E?Hi—b;' {[2n+ 1] PN +p°[2n—8] 2”; L e

+r =) e oo f, a9

for, replacing the functions P by their series expansions, we find that the
terms involving A"~*" give the series

Ar(+2) [277‘—27']! ’ n—‘_’r[ el —\§ pyS(s+1)—2rs
P {2n—2r}! {2r}![n—2r]![2n+1]>\ 1+s§1( rp

{2r}! [2n—1]...[2n—2s5+48]
{ -—
X Tor—as 12571 [Bn—2r—1] ... [2n—2r—2s+ 1] (2 45""1]]'

This series reduces identically to zero, as may be seen if we sum the
series term by term ; for we find that the sum of r terms is for all values
of » a factor of the (r+1)-th term, and the expression for the sum will
vanish by reason of the presence of a zero factor: the above reasoning
establishes a more general theorem (cf. Trans. R.S. Edin., loc. cit.).

>\"'£IJ["'] — (2)” [”’ ‘ n] [2n+ 1] P[n] (A (E)

(2n+1]!
+pi[on— [2@51 Py @)+ | (75)
We compare this with the theorem in Art. 36, p. 20, Todhunter, Func-
tions of Laplace, Lamé, and Bessel, and proceed to show that

1

—x

=3 @n+1)Q. () Pulx)
0

<
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may be extended in the form

1 .
m = 2 [2)1-{-1]@["1(#)1["]( ). (76)

n=0

If > A, then we have

Now express each power of A in a series of P;,; functions by means of the

theorem (75), and then collect all the terms which involve the same

L. . . n )\n+2
coefticient. Thus Pr,-(A) will arise from ——, —73, -.., and, for the
- M M

multiplier of it,

A 1 [n]![n]! (@),
from o1 ve get T (o] [2n+1],

) A n+2] [(n42]! (2),42 2n+5
from e we get —— = L ][2[”_’_5]]' 29 H—l]p"’[ 2] ],

om N e wet L (241! [+ 4]t @), o[20+91[2:47]
from e we get P [2:49]! (2n+1]p (2][4] .

From this we see that the multiplier of Pp,j(A) is
. e[t @), O iy s[41][n+2] PR
[271+1]——r—]-——2n ! e '+p [2][2n +3] +..
= [224+1] Quus[u].

The series @-,- reduces term by term to Legendre’s series @, if we make
the base p umt§ The series

Q:n1(u, 7)

[71]'[1:]'(2)"[ el afene1l g 3 (1] [n+2] =3 glen=s] 4
i ey el L F e )| prwecy e ot

will be found discussed as a solution along with Pp,;(\, ) of a certain
differential equation analogous to Legendre’s in Trans. R.S. Edin.,
Vol. xu1., 1904. We write now

0
J

L =Y 1) PN Qe W>A, w>1. (1)
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Subject to convergence of the series, we may also write down a more
general theorem, viz.,

u At

> [2n+1]1>m(>\ 2 Qe v) =y + 5+ (78)

19. 4 Case of Summation of F ([a][B][y][6][€]2).
In Art. 14 we have shown that
F([a][Bl[y]lp'~*2) = Q—0)y-ap F([y—al[y—Bl[y]l®). (79

Now (1—2)y_pup = l—bi‘_ﬁl.z

(1]
+(_1)rp5r(r-1)_[‘>’_‘1—ﬁ] 2 [[‘)f]Ta—B—T‘i' 1] ' —

Replacing the functions in (79) by their expansions in series of powers

of z, and equating the coefficients of equal powers of x, we obtain from the
terms involving z

= byl s byl (6B sy okl

[n]! [y] [n—1]' [yl [n]!
—_ J't [@1 n(y—a—B)
TN
in which (v} = [ylly+11[y+2] ... [y +n—1].
Change y—a to &, y—fB to y, v to z; then
(=] [y)s | (]! [zl [¥]

n—r —_— — A E+y-2)
[z]"' [’l‘] ! [n— )'] ! [z]n—r [Z “ y]rl) !
= __-"l&[z_" P ETI=. (80)

z n
Divide throughout by [z].[y]./[2]. and put
z=a—0+1, y=a—e+1l, z=a—B+1, n=—aq;
the series (80) now becomes

+plal Bl[6+e—a—B—1]

(1]CeTCe]

A TBIB+ U +e—u—p—1])[s+e—a=p] |
(2] (8] [EF 17T (e 1]

ll ([a-—(?])n ([,3 6])1[1,([a—e])n,._[,3 e]_L_ 81)

= p“ﬂ
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In this equation « is a negative integer owing to the manner in which we

obtained the identity (80), but Dboth the produet and the series are

symmetrical in « and B, and B is not restricted to integral values; hence

we can write (81) as valid in general, subject to convergence conditions.
The following are two examples of summation :—

p—n’ ' Fji[zn"" lh ]'2
(Dp([n4+1]) T ([n41]))

_ S tr—tm | —1]...[n—=r4+1]12 [2n4+1][2n4-2]...[2 —H'
=14 § oo Ll | +21..041)

[r]!

(82)
Jaz@) Ipy @) = %% J101(@) I (@) 4+ [i} Jm (@) I @+ ...

+pr(r—l)l[:_%% J[r—-l] (a)s[,._'_l] (a;)+ ces s (88)



