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1.

Introduction αnd Su/nuna'fν of Results.

1. The nurnber d(N) of divisors of N varies with extreme inegularity
as N tends to infinity, tending itself to infinity or remaining s111all accord­
ing to the form of N. In this paper I prove a large number of results
which add a good deal to our knowledge of the behaviour of d(N) .

It was proved by Dirichlet* that

d(1)+d(2)+d(3)+ ... +d(N) / \== logN+2y-1+0 l 7u) •
\νN/ ’

where y is the Eulerian constant. Voronoi t and Landau § have shown
that the errOl' term may be replaced by O(N-한ε) ， or indeed O(N-~ log N).
It seems not unlikely that the real value of the error is of the fonn
O(N냥+ ") ， but this is as yet unproved. }Ir. Hardy has , however , shown
recentlyll that the equation

d (l)+d(2)+d(3)+ ... +d(N)
N = logN+2v-1+o(N-i)

is certainly false. He has also proved that

d(1)+d(2)+ ... +d(N-1) +~d(N)-NlogN - (2y-1) N-훌

~ d(n)= νN Fz;J [H1 {4Tν(nN) } - 171{4τν(nN) } ],

41< Werke, Vol. 2, p. 49.
t f= O(φ) means that a constant exists such that I f I < Kφ : f = o(φ) means that

flep • O.
:t Crelle’s JoμTnal ， Vol. 126, p. 241.
§ GQttinger Nachrichten, 1912.
\I Cornptes RendμS ， May 10, 1915,
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deN) < 2νN.

where YO iti the ordinary second solution of Bessel’s equation and

끼 r'" we-XI" dll'’HI tr) == 二 l Lv ν q u ;

‘ 7r J1 ‘!('ll: ~ - l ) ,

and that the series on the right-hand side is the sum of the series

.N! ; dJn)
--- ‘ -i- COS i4π‘l(n X ) -종치 ,
Tν2 1

and an absolutely and uniformly convergent series.
The “ average" order of deN) is thus known with considerable

accuracy. In this paper 1 consider, not the average order of deN) , but
its maximum order. This problem has been l1u lCh less studied. It is
obvious that

It was shown by 'Vigert'* that
」띄으_ I l -+- .d

(i) d (N) < 210g log N \ ι I

for i:tll positive values of € and all BU펴ciently large values of N , and that

logN 11 _‘
(ii) deN) > 2끊닮F‘- ' I

for’ an infinity of values of N. FrOlU (i) it follows in particular that

deN) < N°

for all positive values ofa and all sufficiently large values of N.
'Vigert proves (i) by .purely elementary reasoning, but ases the “ Prime

Number rrheorem "+ to prove (ii). This is , however, unnecessary, the in­
equality (ii) being also capable of elementary proof. In § 5 I show, by
elementary reasoning, that

lo~ i\" ,'" log N
cl(N) < 2log logλ- (log log N)잉

for all values of N , and
」으흐과，..， + O ...，....!£담

d (N) > 2log log K ’ (loglogN) ‘

for an infinity of values of N. I also show later on that, if we assume all
known results concerning the distribution of primes, then

deN) < 2,·i (log N)+ O [log Ne-IT ν 10; log 1\"'J

.. Arkiv fiφ. Matematik. Vol. 3, No. 18.

t Thetheorem that π (;l:)"'.~logx’

τ (x) being the number ofprimes not exceeding x.
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for all values of N , and

d(N) > 2Li (log N )+ O [logNt-ψIQ~IQgN)J

for an infinity of values of N , where α is a positive constant.
I then adopt a different point of view. I define a highly composite

number as a nUInber whose number of divisors exceeds that of all its pre­
decessors. Writing such a number in the form

N = 2((2.3((1.5‘’5 ••• petp ,

I prove that

and that

a2늦 α3 늦 a5늘 ... 늦 αp ，

ap = 1,
for all highly composite values of N except 4 and 36.

I then go on to prove the indices near the beginning form a decreasing
sequence in the stricter sense, i.e., that

α2>α3>α5>'" >따，

where λ is a certain function of p.

Near the end groups of equal indices may occur, and I prove that there
are actua1ly groups of indices equal to

1, 2, 3, 4, ..., μ，

where μ again is a certain function of p. I also prove that if λ is fairly
small in cOlnparison with p , then

lmr η

α"logλ~ 혈청 ，

and that the later indices can be assigned with an error of at 1110st unity.
I prove also that two successive highly cOInposite numbers are

asymptotically equivalent, i.e., that the ratio of two consecutive such
numbers tends to unity. These are the most striking results. 1\l ore
precise ones will be found in the body of the paper. These results give
us a fairly accurate idea of the structure of a highly composite number.

I then select from the general aggregate of highly C0111posite nunlbers
a special set which I call “ superior highly composite numbers." I deter­
mine completely the general form of all such numbers, and I show how a
conlbination of the idea of a Fmperio l' highly composite number with the
assumption of the truth of the Riemann hypothesis concerning the roots
of the ~-function leads to even more precise results ~oncerning the Ina꾀­

mum order of d(N). These results naturally differ from all which precede
in that they depend on the truth of a hitherto unproved hypothesis.
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II.

Elementαrν Results concerning the Order of d(N).

2. Let d( N) denote the number of divisors of N , and let

(1) N ==하1 P~2쩍J ••• P~J1 ，

wbere Ph P2' Pa, ..., pn are a given set of n primes. Then

(2) d(N) == (1+α1)(1+쩨(1+씩 ... 0+α，J .

From (1) we see that

(lin) log (PI P2P3 ... pn N)

== (lin) ·1 (l + a1) 10gpl+(1+α2) logp2+'" +(1 +αη) log Pn}

> i(l+aI)(l+α2)(1+a3) ... (1+써) log PI log P2 .•• log pn }1.'11.

Hence we have

{ (l I n) log (PI P2Pa ... P/~ Nn “(3) deN) <
log PI log P2 log P3 … logpπ ’

for all values of N.
\Ve shall now consider how near to this limit it is possible to make

deN) by choice of the indices αl' α2' α3' ... , α11' Let us suppose that

(4) 1+am = U lRgEL+f?}l (?ll = 1, 2, 3, ., • , %),
logPm

where η is a large integer and - 훌 <eln< 훌. Then, frOln (4), it is evi­
dent that

(5) fι == o.
Hence, by a well known theorem due to Diricblet*, it is possible to choose
values of v as large as we please and such that

(6) Iell < e, iE:z 1< E, IE31 < E, ..., IEll-II < E,

where € 흑 V- I f (11- I ). Now let

(7) t == v logpn, Om == E'mlogpn‘
Then from (1), (4) and (7) we have

(8) log (PIP2P3'" PnN) == nt+ Lam

* Werke , Vol. 1, p. 635.
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Similarly, from (2), (4) and (7), "’e see that

(t+o1)(t+어) ... (t+on)(9) d(N) ==
- log PI log P2 log Pa ... log pn

(~aη ~o~ I ~o~ )
tπ exp '(강--강i + 판흠 - ... f

log PI log P2 log Pa ... log pn

( n~a~，-(~an)2 I n2~ o~ - (~on)a )
- -'- -

== (t+ 쭉)’ι ( 2nt
2--

I 3펌n J logpl logp2 logPa .‘ . logpn

= { (1/n)log(P1P2Pa…PnN)} π[1- 훌(] ogN)-2 {n2ko~-n(~o 1!)2} +...J~
logpl log P2 ... logpπ

in virtue of (8). From ι(6)， (7), and (9) it follows th뼈 it is possible to
choose the indices αl' α2， ..., α” ’ so that

(10) _ {(lin) log (PIP생3···PnN) 야deN) == I \-L~ ~II~ '-~~\\:~~2P3' .;!..n.~' If {1-0(log N)-2n/(n-l)} ,
log PI logp2 ... 10gPn

where the symbol 0 has its ordinary nleaning.

The following exanlples show how close an approximation to deN) may
be given by the right-hand side of (3). If

N == 272
• 725,

%’he””
m
ψ

/--‘
、

nvjf”
.
뺑

1m

없
.,

m싸
A
ω
111) deN) < 1898'00000685 ... ;

and as a matter of fact deN) == 1898. Similarly, taking

N == 2568
• 3358,

we have, by (3),

(12) deN) < 204271·000000372 ... ;

while the actual value of deN) is 204271. In a similar manner, when

N == 264
• 340

• 527,
we have , by (3),

(13)

while actually

deN) < 74620'00412 ... ;

d (N) == 74620.
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3. Now let us suppose that, while the number n of different prime
factors of N remains .fixed, the primes p", as well as the indices α'" are
allowed to vary. It is evident that deN) , considered as a function of N , is
greatest when the primes p" are the first n primes, say 2, 3, 5, ... , p ,
where p is the n-th prime. It therefore follows from (3) that

(14)
{(l/n)1og(2.3.5 ... p. N) 냐

deN) < log 2 log 3 log G ..• logp ’

and from (10) that it is possible to choose the indices so that

(15) deN) = {(I/n)log(2.3.5 p권쉰 {1-0 (log N) -2n!(η-I ) } •

log 2 log 3 log 5 logp

4. Before we proceed to consider the most general case , in which
nothing is known about N , we must prove certain preliminary results.
Let τ (x) denote the number of primes not exceeding x , and let

and

~(x) = log2+log3+log5+ +logp,

강 (x) = log 2 .log 3 .log 5 logp,

where p is the largest prinle not greater than x; also let φ (t) be a
function of t such that φ’ (t) is continuous between 2 and :1'. '1'hen

(16) 흙(t) φ’ ( t) dt =했(에 dt + 2꿇(t) dt+ 3흙’ (t) dt

+4Elφ' ( t) d t+ ...+담?r (댐(x썰￠

={φ(3)-φ(잉 } +2 {φ(5)-φ(3)}+3 {φ(7)-φ(5)}

+4{ φ(11)-φ(7시 + ... +τ(씨 { φ (x)-φ (p) }

= ?r (;r) φ (x) - { φ(2)+φ(3)+φ(5)+ ...+φ(P) } .

As an exaulple let us suppose that φ (t) = log t. Then we have

(17)
rx

?r (t)
τ(:1:) log x-~(x) = L.. t '

Again let us suppose that φ (t) = log log t. Then we see that

[Or ?r et)
(18) ?r ex ) log log x-log강 (X) = J2 뻐궁t

[ι τ (t) _7 L 1 r’ ?r (t) ." • (X ( 1 ru ?r (t) \
But \ .I.'~_\~.I. dt = L ~ \ ",\V1dt + \ L./l_~_.\2 \ ，， ~ v l d t ) dμ.J2 t log t ~V - log X)2 t .... " I Jz \μ (log μ? J2 t ~vJ

SER. 2. VOL. 14. 1'\0 . 1243. 2 A
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Hence we have
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(19) T(Z) 1og f 효현) l -1og $(Z)
6 (7r (x) J JoV 6

1 ~(x) \ I _ 1 ex 7r (t) .7-' I ex ( 1 [U 7r (t ) J \ J= 7r (x ) 10딛 ， ~\ ':--' :- +-.,.--=-- \ .. :~' dt+ \ ( 11 - \9, \ •• ~-' dt) d
‘ O(꺼x) log x ) 'log x J2 t '-"'''' I J2 \μ (log U)2 J2 t \AI"') \AI

( ~(x) I __ /~\ 1~~ ( 7r (x ) log x-~(x) l
But 7r (￠) log ( T (z) log z j - T (Z) log i 1- T (ι) log z f

=τ(Z)log! 1 fX 짝) dt 1- < - 1_: ~ fX낀갚 dt ;
~l τ (x) log X J2 t W~ J -..... log X J2

and so

(20) f ~(x) \ + L ~_ rx 7r ~t)T(z) log ( T($) log z ) 1og z j2 -rdt < O

Again,
f ~(x) ) - __ (,yo\ l " .... J 71(X) log x-~(x) l

7r (x) log 나 (x) log x f- - τ (z) 1og j 1+ S(Z) )

(.. I 1 rx 7(" (t) .7 J τ (x) rx τ (t) J
--τ(x) log -: 1+ c\ ;_\ \ .. ~~' dn > - ;:'/~: \ .. ~~I d

o (~ I ~ (x) J2 t ~~J'-- ~(x) J2 t ‘

and so

‘ ( 9(x) ) I 1 ['1; 7r ( t ) 7r (x)logx-~(x) fX 7(" (t)
(21) T(z) log { 」 +-- l -- dt> - l6 l τ (x)logx) 'log x J2 t wv ,- ~(x)logx J2 t

- 1 .f rx
챙 dt ~ 2

~(x) log X lJ 2 t wv J

It follows from (19) , (20) and (21) that

J: Ct (IOlg 1ι)2쩔) dt) dlι > T (Z) log {總 -log 'lO (x )

> (X ( / 1 J C£ 낀낀 dt) dμ - 1 f fX 친fl dt !2.J2 \u (log μ)외 J2 t W~ / ww ~(x)log x (J2

Now it is easily proved by elementary lllethods* that

~nd so

7(" (x ) = 0 (鎭) , 짧 = 0 (높) ;

E 프iEJ dt = o (鎭)

• See L a.nda.u, Handbμch ， pp. 71 et seq.
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Hence

t( (l 1 딸편 dt)du = t0 .~ 싫꾀3 )' du = 0:급73 }U(log μr J2 t I J2 ~ (lOg

1 ( rx
7r (t) ;].L ! 2 _ 1 η ( X

2 ) _ II ( X )

~(x)교향 'U2 강- α(， r - B(x) log x v '(파항규 J - v 1따향껴 j

an o.

써
”

%
.
씨

0
a
ν

--‘
찌-ω

-꾀
/

떼
-m

g
싱-

Hence we see that

(22)

5. We proceed to consider the case in which nothing is known about N.
Let

N ’ = 2'’' . 3“2. 5“'3 . , . pUll.

Then it is evident that d (N) = d (N’), and that

S(p) 등 10gN’ 등 10gN.(23)

It follows from (3) that

1 (~(p)+log N I l 1T (p)
d(N) = deN') < _~ .. \ ."V 'L"" I I-.~t' ~. (.

1» (p) I 7r (p ) )

(24)

흑 { 1+ l§짧}π (p) {~ (p)jτ(p)} π (p)

= ·f 1+!뿔핀 l f@)eO[P/(1egpF] - ( 1+ l으gNl π (p) + O [pl (l쐐3)
l .L T B(p) J l:i -. --. - - ·(.LT ~(p)j

But from (17) we know thatin virtue of (22) and (23).

샤) log p-~(p) = 0 (處) ;
~(p) = 7r (p ) {l og p + 0 (1)} = 7r (p){ log ~ (p)+ 0 (1) } .

( 1 1 l
7r (p ) = ~(P) .: l_~ ~/~\ +0 rl~，.. ~/，n\ l21'Ilog ~(p) TV {log ~(p)}2 .l

and so

Hence

(25)

2 A. 2

It follows from (24) and (25) that

deN) 등 .! 1+뾰N l 옮앓) + 0넓짧)J
‘-:::: (~I ~ (p) )
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"\Vriting t instead of ~ (p), we have

(26)
(4 , loaN、 나τ+ 0 ;;:츠녕deN) 등 ll+ 몫...:...:..) log t ‘l og I f'

and from (23) we have

(27) t 듣 10gN.

Now, if N is a function of t, the order of the right hand side of (26) , CO l1 ­

sidered as a function of N , is increased when N is decreased in comparison
with t, and decreased when N is increased in comparison with t. Thus
the most unfavourable hypothesis is that N , considered as a function of t,
iR as small as is compatible with the relation (27). We luay therefore
write log N for t in (26). Hence

(28)
log 1\' , n log.K

deN) < 210굵끊강T V (iO힌5도NP，

?r eX) ,......, ~표-.~
lOg x

for aU values of N. *
The inequality (28) has been proved by purely elelllentary reasoning.

"\Ve have not assumed, for example, the prilne nun1ber theorem, expressed
by the relation

"\Ve can also, without assuming this theorem, show that the right-hand
side of (28) is actually the order of deN) for an infinity of values of N.
Let us suppose that

N == 2. 3 . 5 . 7 ... p.

rllhen d (N) = 2r. (T') == 2i꿇+ 0 (TO삶，

41: If we assume nothing about π (x) , we can show' that

10암.L ..()1(Jl\' II" Jog log 10투강-

/ ‘ log log N (log log JSη2
d(N) < 2

If we assume the prime number theorem, and no바ling more , we can show that

101: 、J.... r l ...... fnl I‘’g N5二~+ [ L + o ( I ) = "';;".- ••

10Klog N - (lo~ log J!，η :

d(찌 <2

If we assume that

we can show that

(떠z찌) = 펀~ + 0 ~，-프F
log x - (log x)~i

」으수죠-+-~응파-+ 0----:으월-
/ ‘ 10gJog κ (log log ]>{j" 'Jog log N)'

deN) < 2

f φ (x) '" ψ (x) means that ψ (x)N(x) • 1 as x • ∞ .
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in virtue of (25). Since log N = ~(p) = t, we see that

」으올걷~_+ o~앨꽉cl(N) = 2log log N . ~ (l og log N)2 ,

for an infinity of values of N. Hence the maximum order of deN) is

.N
N-gg‘

。
M
-떼

0+-N
N-m?

M
一액

04

III.

The Strμct'ltre of Highly Composite Number.';.

6. A number N may be said to be a highly composite number, if
deN’) < deN) for all values of N ’ less than N. It is easy to see from the
definition that, if N is highly composite and d (N’) > d (N) , then there is
at least one highly composite nunlber ~1， such that

(29) N<~l <:N’.

If Nand N' are consecutive highly composite numbers, then cl("Al) 같 deN)
for ,111 val ues of "A{ between Nand N ’. It is obvious that

(30) deN) < d(2N)

for all values of N. It follows from (29) and (30) that, if N is highly
composite , then there is at least one highly composite number J.l I such
that N < Jlf 같 2N. That is to say, there is at least one highly composite
number N , such that

(31) c<N 같 2x ,

z 늦 1.

7. I do not know of any method for determining consecutive highly
composite numbers except by trial. The following table gives the con­
secutive highly cOluposite values of N , and the corresponding values of
deN) and dd(N) , up to deN) = 10080.

The numbers marked with the asterisk in the table are called superior
highly composite numbers. Their definition and properties will be found
in ~ S32 , 33.
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dd(N) d (N) 1\r

75

5

7

펴

5

7
5

-hU

2.

2

2

3

2

2

2

3

’’

2

·2

2

3

35

“J

야
uij
3
3

3
ij
nJ

nJ

QJ

IJ

QJ

싫
OnJ

FJ

QJ

nJ

nJ

j
”J

3
·
。JJ
Q
‘J

J
QJ

3--j

oj
aJ

QJ

Fg*

.2

4

•
2

3

•
5

2

3

4

2

6

3

4

2

·5

2

2

3

7

4

5

3

2

6

3

3

5

’
t

8

23

2
2
2
3
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

양

--=

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
----=

=
=
=
=
=
=
=
=
=
=
=

23

4
6
8
9
m
m
m
mm

%

없%

않
잃
때
쇄
야
μ
Hm
μ
mW

없
m
ψM밴m
mm

%
%

μ훨%
%
m%

mM

mw

”m

없
때
싫ωm%

m
ω
M%

%W

없
ω
잃

14

1i

1i

1i

1i

1i

1i

1i

1i

o‘
η
ιo‘
。
‘

9
ι94

QU

QU

QU

QU

44i

A4I

22

3
4
4
3
4
6
5
6
6
8
8
6
9
8
m
m
7
m
m
m
μm
μM
μ
9
m
m
8

돼m
m
mm

M
m
m
mu

%
9

뻐M
%

없”m

π
ωm
ω

*2 = 2
4 = 22

*6 = 2.3
*12 = 앙 . 3

24 = 23.3

36 = 22.32

48 = 24.3

*60 = 22.3.5

*120 = 23.3.5

180 = 22.32
• 5

240= 앙 . 3 . 5

*360 = 23.32.5

720 = 24 • 상.5

840 = 23.3.5.7

1260 = 22.32.5.7

1680 = 24
• 3.5 .7

*2520 = 23.32.5.7

*5040 = 합 . 32 . 5 . 7

7560 = 23.33.5.7

10080 = 2G
• 32.5 . 7

15120 = 앙 . 33 . 5 . 7

20160 = 26.32.5.7

25200 = 링.상 . 52 . 7

27720 = 23.32.5.7 . 11
45360 = 24 • 원.5.7

50400 = 25 • 원.52.7

*55440 = 24.32.5.7.11

83160 = 23.33
• 5 . 7 . 11

110880 = 25 • 암.5.7.11

166320 = 앙 . 33 . 5 . 7 . 1 1

2217HO二 26.32 • 5 . 7 . 11
277200 = 24.32.52.7.11

332640 = 25 • 합.5.7.11

498960 = 24 • 암.5.7.11

554400 = 앙 . 32 . 52 . 7 . 11
665280 = 26 • 합.5.7.11

*720720 = 앙 . 32 . 5 . 7 . 1 1 . 1 3

1081080 = 23.33.5.7.11.13
*1441440 = 25 • 암.5.7.1 1.13

2162160 = 24.33.5.7.1 1.13
2882880 = 앙 . 32 . 5 . 7 . 1 1. 1 3

3603600 = 앙 . 32 . 52 . 7 . 1 1 . 1 3

*4324320 = 앙 . 33 . 5 . 7 . 1 1 . 1 3

6486480 = 앙 . 34 . 5 . 7 . 1 1 . 1 3

7207200 = 25.32.52.7.1 1.13
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14 448 == 26.7

24 480 == 25
• 3. 5

24 504 = 23 • 땅.7

10 512 = 29

21 576 = 26.32

24 600 = 23
• 3 .양

16 G40=27.5

24 672 = 25.3.7

30 720 == 합 .32.5

18 768 == 28.3

18 800 == 25.52

24 864 == 25
. 33

16 896 == 27.7

28 960 == 26.3.5

30 1008 == 24 • 양.7

11 1024 == 210

24 1152 == 27
•원

30 1200 == 앙 . 3 . 5 2

18 1280 == 28
• 5

28 1344==26.3.7

36 1-140 == 25 • 양.5

20 1536 == 29.3

21 1600 == 26.52

40 1680 == 24.3.5. 7
28 1728 = 26.33

18 1792 = 28
• 7

32 1920 = 27.3.5

36 2016 == 25 • 원.7

12 2048 = 211

27 2304 == 28.32

36 2-100 == 25.3.52

32 2688==27.3.7

42 2880 == 26.32.5

22 3072 = 210.3

48 3360 = 25.3.5. 7
32 3456 == 27.33

20 3584 == 29.7

45 31300 == 앙 . 32 . 52

36 3840 == 28.3.5

42 4032 = 26 • 암.7

13 4096 == 212

48 4320 == 25.33.5

30 4608 = 29.32

42 4800 == 26.3.52

36 5376=28.3.7

8648640 = 26 • 합.5.7.1 1.13

10810800== 양 . 33 . 52 . 7 . 1 1 . 1 3

14414400 = 26.32.52.7.11.13

17297280 = 27 • 합.5.7.11.13

*21621600 = 2".33.52.7.11.13

32432400= 앙.암 . 52 . 7 . 1 1. 1 3

36756720 == 2i.33.5.7 .11.13.17
43243200 = 앙 . 33 . 52 . 7 . 1 1. 1 3

61261200 = 합 . 32 . 5 2 . 7 . 1 1. 1 3 . 1 7

73513440 = 25.33.5.7.11.13.17

1]0270160 = 24 • 원.5.7.1 1.13.17

122522400 = 25.32.52.7.1 1.13.17
147026880 == 26 • 현.5.7.11 ‘13.17
183783600= 양 . 33 . 52 . 7 .11.13 .17
245044800 == 26.32.52.7. 11. 13. 17
294053760 = 27.33.5.7.11.13.17

*367567200 = 앙 . 33 . 52 . 7 . 1 1. 1 3 . 1 7

551350800 = 암 . 34 . 52 . 7 . 1 1 . 1 3 . 1 7

698377680= 링 . 33 . 5 . 7 . 1 1 . 1 3 . 1 7 . 1 9

735134400 = 26.33.52.7.11.13.17

1102701600 = 25.3"'.52.7.11.13.17

1396755360 = 25.33.5.7.11.13.17 .IH
2095133040= 합.합 . 5 . 7 . 1 1 . 1 3 . 1 7 . 1 9

2205403200 = 26 • 원.52.7.11.13.17

2327925600 = 25.32.52.7.1 1.13.17.1H
2793510720 == 2tj.33.5.7 .11.13.17 .19
3491888400 = 앙 . 33 • 양 . 7 . 1 1. 1 3 . 1 7 . 1 H

4655851200 = 26.32.52.7.1 1.13.17.1μ
5587021440 = 27.33.5.7.11.13.17.19

*6983776800 = 앙. 33
• 52

• 7 . 11 . 13 . 17 . I!'
10475665200 = 앙.암 . 52 . 7 . 1 1. 1 3 . 1 7 . 1 얀

￥ 1 39 67 5 5 3600 == 26.33.52.7.11.13.17. U­
20951330400 = 25.34.52.7.1 1.13 .17 .1!~

27935107200 == 27
•현 . 52 . 7 . 1 1.13.17.1μ

41902660800 = 26
.땅 . 52 . 7 . 1 1 . 1 3 . 1 7 . 1 U

48886437600 = 25.33.52.72.11.13.17 .IH
64250746560 == 26.33.5.7.1 1.13.17.19. 않

73329656400 = 앙.암 . 52 • 72 .11 . 13. 17 . 1H
80313433200 = 링 . 33 . 52 • 7 . 11. 13.17 .1!}.씹
97772875200 = 26.33.52.72.11.13.17 .1D

128501493120 = 2'7.3
3.5.7.11.13.17 .ln. 23

146659312800 = 2".34.52.72.11.13.17.] U
1606268(W400 = 25.33.52.7.11.13.17 . U~. 23
240940299600 == 방.합 . 52 . 7 . 1 1 . 1 3 . 1 7 . 1 9 . 2 3

*321253732800 = 26.33.52.7.11.13.17.19.23
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dd(N) d(N) N

48 5760 = 27.32.5

24 6144 = 211.3

5 f) 6720 = 26.3.5.7

3() 6912 = 28.33

22 7168=210.7

54 7200 = 25.32.52

40 7fl80 = 29.3.5

48 8064 = 27.32.7

14 8192 = 213

56 8640 = 26.33.5

33 9216 = 210.32

72 10080 = 25 • 암.5.7
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8. Now let us consider what must be the llature of N in order that N
should be a highly composite numher. In the first place it must be of
the form 2[/2.3[/3. 5a; • 7°7 .,.하ι ,
where

(32) α2 늦 a3늦 α5 늘 ... 늦 αPI 늘 1.

This follows at once from the fact that

d(TJ암하·g3 긴T~5 ... 긴Tg;j l ) = d(2(!2. 3a3 •5α5 ••• p윈) ，

for all prime values of 'ZU'2' 'ZU3' 'ZU5' ••• , UJ'PI '

It follows frum the definition that, if N is highly composite and
N ’ < N , then d(N’) must be less than d(N). For example, 용N < N，

and so d(낌N) < d(N). Hence

(1+ 소) (1+ 옳) > (1+앓) ,

provided that N is a multiple of 3.
It is convenient to write

(33) αA = 0 (λ > PI)'

rrhus if N is not a multiple of 5 then α5 should be considered as O.
Again , αPJ must be less than or equal to 2 for all values of Pl' For let

PI be the prime next above Pl' Then it can be shown that PI <P~ for
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all values of Pl'* Now, if α'P ， iF! greater than 2, let

'T. NP,
lV' = --,•

Pi

Then N' is an integer less than N , and so d (N ’) < d (N). Hence

(1+α끼) > 2(ap l-1),

or 3> ap ,’

which contradict임 our hypothesis. Hence

(34) α'PI 즘 2 ，

~T ’ NPI
.1"-~, - (꾀() 3 .

for‘ all values of Pl'
Now let p';, P~ ，PI ， PI ' P~ be consecutive primes in ascending order. Then,

if PI 늘 5, ap ;' must be less than or equal to 4. For, if this were not so,
we could suppose that

But it can easily be shown that, if PI 늦 5, then

(p~)3 > PI;

and so N ’ <N and deN’) < d (N). Hence

(35) (1+αp;' ) > 2 (α11;， - 2) .

But since α끼’ 등 5, it is evident that

(1+α시) 같 2(α1)7- 2) ，

which contradicts (35); therefore, if PI늑 5, then

(36)

Now let

α1 1;' 등 -1.

N’ N꾀PI----
PiPI

* It can be proved by elementary methods that, if x 늦 1, there is at least one prime P

such that x < P 특 2x. This result is known as Bertrand’s Postulate: for a proof, see Landau,
Handbμch ， p. 89. It follows at once that PI < P1 2, if PI > 2; and the inequality is
obviously true when PI = 2. Some similar results used later in this and the next section may
be proved in the same kind of way. It is for some purposes su없cient to know that there is
always a prime p such that x < P < 3x , and the proof of this is easier than that of Bertrand ’s
postulate. These inequalities are enough, for example, to show that

log PI = IOgPI + 0 (1).
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It is easy to verif)’ that, if 5 같 PI 등 19 , then

PIPI>꾀PI ;

and so N ’ < Nand deN’ ) < deN). Hence

(1+α1'1)(1+α센 (1+αl’ !’) > 2αI’ l ap; (2+ αp;') '

or (1+웬 (1+훤 > 2 (1+ 찮꿇)

But from (36) we know that 1+aν; 즉 5. Hence

(37) (1+ 높) (1+ a~) > 2즘

FrOlll thia it follows that apl == 1. For, if ανl 늘 2, then

(1+ a~)) (1+ 뚫) 흑 2융 ，

in virtue of (32). This contradicts (37 ), Hence, if 5 같 PI -< 19 , then

(38) αPI == 1.

Next let N ’ == NPI P~/(PI화 센).

It can easily be shown that, if PI 늘 11 , then

P1pf < P1P; p ’f ;

and so N ’ < Nand deN’ ) < deN). Hence

(1+αPI) ( 1 +α씨)(1 +찌꺼 >4α1)1αp;αpi' ,
or

(39) (1+ 않) (1+ 옳) (1+ 않:) > 4

(1+ 뚫) (1+ 잃) (1+ 앓) 같 3씁，

:FrOlll this we infer that αPI must be 1. For‘, if ap ! 늑 2, it follows from
(32) that

which contradicts (39). Hence we see that , if PI 늘 11 , then

(40) αPI = 1.

It follows from (38) and (40) that, if PI 늦 5, then

(41) apt == 1.
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But if PI = 2 or 3, then from (34) it is clear th와

(42) a l l l = 1 0 1" 2.

It follows that apt = 1 for all highly composite numbers , except for 앙，

and perhaps for certain nUlllbers of the form 2(1.3
2

• In the latter case
α 늘 2. It is easy to show th따， if α 능 3, 앙 .32 cannot be highly compo­
site. For if we suppose that

N’ =2‘’- 1. 3 . 5,

then it is evident that N' < Nand deN’) < deN) , and so

3(1+a) > 4α ，

0 1' a< 3.

Hence it is clear that a cannot have any other value except 2. Moreover
we can see by actual trial that 22 and 앙 • 32 are highly composite. Hence

(43) αPI = 1

for αII highly c01nposite ηαlμes of LV save 4 and 36 , lDhen

αPi = 2.

Hereafter when we use 바lis result it is to be understood that 4 and 36
are exceptions.

9. It follows fr OlU (32) and (43) that N must be of the forn1

(44) ’’
i

p

Ja
p

qu
p

?l

”‘
!
이U

I‘
U

F”
U

•

9u

oa

na

9“

9
ι

9“

××

×

where PI > P2늦 Pa 늦 P4늦 '" and the number of rows is a2’

Let P" be the prime next above pr, so that

(45) log P r = log Pr+ 0(1),

in virtue of Bertrand’s Postulate , Then it is evident that

(46) α1'， 늦 1', a1’l" 등 7' - 1 ;

and 80

(47) ap < αν，.- 1.
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It is to be understood that

(48)

MR. S. RAMANUJAN

αPI = 0 ,

[June 11,

in virtue of (33).

It is clear from the form of (44) that r can never exceed a2, and that

(4H)

10. Now let

p ,, ). = λ.

N ’ = E λ[log v/log l\난
v

where• V등PI ' SO that N' is an integer. Then it is evident that N ’ <N
and d(N’) < d(N) , and so

(l+all)(l+α>.) > αv (1+α>.+ f뿔~l)
\ ~ I ~I\ I LloQ' XJJ

or

(50) (1+αl\) > αII[鐵]

Since the right-hand side vanishes when )J > PH we see that (50) is true
for all values of λ and )J.

Again let N ’=Nμλ- I - [log μI log λ] ，

where [log μJlog λJ< αl\ ， so that N’ is an integer. Then it is evident
that N ’ < Nand d(N') < d(N) , and so

(51) (1十αμ) (1 + αλ) > (2+ αμ) (αl\ - [識])

Since the right-hand side is less than or equal to 0 when

αl\ ~ [log μJlog λ] ，

we see that (51) is true for all values of X and μ. From (51) it evidently
follows that

(52) (1+따) < (2+a，J [뽑월~]

From (50) and (52) it is clear that

(53) a v [鐵] 슴 αA 등 αμ+(2+αμ) [鐵]，

for all values of λ， μ and )J.

* [x] denotes as usual the integral part of x.
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Now I엉t US supνuse that II = PI and μ =PI' SO that ι = 1 and
αμ = O. Then we see that

f10£!Vl1 _ _" rioπ P11
(54) 1i二F딛 | 등 αA 등 21 ~;~ ---.. I ILIo£! λ J -.:::: ~"-':::: - L log λ 」

for all val ues of λ. Thus, for example, we have

PI = 3, 1 등 a2등 4 ;

PI = 5, 2 등 α2 등 4 ;

PI = 7, 2 등 α2 ξ길 6;

PI = 11, 3 듣 a2같 6 ;

and so on. It follows from (54) that, if λ 같 PI' then

(55) 따 log A = O(log PI)' 따 log λ 추 o (logpI)'

11. Again let

N ’ =N.λ[ν{(1 + (tA +IJ，μ) log 1J./ log ,,}] μ-1-[에1+딱+파) log시log μ}] ，

and let us assume for the filament that

aμ > ν {(1+α，，+ aμ) log λIlog μ },

in order that N' may be an integer. Then N' < Nand deN’ ) < deN) ,
and 80

(56) (1+써(1十αμ) > {1+α，，+ [씨(1+αA十αμ)logμI log 사 ] }

X {aμ- [씨 (l+a，，+aμ) log λIlog μ }] }

> {α，，+ν {(l+aA+aμ) log μIlog λ i }

× {αμ-ν{ (1+α，，+αμ) log "AIlog μ사 ·

It is evident that the right-hand side of (56) becOlnes negative when

aμ < ν{(1+α，，+ aμ) log λIlog μ },

while the left-hand side remains positive, and so the result is still true.
Hence

(57) μ log μ-α"log λ <2ν {(l+a，，+aμ) log λ log μ },

for all values of λ and μ. Interchanging λ and μ in (57) , we obtain

(58) 따 log λ-“μ log μ <2ν {(l+a，，+ αμ) log λ log μ }.



866 MR. S. RA1IANU.JAN [June 11 ,

From (57) and (58) it evidently follows that

(59) Iα"，logλ-αμlogμ 1<2ν{(1+α'"+ap.) logλ logμ} ,

for all values of A. and μ. It follows from this and (55) that, if λ and μ

are neither greater than PI' then

(GO) αA log λ-αμ log μ ==0、! {logpl log(λμ)},

and so thatij log λ == 0 (log PI)' then

(61) α210g 2.-...- α310g 3 """--' α5log 5~ ... ,......., α'" log λ.

12. It can easily be shown by elementary algebra that, if .J:, V, 1n, and
n are not negative, and if

Ix-yl<2、I (mx+ny+mn) ，
then

(62)
( Iν(.x: + n)-ν(y+ 1씨 1< ν(m+n) ;

IIν(x+ n) - 、!(m+n) 1< ν(y+m) .

From (62) and (59) it follows that

(63) I 、I { (l +α셔 log λ}-ν {(1+αμ log μ } \ < 、I {log (λμ) },
and

(64) Iν {(1 +αE.) log시 -ν {log (λμHI< 、! {(1 + aμ) log μ },

for all values of λ and μ. If, in particular, we put μ == 2 in (63), we obtain

(65) ν {(1+α깅 log2} - 、I {log(2λ)~ < ν {(l + a ,,)log 시

< 、1 { (1 + a'2) log 2 }+、I {log (2λ) },

for all valnes of λAgain ， from (63), we have

(1+따) log λ «ν {(1+αII) log v} +ν {log(λv) } )2,
or

(66) 따 log λ <(1 +αII) log v+ log v+2ν {(I +a ,, ) log v log(λv) }•

Now let us suppose that λ 특 μ. Then, from (66), it follows that

(67) α"，log λ+log μ < (l+a ,, ) log lI+ log (μv)+ 2 、1 ( 1 + αII) log v log (λv)}

측 (1+0 11) log 1I+ log (μ11) + 2、1 {(1+αJ log vlog (μv)}

=={ν :(1+a ,, ) log v}+、!log (μ II) } 2,
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Similarly we can show thatwith the condition that λ 등 μ.

aA logλ+log~ > {ν{(1+αv) log II} -νlog (μv) 까，(67')

with the condition that λ <;, ~.

lB. Now let

N'= 감 2[log시{짜)뺑

that N ’ IS anwhere τ (μ) log μ < log A <;, log Pl' Then it is evident
integer less than N , and so d(N ’) < d (N). Hence

(1+ 앓)(1+α2)(1 +a3)(1+α꾀 (l+a.μ)

-uλ
-
@

때
-
삐

-u+
α

-noλ
-앵

b
-띠

-T
+a( lo~ λ l

> i a 2+ 77"(μ)7og 2l

뺑
-
뼈

+
μ

gso
μ

α

( . _. 10π )\ |
1 α310g 3十 =느T- L

!μ) )

、
A
τ
u

m--h----+9“
앵。

‘
α

that is

< (1+ 옳)씨앵 2+log 2)(αslog3+log 3) ... (αμ log p. + log μ)

등 (1+ 옳)씨 log 2+logμ)(αslog 3+logμ) ... (a /-t log μ+log μ)

In other words ,

객
M

+
(68)

%
-
뺑

1에-+-
-
μ

뺑
-
뼈
-
鍵

+얀
-
뺑

、
l

----
냐
-
션

때
-
뼈
-
爛

+-
-
μ

맹
-
’
때

1「
-
싹

때
-
뼈
-
購

+>

{ log λ L _ \

」 윈파 -~t:l μ L
>11+

(~ I (ν 1(1+ av) log 1/ r +νlog(μII» 사

where 1/ is 없ly prime, in virtue of (67). From (68) it follows that

써(1+ a
v

) log 1/ } +νlog(μ끼 > If 똥띔 -logμ }
에 t(1+섣 J I짜)-1 J ’

(69)

provided that τ(μ) log μ < log λ 같 logpl'
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(70)

14. Again let

N ’ ==Nλ 2- I - llog A/{π (μ) log 2}J 3-1-[IOgA/{π(μ)log3}J ... μ-I-[log시{π(μ)logμh，

where μ 등 PI and λ > μ. Let us H,i:lsume for the moment that

lOll λ
"log K > 펀-- \(μ) ’

for all values of K less than or equal to μ， so that N' may be an integer.
Then by arguments similar to those of the previous section, we can show
that

‘ 밟즈 +log μ l f(μ)
애 J- aA __ J πlμ1
--와> 11- R

+aA ~ t ~ (ν {(1+αv) log 11]-νlogeμ11» 2 )

Fronl this it follows that

(71)
II 뿔# +logμ )

| ν{(1+αv) log II}-νlog eμv) < f f “ ‘껴上 α 、 써μi ~
、J J ~ I -1..(,(·A \ I

[ ‘ \2+αAI J

provided that μ <PI and μ < λ. The condition that

u" log K > {log λ/τ(μ) }

is unnecessary because we know from (67 ’ ) that

_ / flog A I 1_~ __ 1
(72) Iν(1+αv)logll} -νlogψ11) 1 <ν(α" logK+logμ) 등V 1김고f+ log μ f '
when α"log K 등 {log λ/7r(μ)} ，

and the last term in (72) is evidently less than the right-hand side of (71)~

15. We shall consider in this and the following sections some important
deductions fromthe preceding formuloo. Putting II = 2 in (69) and (71)~

we obtain

(73)

log λ 1~ ’
11 7r (μ) ~V5 μ

、/ ·1 ( 1 +α2) log 와 >1
싸 1 (1+ 1)삐μ)-1

-、/log (2μ) ，

(74)

provided that 7r (μ) log μ <log λ 등 lOgPl' and

d 띤혈+log μ )
L 7T" (μ)

ν{(1+따) log 2} < J μ (I十α서 1 1 7': \μ ) l +νlog(2μ) ，

“ \2+αAI .'
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provided that μ 흑 PI' and μ < λ. Now supposing th삶 λ = PI in (73),
and λ = PI in (74), we obtain

(75)

I ( log화 _1£\π ” l

ν{(1+때log2) >J 짧샤;단 -νlog(야)，

provided that 7T' (μ) log μ < 10gpI' and

(76)
I (많~l +logμ )IJ 껴- (μ) I .Vb

ν{(1+α2) log 2} < 씨 i ··... \I""'!ro. _ l / _ t .. ' +、!log (2μ) ，
。'" j 1-2- 1 1π(μ) ~ 。

provided that μ 듣 Pl. In (75) and (76) μ can be so chosen 8S to obtain
the best possible inequality for α2. If PI is too sInall, we may abandon
this result in favout" of

(77) [魔~J <썩 2[靈휠]~

which is obtained from (54) by putting λ :.= 2.
After having obtained. in this way what inforlnation we can about α2'

we may use (73) and (74) to obtain information about aA. Here also we
have to choose μ sO as to obtain the best possible inequality for α)0. . But
if A is too small wemay, instead of this , use

(78) ν{(1+α2) log 2;-νlog(2λ)< ν{(1+α)0. ) log λ}

< ν {(1+α2) log 2} +νlog(2λ)，

which is obtained by putting μ = 2 in (63).

16. Now let us consider the order of α2' From (73) it is evident that,
if 7T' (μ) log μ < log λ 듣 log PI' then

lOll λ
든투← -logμ

(μ)
(79) (l +a씨og 2+ log (2μ)十 2、! {(1+α2) log 2 log (2μ»). >-; 안1 \ 니π (μ'-.

1+~) -1

But 、!’e know that for positive values of x ,

e;E곤l = f +0 (1), 추1 = O lJ\z
SER.2. VOL. 14. NO. 1244. 2 B
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Hence

=폐;렐土)+0 : 靈} ;
) \ αA I

logμ - n ( τ(μ) lo~쓰_ I _ /'1 “ 、
(1+폐l /，rr (μ)- 1 - v (폐1+ 앓) f - v V~ UlAJ

and

(79) may beHenceAgain from (55) we know that a2 = O(lOgPI).
written as

α2log 2+0ν(log PI log μ)+O (log μ)

늦 Fg λ 、 +o 1l으올즈 1- +O(μα ，\ )
1m! (1+ l.-) I ~ ( 77"(μ) )
OQ I •--,

、‘ \ aAI

(80)

log μ = O(μα，\) ，

μα，\ = I뚫x씨og λ) = 0 ('\魔) ,

But

μ
­엠

-
-
μ

λ
-

g
[
­

0-0-­씨
-
뼈

’m
‘
-
τ

log λ 10다 μ “ logp+ f-A1 ~~5，PI > 2ν(logpI log μ) ;
log λ

- /) (log λ log μ μ 10gPI\
ν(lOgPI log μ) = 0 \ μ + 고급)x

l

)

Again

and 80

Hence (80) may be replaced by

야 log 2 늦 }ogλ1 、 + O (logλlogμ+體꽉
I .. I J 、 \ μ 10섬 1\ /log (1+ -:-) ‘ ‘

\ μA I

(81)

Similarly, from (74), we canprovided that 77"(μ)log μ < log λ ~ lOgPl·
show that

/log λ log μ μ lOgPl\
a2log 2등 I 1 、 +O ( ” 1 l

log (1+τI~ ~ ) 、 F

、 .1.,U-A '

(82)
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provided that μ 등PI and μ < λ. Now supposing that λ = PI in (81) ,
and λ =PI in (82) , and also that

μ =0ν(logPI log logpI)' μ 추 oν(logPI log log PI) ,*
we obtain

(83)

log 끼
a2log 2 늘 꿇칭 +0ν(log PI log logpI)'

(84)

From (83) it evidently follows that

α2log 2 = 뽑꿇~ +oν(logPI log]og PI)

And it follows from this and (60) that if λ ~PI then

(85) α~log λ - 앤gp，! +0 ’ ν(log PI log λ)+ν(log PI log log PI) ]- .- log 2 -. 'J l V \IVO1'1

Hence, if log λ =O(lOgPI)' we have
logpl

(86) a2 log 2 ~α31og3~αslog 5~ .. , ~α"log λ---- ------ .
log 2

17. rfhe relations (86) give us information about the order of α;.. when
λ IS 8n퍼ciently small compared to PI' in fact , when λ is of the fornl P~ ，

where € • O. Such values of λ constitute but a small part of its total
range of variation, and it is clear that further formuhe must be proved
before we can gain an adequate idea of the general behaviour of αl\ . From
(81) , (82) and (8 4:) it follows that

{87)

( }og λα=) <짧 +0 -I log λ log μ + 쓰펼!+ν(10웰I log lo양1) l
/ 1 ) ~log 2 l μ log λ

log (1+ -

i 1og λ
)~짧 + 0

| 1og λ log μ
+ 쓰빨1 +ν(logpl log logpI)}11 _L_1 _\ ~ log 2 I ...,

( μ logλ
log (1+ 1 1-~

\ l+a;..

provided that 7r (μ) log μ < log λ 특 IOgPl' From this we can easily show

·f추 o (φ) is to be understood as meaning that If I > Kr, where K is a. constant, a.nd
f =1= O (φ) as meaning that If IIφ • ∞ They are not the mere nega.t.ions of f = 0 (φ) and
j= O(φ)，

2 n 2
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and 뼈at

that, if τ(μ)log μ < log λ 등 logpI' then

i αA 같 (21앵시때 1)-1+0 ~ !으얄 + 띤옐월 + ν(log PI log log PI21,U ,\ ~ \.Q ~. ~ ••_~) TV 1 μ (log A)\! I log λ ) ’
(88) -{

Ia ,\ 늘 (210g,\/10g Pt -1)-1-1 +0~펼+띤쩍+ν(logPI !Qg log PI)l
t -'" ~ ,- ~I ~ I '-' l μ (log A):.! I log λ )

Now let us suppose that

log λ 추 oJ(log짧1P )

Then we can choose μ so that

μ = o f log λ V(lo￡魔1) } ,

μ 추 o i log λ μ(loRFgPl까
、 , 、 J.Vζ' lJ t / I

Now it is clear that log μ = 0 (log log PI)' and so

log판 _ n ( log log PI \ _ n ( 、/(log Plio와 log PI) l- … .. -
μ - v" \ μ J - \J l logλ j

μ logpI _ n Jν(log PI log log PI) 1
따향휴-:.; V 1 log A f •

From this and (88) it follows that, if

then

(89)

log λ 추 oJ(펴짧~) ，

( αA 등 (21ug ，\/1웹1-1)까O ι(l0%1log l0%l) }
l log λ

la,\ ~ (210g~/10gJil -1)-1-1+0 ~ ν때Pllog logp~1αA 늘 (210원ll0%l -1)-l-1+0 1 tI IOl! λ )

Now we shall divide the primes from 2 to PI into 5 ranges thus

Fγ표\팩γ표v
(log Pl)

1I: ell: (lOg" , i i elC"ψ \ og ，J ， llog 1og l' ， ) e lC씨og J1J. Jog JOri'PI )

R뼈GE I \\

We shall use the inequalities (S9) to specify the behaviour of α，\ in ranges‘

I and II, and the formula (85) in ranges IV and V. Range III we shall
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deal with di뀐'erently， by a difIerent choice of μ in the inequaliti~ (88).
We can easily see that each result in the following sectionsgives the most
information in its partitmlar range.

18. Range I: log λ 추 Oν(lOgPl log log PI)'훌

A = [(210g시l영까-I)-I) ,

(210십 시1og p1_ 1}- I+€A ，

Let

and let

where - 윷 <€>..< 훌， be an integer, 80 that

(90) (21og 시lOgpl_1)-1 = A+1-€>..

when €>.. > 0, and

(91) (21lil~ 시log pl _ l ) - I = A-€>..

By our supposition we havewhen €>.. < O.

(92) 、I (log PI log 10gPI) = 0(1).
logλ

First let us consider the case in which

fA =* O f ν (log PI log log PI) l
l logλ )’

80 that

ν(logPI log log PI)(93) ·v '-~o .r-/ -~~ ·~O t'J./ = ok>..).
logλ

It follows from (89), (90), and (93) that if f>.. > 0 then

( αA 등 A+ 1-€>.. + 0 (€>..),

( a,\ 늘 A-E,\ + O(EA.) '

Since 0 < ε>..< 훌， and α>.. and A are integers , it follows from (94) that

(94)

(95) αA 등 A, a>.. > A- I.

Hence
m“”/t·‘

、
aA. = .A.

'*' We can with a little trouble replace all equations of the type / = 0 (φ) which occur by
inequll.lities of the type I f I < K，φ ， with definite numerical constants. This would enable u응

to extend all the different ranges a little. For example, an equation true for

logA =1= 0 、I (logp . )

would be repl:wed by an inequality true for log A > Kι (log Pl ) ， where K is a definite constant,
and simila.rly log A = 0 、I(logpl ) would be replaced by log A < k 、l ( log pI ) '
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Similarly from (89), (91), and (93) we see that if €A < 0 then

( aA 같 A-€A+O(€A) ,
(97) ~

l aA 늘 A-1-€A+0 (€J.

Since-융 < €A < 0, it follows from (97) that the inequalities (95), and
therefore the equation (96), still hold. Hence (96) holds whenever

(98) ( ν(log PI log log PI) )
fA 추 O j }

l loa A. )

In particular it holds whenever

(99) fA 추 0(1) ,

Now let us consider the case in which

(100) f.\ = 0 ~ ν(log PI log log PI ) t
1\ - v' l log λ ) ’

so that flo. = 0 (1), in virtue of (92). It follows frolu this and (89) and (H이

that, if fA > 0, then

(101)

Hence

and so

(102)

( aA 같 A+1+0(1),

t a" ~ A+o(l).

αA 등 A+1 , αA 늘 A;

α，， = A or A+ 1.

Similarly from (89), (91), and (100), we see that, if €" < 0, then

(103)
f a" 같 A+o(l) ,
αA 늘 A-1+0(1).

Hence αA 흑A， αA 늦 A-I;

and so

(104) α，， = A or A- I.

For example, let us suppose that it is requi빼 to find α" when λ ~prs .
We have

(210g 시logPl_1)-I= (21/8- 1)- 1+ 0 (1) = 11.048 ... +0(1).

It is evident that A = 11 and fA.추 0(1). Hence αA. = 11.
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19. The results in the previous section may be rewritten with slight
modifica꾀ons， in order that the transition of a>.. from one value to another
may bemore clearly expressed. Let

(l05)
In~ (l+l/J' )

λ == PI Iv;;:!

and let x +ex, where -~ < e,l ' < 꽃， be an integer. Then the range of x
which We are now considering is

(l06) ;C == 0 V' (1앓짧~) ，

and the results of the previous section may be stated as follows. If

(107)

then

(l08)

ex 구느 O !z ‘ / ( log log PI ) !
V \ ogPI J) ’

aA. == [x].

As a particular case of this we have

a>.. == [x] ,

R’ hen £.• 추 0(1).

(109)

then when ex> 0

(110)

and when f:c < 0

(110 ’ )

ex = 0 { x J COra뚫r1) i,

αA == [X] or 달+ IJ ;

αA == [X] or [a--l].

(log λ =0 ν(logPI log log PI),
20. Range II: i L ~_ '- .-.-L ~ ;' ( log-PI ]

Ilog λ 추 O U ( )l """0 ,. -,-- ~ V \log 10gpI/

Jh'om (89) it follows that

(111) α" = (210g 시logpl_1)-1十 o ~ ν(log PI log log PI) l
l log λ J •

But

Hence

(112)

(210g 시IQg P1 _ 1)-1 == log PI +0(1) ‘
log 2 logλ

μA Iog x = I으g ~l + Oν(log PI log log PI) .
log 2
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As an example we may suppose that

\ ~ e v'(l og ]11).

Then from (1 12) it follows that

- ν(log PI)== v ~.l_V_nIV + °、!(log log PI).
log 2

21. Range III:
( log λ = Oy (1ok&짧1 ) ，
llog λ 추 o (log PI)펀

Let us suppose that μ = 0 (1) in (88). Then we see th따

(113) α>..= logpI +0(1)+0띤웰 + 샌쩔 + ν(log PI log log PI) 1
log 2 log λ ( μ (log \):.! I log λ ) ’

or

(1] 4) αxlogλ =繼+0 {lOg 앞ogλ +띈擬~ +ν(logP1 Iog logP1)}

Now

Hence

(115)

.For example, when

we have

22. Range IV :

log μ log λ = O(log λ)=on選~) ,

總f1 = o (蠻:) ,

ν (Iog P1 1ogl0%) = o (1魔)

log λ = 뿔파+o(밸꼬1)
o .• log 2 \log λ/

λ ~ 6(logP1)! 8,

- (log PI)5/8 4
+O (lOgPI)t.

log 2

flog λ = O (1og p년，

llog λ 추 o (log log PI).

In this case it follows from (B5) that

(116) αA log λ = 禮줬~ + oν(logpl log λ)
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As an exanlple in this range, when we suppose that

λ ~) e(1ogPl)i,
we obtain from (116)

- (lOg P I)3;4 SIll
+ 0 (log PI)3!li‘

log 2

23. Range V: log λ = O(log logpl).

Prom (85) it follows that

_logpI
(117) 따 log λ - πg5 +oν(log PI log log PI).

For example we may suppose that

λ ev'(log log PI).

Then
logpI

a" = log 2ν ν(log PI).

But

24. Let λ’ be the prime next below λ ， SO that λ’ 등 λ- 1. Then it
follows from (63) that

(118) ν {(1+ακ) log λ'}-ν {(1+α，，) log λ}>- 、/log (λλ’) .

Hence

(119) ν {(1+ακ) log (:λ-I)}-ν{(1+따)log 시 >- 、1 {2log시 .

log (λ-1) < log λ- 조 <log시1- ~o{! ~)2\ 2λ logλ/ ’

and so (119) may be replaced by

、/ ( 1 +ακ)
(120) 、1(1 +ακ) -ν(1 +α샤 > -ν2

2λ log λ

But from (54) we know that

1+αA’ 늘 l+r~면핵 > 뿔꽉 > 뾰PI
~ ~ I Llog A'J ~ log A'''-- log λ .

From this and (120) it follows that

( 121)
ν(log PI)

ν(l +a，\ ) -ν(1+α，\) > 임 -ν2.
2λ (log λp
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Then , from (121) , we

‘l(l + ax')-ν(1 +α서 >0,
or

Now let us suppose that λ2 (log \)3 < 융 log Pl.
have

(122) ακ> αl\. .

From (t22) it follows that, if 서 (log λ)3 < 융 logpl' then

(123) α2>α3> a5 > a7 > ... >따·

In other words , in a lαrge highly composde ulan-be'/'

2(12.3 (1 3 . 5a
:;• 7“i ••• PI'

the 'indices compαratively neαr the beginnωg fonn a decreasing seqμence

in aιte str상r얘ict sense w’hιich’ fo야r’bids equa
‘w‘,vill in general occur.

To sum up , we have obtained fa.irly accurate infornlll.tion about 따 for
all possible values of λ. The range I is by far the most extensive, and
throughout this range αlI. is known with an error never exceeding 1. The
formulm(86) hold throughout a range which includes all the remaining
ranges II-V, and a considerable part of I as well , while we have obtained
more precise formulm for each individual range II-V.

25. Now let us consider the nature of Pl' . It is evident that 1" cannot
exceed a2; i.e. , 1· cannot exceed

(124) 뿔PI끽 +0ν(logPI log log PI)'(log‘ 2)

(125)

From (55) it evidently follows that

{ ιJ •• log P'I' = 0 (log PI),

α'p，. logPr 추 o (logpI) ;

(126)
{ (1+αpJ log pr = 0 (log Pi)'

(1 +αP) log pr추 o (logpI)'

But from (46) we know that

(127)
{ αP，. 10gPr늦 r logpn

(1+αp) log pr 특 r log pro
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(ap t' = 0(1'),

1apt' 추 0(1').

and

(128)

}I' rom (125)-{127) it follows that

{ l I0%· = 0 (logp1)

'r logp .,. 추 o(log PI);

(129)

26. Supposing th와 λ =pr in (81) and A = P r in (82) , and renlem­
bering‘ (128) , we see that, if r，μ =0 (logpl)' then

(130)

and

폐1+ 앓) 늦穩뚫 {1+0 (搬十遊;) } ,

(131) log (1 + 11늬 r 쁘월 ~ 1+0 (!뿔 + 꽃) t
S \ 1+ap..J ‘、 α210g 2 l \ ?μ logpIJ J

But, fro Ill (47), we have

log (1+ 앓) 등폐1+밟쿄)
Also we know that

log PI' = logμ +0(1) -log pr { 1+0 (10:pJ ]- = logpr {1+0싫p) }
、 ::>g p,./ ) ~ - \ \log PI'

Hence (131) may be replaced by

(132) log' (1+ 식 등뿔E등 f1+0(펼 + 녁씩
) \ α[Ir! 、 a210g ~ ‘ \ ?μ logPl/)

From (130) and (132) it is evident that

(133) log (1+식 =쁘뿔~ ~·1+0 (핀표쓰 + 1:낀느낀
\ a1’/ a2 10g ‘ ( \ rμ logp/

In a similar manner

(134) log (1+ ;-부-=-) = 쁘뿔닫 ~ 1+0 (!으g쓰 +넌판-) ~-、 .1 ;- μP，/ tι2 109 ~ l \ rμ l0gPll)

Now supposing that

(135)
('r，μ = 0 (logpl)'

l rμ 추 O (1og μ)，
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빼
kuw

짧
-i­t,..‘V

‘
LU

꾀Qυ
-­/l·‘

뺑
펴

.wd-ma

or

og (1+ i훤) =1+00월 +뛰
I ~ I J 、 \rμ lOg p IIlog (1+ 파) -O .L-

1+π조- = 1+3」+0 -|(빨+괜~)/a11'.l ,
ITαp αP.· 이 Tμ lOg Pl l / ''''/

that is,
Hence

1 1 (_ . ~ (J oQ' u.. J'IJ. \ l
~ ="'::"'il+0l'~브ζ +~ζ~) r+αP，. - ap,. t \ l'μ logplJ) •

(136) ap，.= αp，.+1+0 (빨+議) ，

in virtue of (129). But αP，. 등 '1'- 1, and so

(137) αPr 등 r+O (빨 + iS뚫)

But we know that α'Pt' 늘 '1'. Hence it is clear that

(138) α까 = r+ O (빨 + 1鐵)

From this and (136) it follows that

(139) @아 = J' - 1+0 (-빨 +i議) ，

provided that the conditions (135) are satisfied.
Now let us suppose that r = 0 ν(log PI)' Then we can choose μ such

that 1'2μ = 0 (log PI) and μ 추 0(1). Consequently we have

l뿔쓰 = 0(1), 료쓰-= 0(1) ;
μ ’ 10gPl

and 80 it follows from (138) and (139) that

(140) αp，. = 1+αP，. = '1'

provided that l' = 0ν(10gPl) ' From this it is clear that, if r = 0 、1(log Pl) '

then

(141) PI > P2 > Pa > P4 > ...>싼·
In other words,쐐 α large highlν composite' number

2(1,2 . 3aa• 5a~ … PH
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theindicιs cωl핑αrati잉e랭 'Ilear t싫 endform α sequence of the type

••• 5 ••• 4 ... 3 .•. 2 ... 1.

Near the beginning gaps in the indices will in general occur.
Again, let us suppose th와 r = o(logpl)' r추 oν(logPi)' and μ = 0(1)

in (138) and (139). Then we see that

(142)
α == ,. + 0 (싫

provided th와 r = 0 (lOgPl) and l' 추 Oν(logPI)' But when r 추 o (logpl)'
we shall use the general result, viz. ,

(143)
{ αp，_ = O(끼，

ap_ = 0(1'),

apr 추 0(1'),

ap 추 0(1') ,

which is true for all values of r except 1.

27. It follows from (87) and (128) th빠

(144)

logp, 、 r I딱1 +0 -: logpl log μ +"-，μ+ν(logPI Iog l0%1) } ,
I~. 1 、 ‘-...:: log 2 I ~ l 1'，μ

log ( 1 + -::- ) 4"b

、 ~I/P’ ，

l 10gP log PI I ...." ( log Pi log μi / r 、 늦 으탠~+0 I J.v
M Pi J.V M p. +rμ+、I(logPI log log PI) j- ’

I. / _. 1 \ lo!! 2 I ~ ( '1'lJ.
(log ( 1+~ ) '""5 -

with the condition that r，μ = O(lOgPI). From this it can easily be shown ,
by arguments similar to those used in the beginning of the previous sec­
tion, that

(145) logp, - 평 +0 ( logpl log μ +찌+ν(I0%l log I0%l)} ,
log (1 + 1/1") - log 2 I '-' I l'μ

provided that '1'，μ = O(lOgPl)·
Now let UB suppose th빠 l' = 0 (logpI); then we can choose μ such that

μ =0 (몇) , μ 추 0(1)
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Consequently r.μ := 0(log PI) and logμ =o(μ) ， and so

、
υ

p“
앵

0-­μ
­

때
­

I
-
μ

DL

I

m--

From these relations and (145) it follows that ·if r = O(lOgPI) then

(146) log )Jr ~ l으gPI.
log (1+ 1/1') log 2 ’

thαt -is to .';αlJ tll αt 하 l ’ = 0 (log PI) then

(147) 핀웰프 ~ logp2 ~ logPa .--.,. ,......., logpr
log 2 log (1+ 꽃) log (1+꽂) ... - log (l + 1/1') ·

Again let us suppose that l' = 0 、!(logpIlog IOgPl) in (145). Then it
is possible to choose μ such that

(148)
} ’·μ =0ν(10당PI log log PI)'

t I"μ 추 Oν(log PI log log PI).

It is evident that log μ = 0 (log log PI) , and so

logp피og μ = o (l0%1 log l0%1) = oν뼈PI log logpI)'
I"μ /

in virtue of (148). Hence

(149) logpl' : 만g쁘~ + o、!(lOgPI log log PI)'
log 2

provided that r= 0、!(10gPI log 10gpI).

Now let us suppose that r = 0 (log PI) , l'추 Oν(logPIIOg log PI)' and
μ = 0 (1), in (145). Then it is evident that

and

]OgPI = 0(1"2), ν(logpl log lOgPl) = 0(1'),

log PI logμ = 0 (앨PI) = 0(1').
\ 1" /

Hence we Bee that

log Pt' _ log P
- ---J +0 (?·),

log (l + 1/1') log 2

l' = 0 (lOgPl), l' 추 O、!(log PI log log PI)'

(150)



1914.J HIGHLY CO::\JPOSIT~ :ij U1IBERS. 383

(151)

{152)

But, if l' 추 o (log PI)' we see from (128) that

l 1ogpr == OOOgPI)'log (1+1/ ,.)

{ logpr
추 이log pl) ·

log (1+1/1')

U’rom (1 50) and (151) it follows that, if l' 추 oν(logPI log log PI) , then

logpr _ 10π n- --」 +0 (l·) ;
log (1+ l/r) log 2

and from (149) and (152) that, if r == O(lOgPI) , then

logpl' ~ 핀g뀐
log (l+ II}') log 2 ’

in agreement with (147). rrhis result will, in general, fail for the largest
possible values of J', which are of order 10gpI.

It must be remembered that all the results involving PI may be written
in terms of N , since PI == 0 (log N) and PI 추 o(log N) , and consequently

(153) log PI == log log N +0 (1).

28. We shall now prove that successive highly composite numbers are
asymptotically equivalent. Let In and n be any two positive integers
which are prime to each other, such that

{154)

and let

‘(155)

log 'Inn == O(IOgPI) == o(log log N) ;

Tn == 2l)2 . 3l)3 . 5l). ••• g/'P,
n

Then it is evident that

,(156)

Hence

}J u t == 2 1 l)ι 1,31 l);l l .518.1 •.• ~:J I 0p I •

‘(157)

,so that

Now

OA log λ == O(logmη) == O(IOgPI) == 0 (a A log λ) ;

aA == o(αA).

,(158) d (띤) == d(N) (l+짧) (1+繼) ... (1+ 1뚫)
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and

But, from (60) , we know th빠

aA,log λ = a2log 2+0、1 (logpI 1og λ) .
Hence

_ .. J oA,log λ ( I ~ I (log λ 션 l
(159) 1+찮￡ - 1+짧짧+0 11 OA, I ~G끓) J

a꽉않즈 ! I ~_ \ !표즈 ! (log p \ l
=1+ αg log 2+0 j MAllogP1 V (l0%1) t

p 1힘옆즈 +。 (Io~~!~_g λ μ앨~) + o (웰으gλ) 21
l a2log 2 TV \ logpI V logpI} TV \ logpl } )

= exp ~힘않즈+0 |이 I log ~、I (뿔씬까
l' l a2 log 2 I '-' log PI V \ logpI/ ’

It follows from (155), (156) , (158) , and (159) that

1m \ ( o2log 2+혀 log 3+ . . . +Op logp
(160) d ( .~~V N) = d(N) exp -;\ 11, ~. J ~ "" \~. I ~'.LJ:' l a2 log

I021log 2+ I03 Ilog 3+...+I얘 jlog fJ / (log 111씨 l+0 、/ ( -l-~o_·~~· - J r
logpI V \ logpI/ )

= d(N) el뽑뚫뭔+ O (뚫깜f

= d(N) e싫삶 log풍+ 0 1때 mil ν(뚫원) } .

Pntting m = 11,+ 1, we see that, if

log n = 0 (logPI) = 0 (log log N) ,
then

(161) 렉N (1十 웅) } = deN) e많 { log ( l+* ) + O ( l밍 η펴) 1

I 1 \ 1+0 { η 1탱ν(짧끓)}

=deN) (1+ 효)

Now it is possible to choose n such that

n (log n)~ 추 。ν (log log N) ,

1+0 -f nlogn、/{ logn ν >0;l .v -'-'-'0 ov V \log log NJ J

that is to say

(162) d{ N (1+ 갚) 1- > deN)
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From this and (29) it follows thatij N is a highly composite number
then the next highly composite nμ1nber 상 of the .fon n

(163) (~ (log log log N)치
N+O l ν(log log N) i'

Hence the ratio 앙 tψo consecμtive highly COl’tposite nμmbers te'nd‘ to
fι%ι ty.

It follows from (163) that the number of highly composite nUlnbers
not exceeding x is not of the form

씬
­

때
-
씬
，

---oe
앵

-ιω

이
‘-
앵

/
ν
-
I

쐐
-
앵

‘.,
-
/
l
l
l、

0

29. Now let us consider the nature of d (N) for highly composite values
of N. From (44) we see that

t164) d(N) = 271" (j’， ) -π (1'2) . 3π (pz)-π (1μ) .깐 (PJ) -π (1’4) ••• (1+α2)·

From this it follows that

(165) d (N) = 2<12.3<13.5<15 ••• tiTo"

where tiT is the largest prilne not exceeding 1+a2; and

(166) a~ == τ (P~-l)+O (P서 .

It also follows that, if ~;J l ' ~:.!， Pa, ... , PlI. are a given set of primes, then a
number 파 can be found such that the equation

d(N) = 햄1 . 현2 휩;‘ ... 갤μ ••• 쩍A

is impossible if N is a highly composite number and βμ > 뇨. We may
state this roughly by saying that as N (a highly composite number) tends
to infinity, then , not merely in N itself, hut also in d( N), the number of
prime factors , as well as the indices, must tend to infinity. In particular
such an equation as

(167) d(N) = k.21i1,

where k is fixed , becomes impossible when '1171 exceeds a certain limit de­
pending on k.

SER. 2. VOL. 14. NO. 1245. 2 c
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It is easily seen from (153) , (164), and (165) that

(168)
{강 = O(α2) == O (lOgPl) == 0(1뺑g N) == 0 {log log d(N)} ,
감추 o(야) == 0 (log PI) == 0 (log log N) == o11og log d (N) }.•

It follows fromO 47) that, if λ == o(logpl)' then

log으_2_ log a3 ~ log as ....... ---- log a ,\.

log (1-월) log(l-월) log(l-높) ... log (I-IIλ) .

Similarly, from (149), it follows that if λ ==0ν(logPI log log PI) then

(169)

(170)"
팽

m1pm1
ν

0+
懶
-
뺑

-­서
지

나
-
-
-

따
-
앵

Again, from (152) , we see that if λ 추 Oν(logPI log log PI) then

(171) 10g(1 +al\ ) I으g퍼! + o (λ) .
log(1-11λ) log 2

In the left-hand side we cannot write Ul\ instead of 1 +U.\, as al\ may be
zero for a few values vf λ.

From (165) and (170) we can show that

log deN) == a210g 2+0(as), log deN) 추 a2 log 2+0(U3) ;
and so

앨떤!) log p ， +0ν(log PI log log PI)
(172) log deN) == a210g 2+e log ‘
But from (163) we see that

log log d (N) == log PI + 0 (log log PI).

From this and (172) it follows that

1표펀?+ O ‘/~}cl£ l얘 log d (N) !
(1 73) u2log 2 == log d(N) - {log deN) }I앵 2 ’ υ V IJ댄 ]0딩 d eN) )

30. Now we shall consider the order of dd(N) for highly composite
values of N. It follows from (165) that

(1 74) log d deN) == log (l+때+log (1+a3)+ ... +log (l+u ..,.).

• More precisely 'IV "" α2. But this involves the assumption that two consecutive primes
are asymptotically equivalent. This follows at once from the prime number theorem. It
appears probable that such a result cannot really be as deep as the prime number theorem,
but nobody has succeeded up to now in proving it by elementary reasoning.
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Now let λ， λ’ ， λ끼 ... be consecutive primes in ascending order, and let

λ ==0ν(logPI log log PI),

λ 추 O、1(log pJ. log logpI)'

Then, from (174) , we have

(175) log dd(N) == log (1+때 +log (l +폐 + ... +log(1+aJ

+log(1+ακ)+log(1+aA")+'" +log (1+a.).

But, from (170) , we have

(176) log(1+때+ log(1 +a3)+", + log (1+따)

--選~ log { (l -~)(1 -필)(1 -홍) ... (1- 웅)}

+0ν뺑P11og1ogPl) log [ (1-콰)(1-불) ." (1- 웅) }.
It can be shown, without assuming the prime number theol'em,* that

(177) -log { (1- 월)(1-월)(1-픈) .. , (1- 웅Yl· == log logp+ 'Y+ O (밟):

where 'Y is the Eulerian constant. Hence

log {(1- 훌)(1-울)(1-홈) '" ,1 - 추) 1- == O(log log p)\ P JI ~ ‘

From this and (176) it follows that

(178) log(l+a~+log(1+생+ ， ,, + log (l + aA)

--뿔꽉 lou ‘ (1-~)(1-융) ••• (1-쉰 }loQ' 길 o \ \~ :.\1 ,- ;j1 ••• \ - X ) )

+0 ,ν(log PI log logpl) log log λ }

--뚫E 1og ((1-훌)(1낸) ... (1- 춧) }log Pl1 __ (

+O( 、I(logPl log IOgPl) log log log PI} .

• See L a.nda.u, Hand b1.£ch, p. 139.

2 C 2
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Again, from (152), we see that

(179) log(1+따)+log(1 +aA") + ...+ log (1+a-ar)

--選뻐 (1- ;,) (1- 갔) ... (1- 융)}

+0셔 I앵 (1- 움) +λ" I빽1- 최 + ...+TO폐1- 숨)}

--選 log { (1- 최 (1- ~，，) (1- ~) i- +0 {7i(강)-7i싸

=-選log { (1- ;,) (1- 갔) (l-~)l+O 앓繼)

FrOlll (175) , (178) , and (179) it follows that

(180)

lOgPI1~~ (f1 1\f1 1\ (1 1 、)
log dd(N) = - i~균5 log j (1-옳)(1-권) •.. \1-치 J

+O{ νOog PI log log PI) log log log PI }

- 낼~l loπ -~ (1- 추) (1- 과;) ... (1- 조ν +O( log 1)1 )
log 2 δ | \ λ’ / \ A"! \ 강; J J \log 10딩p)

--總폐1낙)(1 -꿇L .. (1-식 l +o (I loFPl )\ TO / I \lOglOgPII

繼 {log lO때+y+o (넌_)! + o (1 lW1
\l 닝 / ) \lOglOg PI

- 뚫융l {lO당log lOgPl十Y+ O L놔-- l +0 (l l0%l\ g lOg P I I ) \log log PI

lo!!lo!!N (. , , , ~.~. . ~ I 1 、 l
듀우- i log log log log N+y+ 0 (log og {펙 N) f'

in virtue of (177)~ (HiS), and (163). Hence, if N is a hi펴1 1y compo3ite
number, then

(181) dd(N) = (log N)l봐 {1앵logl앵log N+y+O COg 1셔l앵 N) }

31. It may be interesting to note that, as far as the table is con해ructed ，

2,22,23, ... , 213, 3,3.2,3.22, ... , 3 . 211, 5.2,5.22, ..., 5 . 28,

7 .25, 7 . 26, ... , 7 . 210, H, ~’ .2, H.22, ... , ~'.2IO，
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and so on, occur as values of d(N). But we know from § 29 that k. 앙l

cannot be the value of deN) for su퍼ciently large values of m; and so num­
be l's of the form k. 21lt which occur as the value of deN) in the table must
disappear sooner or later when the table is extended.

Thus numbers of the form 5.2"‘ have begun to disappear in the table
itself.· The powers of 2 disappear at any rate from 218 onwards. The
least number having 218 divisors is

2'1.3
3.53.7.11.13 ... 41.43,

while the smaller number, viz. ,

28.84.53.72.11.18...41

has a larger number of divisors, viz. , 135.211
• The numbers of the form

7.2 n‘ disappear at least from 7.213 onwards. The least number having
7 .2 13 divisors is

26.83.53.7.11.13 ... 31.37,

while the smaller number, viz. ,

29.34.52.72.1 1.13 ... 31

has a larger number of divisors, viz., 225.28
•

IV.

Superior H'ighly Composite Numbers.

32. A number N may be said to be a superior highly conlposite nu lU­

bel' if there is a positive number €, such that

(182) deN) ‘ deN ’)--- ~ ---
N" ~ (N ’)'"

for all values of N ’ less than N , and

(183)
deN) deN’)--- ~ ---

N" ~ (N’)"

for all values of N ’ greater than N.
All superior highly composite numbers are also highly composite.

For, if N ’ < N , it follows from (182) that

deN) 늦 d(N') (표)" > deN’ ) ;

and so N is highly composite.
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33. Now let us consider what must be the nature of N in order th와

it should be 8. superior highly composite number. In the first place it
must he of the form

(184)

or of the form ’
l
4

끼
ll

p

Pi

“

g

·P‘

·

9
나

g-i

57

7

3--9

F9

Ia

”

a.QU

QO

QU

QO

”

!--μ
‘

2

2

9‘

!×

×
x

i.e. muat satisfy the conditions for a highly composite number. Now let

N ’ = N/λ，

where λ 흑PI. Thenfrom (182) it follows that

.1+aA.‘ αA--- -- ----
λε(('A ?' λl!(a'A-1J ’

or

(185) λI! <; (1+뚫)

Again let N’ =Nλ.

Then, from (183) , we see th따

l+aA ",-- 2+αA--- -----
A(((A ~ λI! (o J.+ I) ’

or

(186) AI! > (1+찮)

Now supposing that A =PI in (185) and λ =PI in (186) , we obtain

(187)
loa 2 _ lo!! 2
4그~ <e등 누오­
log PI ~"~ log PI •

Now let us suppose that € = l/x. Then, from (187) , we have

(188) PI 같 2X < P I"

That itt, PI is the largest prime not exceeding 2%. It follows from (185) that

(189) αA 흑 (λI/X_1)-1.

Similarly, from (186),

(190) aA> (λ1/X_ 1 ) - 1_ 1.
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From (189) and (190) it is clear th빠

(191) a" = [(λ1/:I' - 1) - lJ .

Hence N is of the form

(192) ,1,‘
P4-

-
」

니
까
r--a/’‘

、

「
!L

,9-
-,
」

I

까
roa

미
A

9
υ
.「

，
」애

ι

-
”
ι

/,‘
、

Fl
lL

O4

where PI is the largest prime not exceeding 앙.

34. Now let us suppose that λ =pr in (189). Then

αli. 등 (p;f:f _ 1)- I .

But we know that '1’같 αPre Hence

r <;; (p~/x -1) -1,
or

(198) pr<;; (1+ 움):1'

Similarly by supposing that :\ = Pr in (190), we see that

αPr > (P판- 1)- 1 _ 1.

But we know that r-l 늘 ap,.. Hence

l' > (P암- 1) - 1，

or

(194) Pr > (1+ ~.):I'

From (193) and (194) it is clear that pr is the largest prime not exceeding
(1+1/rY. Hence N is of the form

(195) 2.3.5.7 PI

X 2. 3 . 5 .7 P2

X 2.3.5 P3

x .

where PI is the largest prime not greater than 2x, P2 is the largest prime
not greater than (흉)X， and so on. In other words N is of the form

(196) e~(2r.)+ ~ (훌)X + 3 (;)1+ -- ;
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and d(N) is of the forn1

(197)

1\fR S. RnUNUJAN

2π (~.l) • (흘)πG)"" . (흉)1T (훌)t - - - •

[.Tune 11,

Thus to every value of .c not less than 1 corresponds one, and onlyone,
value of N.

35. Since d(N) ..... d(N’)--- - ---­NIl'!; ~ (N')I/x ’

for all values of N' ’ it follows from (196) and (197) that

(1!f8)
x 2π (2") (풍)πot 월낀;.)""

d(N) 등 N 11x ...- ι1 1끼 S (2 .1') e(l l세 sm" e(l lx) .9- m"" ..• ,

for all values of N and x i and d(N) is equal to the right-hand side when

(199) N=e.9- (씬+ .9- (융)"" + .9- (젤+

(200)

Thus, for example, putting x = 2, 3, 4 in (198) , we obtain

d(N) 등 ν(3N) ，

d(N) 등 8(3N/35)융，

d(N) 등 96 (3NI 50050)~，

for all values of N; and d (N) =ν(3N) when N = 22.3; d(N) = 8(3N/35)!r

when N = 23. 땅 . 5 . 7 ; d (N) = 96 (3NI50050)1 when

N = 2:;.33.52.7.11.13.

36. lJ!I and N are consecutive superior highly composite numbers if
there are no superior highly composite numbers between M and N.

From (195) and (196) it is easily seen that, if !VI and N are any two
superior highly composite numbers, and if "AI > N , then M is a multiple
of N; and also that, if "AI and N are two consecutive superior highly
composite numbers, and if M> N , then "A/ IN is a prime number. From
this it follows that consecutive superior highly composite numbers are of
the form

(20.1) ·?il, π"1 ?i2' ?i171'"2 ’π3 ' 7I'"1'7f"2 71'"371'"4' ••• ,

where 71'"1' 71'"2' 71'"3' ... are primes. In order to detenuine 71'"1' '7i2' ..• , we
proceed as follows. Let xi be the smallest value of x such that [2xJ is
prinle, 캠 the smallest value of X such that [(흉)XJ is prime, and so on; R.nd
let Xl' 한， ... be the numbers 썩， 펴， ... arranged in order of magnitude.
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Then 7rn is the prime corresponding to X n, and

(202)

if x ’‘등 x<xπ+1 ·

N = 77'" 1껴 7rs ... 7r’‘’

37. From the preceding results we see that the number of superior
highly composite numbers not exceeding

(203)

18

e~ (:1
X

)+ .9- (훌t+ ~ ( ~l+ ..

77'" (2X) + τ (흉YJ+ 7r (쏠y+ ....
In other words if 씨등 X< 꾀+ 1 then

(204) n = 7r (2.L)+7r(쓸» )J+ τ (쫓)X+ ....
It follows from (192) and (202) that, of the primes '7rl ' '7r2 ' '7ra, ..., '7ra , the
number of primes which are equal to a given prime 'lit" is equal to

(205) [(효I /X- l) - IJ .

Further, the greatest of the primes '7r1, 7r2' '7r3' ... , '7r n is the largest priule
not greater than 앙， and is asymptotically equivalent to the natural n- th
prime, in virtue of (204).

The following table gives the values of '7r n and .J:η for the first 50 values
of n, that is till X n reaches very nearly 7.

'7rl = 2
log 2

Xl = ;=~~ == 1

'7r 2 == 3
log 3

Lι = -1o-g-2 = 1-5849 . .

'7ra = 2 ‘1:3
」l1ongaσ(•까윷) = 1'7095 .

'7r~ - υ
....

l -
10휩 == 2'32194 - log 2

'7r5 = 2
log 2

X 5 = log (←흉) = 2'4094 ...

'7rCl = 3
log 3

x6 -- -log-(-3) = 2·7095 . .

껴 =7 X 7
:I1oo흐gg스72 = 2-8073 ...

'7r8 = 2 I8 -- I1oogg(훌2) == 3'1062 ...
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'71'"9 = 11 Xn =벨밟 = 3總4

'71'"10 = 13 Z1o -- lRogg1E3 = 37004 . .

'71'"11 == 2 Xu - 꿇log헨~ == 3'8017 '"

'71'"19 = 3 X 12 = i二o1o二g흐z(L흉3) = 3·8188 . .

'71'"13 = 5 13= 」llooζg흐g(우쫓5」) = 3·9693 ..

'71'"14 = 17 14 -- lloogg127 = 4·0874 . .

'71'"15 = 19 15 -- I1oogg129 = 4.2479 . .

'71'"16 = 2 X16 = 二lloo따드g二원~， = 4'4965 ,,'

'71'"17 = 28 l7= -l1oo걷og--9-23 = 4·5235 ...

'71'"18 = 7 I8 - lloogg(흉7) = 4-7992 . .

'71'"19 = 29 Z19 -- 1-olo-gg2-29 = 4-8579 . .

τ20=3 Z2O= Jl1oo二g2g(;훌3) = 4·9233 ...

'71'"21 = 31 21= -llo-og-g-32l = 4-9541 ...

71"'22 = 2 썽 = 꿇logf후21 = 5·1908 ...

7I"'2S = 37 g3 -- lloogg327 = 5·2094 . .

71"'24 = 41 24= l二lno오πg-42-1 = 5·3575 ...

'71'"25 = 43 gs= 二lloo흐gg二42二~ = 5'4262 '"

71"'26 = 47 Z26 = l」loo요gg二4274 = 5·5545 ..
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프g효 = 5'5945
log (흉)

lo!! 53
二흑二二 = 5'7279 0

log2

lo!! 59
-효~_~ = 508826

0 ••

log 2

-­
업

z

X 28 =

7t"n = 5

7t"28 = 53

1914.J

X 29 =7t"9!} = 59

= 5'8849 0"

= 509139 ...

민요깜
log (홉)

log 11
log (흉)

l멸띤 = 509307 ...
log 2

X80 =

X 31 =

?roo = 2

?rS1 = 11

X 32 =
lo!!3

X33 = 꿇잖)

껴-S l = 61

= 6·0256 0"

r-2
y
’
-
π
e

U?-ort

----

1ll4

-

?r33 = 3

= 6'0660 ...X 34 =?rst = 67

= 6'1497

lo!!73
ζ흐4二 = 6'1898 0.0

log 2

---
-
α
a

”l
-g

-밍

’m
-h

X 35 =‘71"35 = 71

log 79
".-t> .~~ = 6'3037 000

log 2

X 36 =7t"36 = 73

-­
윈

z

‘.‘.,

-
、
‘
‘
，
，
，

E
파
녕

옐
앵

-­
앓

z

7t"if1 = 79

= 603259

00.

““
-94m

1
-
-

팩

-----

7t"313 = 13

= 6"3750 00'
z -­
없7t"39 = 83

= 6 04757 ...

log2
X A l = , ~~~'-A' = 605790 .

41 - log (펠

l필전
log2

log쩔

log2‘(;40 =?r40 = 89

?r41 = 2

= 605999 ...

。
‘

jt

챔
쐐

CU

no

----m
-샘
뼈
-
짜
영

m1--m

mik

---­Ix

3:42 =?r42 = 97

?r43 = 101

7t"44 = 103
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7T"45 = 107 X
4fi

- 핀앞07 = 6"7414 ...
n log 2

7T"46 = "7 ‘V 46 =~log (쏠)
= 6"7641 ...

7T"47 = 109 X 47 =뿔돼젠 = 6'7681 ...

7T"4R = 113
102' 113

-흐~:~ = 6"8201 ...
48 - log 2

7T"49 == 17 .cA n = ~?g ~J
49 - log (셜)

= 6"9875 ...

7T"f>O == 127
loU' 127

--르;二二 = 6·9886 ...
50 - log 2

38. It follows from (17) and (198) that log d(N) 슴 F(x) , where

(206)
1 ([2

X

τ (t) 떤) r 7r (t ) 떤)"" 7T"(t)
F(z) = -logN+- - l --dt+‘ ~VI dt+ \ .. ~VIx U2 t <Nt- r J2 t u- v I J2 t lN V I ""J

for all values of Nand x. In order to obtain the best possible upper
limit for log d(N) , we must choose x so as to make the right-hand side a
mInImum.

The function F(x) is obviously continuous unless (1+ Ilr)X = p , where
γ is a positive integer and p a prime. It is easily seen to be continuous
even then , and so continuous without exception. Also

(207)
J ] [2X T(t) [(g)Z T(t) l

F ’ (x ) =-말 log N - ;2 tJ2 "tl

dt+ J2 .0 t l

dt+ ... J

+초 {τ (2X) log2+τ(흉ιlog 깔 十 }

= 월 {~(2.t) +~(횡X+~ (쏠y+ ... -log ]Ol !-,

~(2X)+~(흉)τ+~ (쏠Y+ -logN,

~(2X)+~ (윷)X+~ (쏠)" + ,and

unless (1+ 1/서 x =p , in virtue of (17).
Thus we see that F(x) is continuous , and F' (x) exists and is continuous

except at certain isolated points. The sign of F ’ (X), where it exists, is
that of

is a monotonic function. Thus F' (x) is first negative and then positive,
changing sign once only, and so F(x) has a unique minimum. Thus F(x)
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is a minimum when x is a function of N defined by the inequalities

(208)
、
l
l
L
i
-
­

씬
씬

<>y@NN
앵
앵

<>/---,,<

l
l
l’‘‘‘

나
l

4
π
J

Q‘+”g3-2Q‘+
씨
/

9“Q‘

Now let D(N) be a function of N such th빠

(~Og) ”
ν“

시

4-3
냥
’

”u
π

3-2
-
서

a4--mD

where x is the function of N defined by the inequalities (208). Then, from
(198), we see that

(210) d(N) 같 D(N),

for all values of N; and d(N) = D(N) for all superior highly composite
values of N. Hence D(N) is the maximum order of d(N). In other
words, d (N) will attain its maximum order when N is a superior highly
composite number.

V.

Application to the 01'der of d (N).

3g. The most precise result known concer따ng the distribution of the
prime numbers is that.

where

f 7I'" (;r) = L'i(x)+O(xe-싸log X) ,

19' (x) = x +O(xe-“때X) ，

L싸) = rf뚫f

(211)

and α is a positive constant.
In order to find the lnaximum order of d(N) we have merely to deter­

mine the order of D(N) from the equations (208) and (20~’ ) . Now, from
(208) , we ha.ve

IOJ N = ~(편+ o (셜)~ 二 ~(상) +o (~앓.·3) ;

and so

(212) s"(씌 = log N +o (loJ N)J;

and similarly from (20U) we have

(213)
10gD(N)

τ (iX) = W~ LJ' ~'l +o(lo~N)5.
10딩 2 I - ,--C"
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It followsfrom (211)-(213) that the maximum order of d{N) is

(214) 2Li(log .N)+ 0 [log Ne- Il v' i log log NiJ

It does not seem to be possible to obtain an upper limit for d(N) notably
more precise than (214) without assuming results concerning the distribu­
tion of primes which depend on hitherto unproved properties of the
Riemann {-function.

40. We shall now assume that the “ Riemann hypothesis" concerning
the (-function is true, i.e., that all the complex roots of (8) have their
real part equal to i. Then it is known that

(215)
-..P

~(x) == x-νx-~ 풍 +0펌) ，

where p is a complex root of {(s) , and that

(216)

7r (x) == Li(x)- 훌Li(、Ix)-~ Li(xP)+O(x 몽)

== Li(x)-감 __2vx .. 1_~강 -」갱Z훨 +0 (4f- ’
log x (log x)~ log x - p (log ιf '" p '2 T v l (log X)3 ) ’

,-..P

since ~ 훈 is absolutely convergent when k > 1. Also it is known that

xP

(217) ~ 一 == Olνx (log x)낀 ;
P

and so

(218) ~(x)-x == Ol 、Ix (log x)석 .

From (215) and (216) it is clear that

(219) τ (x) == L£(x)+헬찬f -R(X)+0 {끓잃},

where

(220)

얘w-2LZ­+­
￡
-μ

-
-

-­
지

R

But it follows from Taylor ’ t! theorem and (218) that

(221)
~(x)-x

Li ~(x)-Li(x) == '" ~.톤「←~ +O (logx)'l,
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and from (219) and (221) it follows that

(222) 7r (x ) = Li ~ (x)-R(x)+O -f 11 vI, ，꾀
((log X)Cl )

41. It follows from the functional equ와ion s와isfied by ~ (8), viz.,
(223)

that

(2 7r)- Sr(s) {(s) COB 쉰s = 설(l - .~) ，

(l-s) 7r-싼 (댐vS) {(편짝)

r(윷) ~(i) II -: 1- S }l .L - (2p _1)2 J •

is an integral funct~on of 8 whose apparent order is less than 1, and hence
is equal to

From this we can easily deduce that

(224) 8 (1+써-환 (편) t(l+s) == 11 (1+ 곱)

Subtracting 1 from both sides , dividing the result by 8, and then making
S • 0, we obtain

(225) z 웅 =1+팔 (y- lo썩) ，

where 'Y is the Eulerian constant. Hence we see that

I ~ x P I _~ IxP I . ~ 1 . ~ I 1. 1 、
(226) I ~.::τ l 같 L I ~2 I = VX L .'"1 ~ .\ == 싸 L (-:-+~)| ρ I ~ .... I p 2 1- Vw .... p-(I _ p) - \ /

=2νx 1: 웅 = 강 (2+ 'Y- Iog 4τ)

It follows from (220) and (226) that

(227) (log 47r - ')I) νz 등 R (x)(log X)2 승 (4+ 'Y- Iog 4τ)νx.

It can easily be verified that

(228)

approximately.

42. Now

where

flog 4τ-')I == 1·954,

l4+ 'Y- Iog 47r == 2·046,

- 2、Ix 十S ex)R (x) = --~1 .1 .~~
(log x)~

.,.p

Sex) =ε 二것 ;
p-
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so th빠， considering R(x) as a function of a continuous variable , we have

1 4、!x+2S(x) S’ (τ)
R ’(;r.) = 1 •• /1- .\2 - -Y..-:，~ _~~r/ + 11~_.\~.갱- νx (log X)2 x (log X)3 I (log X)2

S' (x) I r. ( 1 )
- ---3+0 ’ l(log ιY~ TV 1νx (log X)2 ) ’

for all values of x for which Sex) possesses a differential coefficient.
Now the derived series of S(x), viz. ,

- 1 /)O P
Sex) = 二:....~~，

x p

is uniformly convergent throughout any interval of posl tive values of ,I ’

which does not include any value of x of the form x = pI)‘ ; and Sex) i•

continuous for all values of x. It follows that

S(x1) - 8 (X2) =靜(x) dx ，

for aU p08itiv~ va.lues of Xl and X 2, and that 8(x) possesses a derivative

S ’ (X) = Sex),

whenever x is not of the form p'll~ . Also

0/._\ _ f\ ((log X)2)S(x) = 0 .( νx J.
Hence

rx +1t
f\ r (log t)2 )

(229) R(x+ h) = R (x)+ \ 0 .: \L~~:I I" dtJ( v l νt j

( It (log X)2 )
= R(x)+O .( νx ,I.

43. Now log N = ~(2X)+~(iY+0(흉y

= ~(2X)+(흉)x+O 냐;2 (쓸)꽉 +O(흉)1

= ~(2X)+ (흉)ι+ 0(25X/ 12
) .

Similarly log D (N) = log 2 . 7r (2")+ log (쓸) Li(쓸)X+0 (25x/12
) .

\Vriting X for 앙， we have

(230)
( log N = ~(X)+Xlog(~)/log2+0(X읍) ,

llog D (N) = log 2 .7r (X) + log (융) L £ {X10~ 얀 )/ log 21 + O(X퍼) .
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(281)
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log N = X+0[X10g(훌l/log2J ;

x = log N+O [(log N)l'앵(센l앵 2].

401

Again, from (230) and (231) , it follows that

(232) log N = 9'(X)+(log N) log (훌)flog 2+ 0 [ (log N)감 } ;

and

(233) log D(N) == log 2.τ (X)+log (흉) Li(log N)log(한/log2+0{(log N)꽉

(r: r\. I "V\ 7:>/"V\ I nr νX 11== log 2 i Li ~ (X) - R (X)+이 ----1( ...... " "'V·.&./ -L,,\.£ ..../ I '-' L(log X) 3J j

+log(융) Li {(log N)log(훌)/log2} +0 {(logN)암i } ,

in virtue of (222). Fronl (231) and (233) it evidently follows that

(234) log D (N) == log 2.L샘(X)- log 2.R(X)+log(흉)Li {(log N)logW/log 2}

+0 ~ ν(log N) t
l (log log N)3 J

== log 2 . Li {log N - (log N)log m/log 2+ 0 (log N)한

-log 2 .R -( log N + 0 (log N)IOg (훌)/ Iog 2}

+log(흉) L터 (log N)l없)/log 21_ + 0 -f ν(log N) }
r TV -t (log log Nil j

in virtue of (231) and (232). But

Li -( log N - (log N)log (훌) Ilog :! + 0 (logN)궐 }

(logN)IOg (훌) /log 2 ( (logN)뭘 ) • r-. f (logN){2 10g (윈 Ilog 2}-1 1
= Li(logN)-- log log N +01log log N ) +O l (log log N)2 t

(log N)1앵(융) II얘2
== Li (log N) - \4~7~~~ ~ ~_ in + 0 (log N)괄

log log ].J

and

R {logN+O(log N)IOg(흥)/log2} = R(logN)+O -( (logN){'Og( 윈I I앵 2} - ~ (log log N)사

=R (logN) + 0 (log N)Y',; ,

in virtue of (229). Hence (234) may be replaced by

(235) logD(N) == log 2 . Li (logN) + log(흉) Li -( (logN)log<D/log 2t

-log2(logF:펄폈2-IOg2.R(logN)+O{ (i꿇鍵짧쇠

SER. 2. VOL. 14. NO. 1246. 2 D
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That is to say the maximum order of d(N) is

(236)

where

2Li (l앵 N)+φ (N) ,

φ(N) == 민힐훤 Li -r (logN)l앵<011앵 2 ]- - (log N)lo
g(

홉)/log 2 -R(logN)
log 2 ‘ log log N

f 、1(10암 N) l+0 -J ~~~ _'~;~__- ~ ;\1~I (log log N)iJ ;

This order is actually attained for an infinity of values of N.

44. We can now find the order of the number of superior highly com­
posite numbers not exceeding a given number N. Let N ’ be the smallest
superior highly composite number greater than N , and leL

N ’ =-e3'(2"')+.$ (;f+.$(!f'+ ....

Then, from § 37 , we know that

(237) 2N 같 N ’등 2XN,

so that N ’ == O(N log N) ; and also that the number of superior highly
composite nunlbe l's not exceeding N ’ IS

n== τ(2X)+π (융)X+ 71"(흉y+ ....

By arguments similar to those of the previous section we can show that

(238) n == Li(logN)+Li (log N)log (t)/l앵 2_ (log N) l때 W/log 2 -R (log N)
log log N

‘I log N )+0 -l (log log N)힌 ·

It is A8.SY to see from § 37 that, if the largest superior highly composite
number not exceeding N is

2α2. 3aa. 5a5 ••• pal' ,

then the number of superior highly composite nunluers not exceeding N is
the sum of all the indices, viz. ,

α2+α3+α5+'''+따 ·

45. Proceeding as in § 28, we can show that, if N is a superior highly
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composite number, and 1n and 11., are any two positive integers such th따

log m11, = 0 (log log N),
then

(289) d(쫓셔 = deN) 2關+O (i織r

From this we can easily show that the next highly composite number is
of the form

(240) l N (log log log N)2 tN +0 .; ~. \4:~ _4~ t;> _4~To~ ~. I r
I log log N )

Again , let S' and S be any two consecutive superior highly composite
numbers, and let

S = e-'(z')+ " (훌， "' + .9 (.)"' + ...•

Then itfollows from § 85 that

(241) d(N) < (흉) 펴에，

for all values of N except Sand S ’. Now, if S be the n-th superior
highly composite number, so tha.t

X n 흑 X < XlL + l ,

where ;.cn is the same as in § 36, we see that

(241 ’)
IN、 l/x“

deN) < (-장) d(S),

for all values of N except S and Sf. If N is S or S’, then the inequality
becomes an equality.

It follows from § 36 that d (8) ~ 2d (8 ’). Hence, if N be highly conl­
posite and S’ < N < S, so that deS') < deN) < d(8) , then

꽃d eS) < deN) < deS), des’ ) < deN) < 2d(S’).

From this it is eaey to see that the order (286) is actually attained by
d(N), whenever N is a highly composite number. But it may also be
attained when N is Dot a highly composite number. For example, if

N = (2.3.5 ."pl)X(2.3.5 , · · P 2),

where PI is the largest prime not greater than 2\ and P2 the largest prime
not greater than (~Y， it is easily seen that deN) attains the order (236):
and N is not highly composite.

2 D 2
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Special Fonns of N.

46. In §§ 33-38 we have indirectly solved the following problem: to
find the relations which must hold between Xl' 째， ‘ra, ••. in order that

2π(XI) • (윷)'1"(쟁).(쏠) "'(,'f3) •••

lllay be a maximum, when it is given that

~(Xl)+~(찌 +~(Xa)+···

is a fixed number. The reI와ions which we obtained are

쁘요프 = 민원흉2 = 핀윌월 -
log Xl log 쩍 log Z3 - - - - -

This suggests the following more general problem. If N is an integer of
the form

(242) eCI .9-(Xl)+C2.') (X2)+ ca .9- (X3)+. ‘ ,

where C1J C2' Cs, ... are any given positive integers, it is required to find
the nature of N , that is to say the relations which hold between

Xl' 팩， 현， .•• , when d(N) is of maximum order. From (242) we see that

XI) (1十°1+C2\，1" (씬 / 1 +01+ °2+°3γ(찌

(242’) d(N) = (1+cI ) ", (xI) ( l ) ( )
\ +Cl / \ 1+c1+Cα /

If we define the “ superior" numbers ofthe class (242) by the inequalities

d(N)
‘

d(N')
NE ~ (N’Y'

for all values of N ’ less than N , and

d(N) -. deN ’)
N€ ~

(N')ε
,

for all values of N' greater than N , Nand N' in the two inequalities being
of the form (242) , and proceed as in § 33 , we can show that

/ 1 + c1+ c씨 "'(녁딸갚
)Z (".

(243) d(N) <; NI!,>; (Ffr1까??‘
Cl

\ l+cI /

/'2!.i;) !} (녁딴::J.) "/ r，

for all values of x, and for all values of N of the form (242). From this
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and

80 that

we can show, by arguments similar to those of ~ 38 , that N must be of
the form

(244) eel ..'t(1+ ('If e,+C~ S (펌딴)j f2+C33 (1햄줬띈)씨+ ,

anel d (N) of the form

(244') (1+ c])1r (1+ '~ IY ", ( I + C1+ C2γ (펀한zft. (I+C1+C2+C카 π (I i따쉰첼) X,t3
•••

~f \ 1+Cl J \ I+C1+C2 J

From (244) and (244’) we can find the maximum order of d(N), as in § 48.

47. "\tVe shall now consider the order of d (N) for some special fOl'ms
of N. The simplest case is that in which N is of the form

2.3.5.7 ... p;

log N == ~(p) ，

d(N) == 2π (p) •

It j 8 easy to show that

(245) d (N) == 2J.i (log씨-R (log N) + O -[넓뚫뭔;‘} .

In this case d (N) is exactly a power of 2, and this naturally suggests the
question: what is the maximum order of d(N) when d(N) is exactly ft

power of 2?
It is evident that, if .d (N) is a power of 2, the indices of the prinl€

divisors of N cannot be any other numbers except 1, 3,7, 15 , 81 , ... ; and
80 in order that d(N) should be of 11laximum order, N nlust be of the fOl'ln

e°'f (.“1) + 2 S (x~)+4 .9(.J::l)+ 8 ..'t(χ4) +---,

and d (N) of the form 2""(.-':1)+π (x~) +π(:r3)+…•

It follows from § 46 that, in order that d(N) should be of 11laximum order:
N must be of the form

(246)

and d(N) of the form

(247)

e..'t(x)+2.'} (v' x )+ 4 ..'t(와) +8 s (1i) +· -,

21r (X) + π (ψ)+ 1l' (셔) + π (;;:1 ) + ....

Hence the maximum order of d(N) can easily be shown to be

(248) 2L i (log N )+뚫뽑핍~-R (log N)+(l 1녔뚫않 }.
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It is easily seen from (246) that the least number having 211 divisors is

(249) 2.8.4.5.7.9.11.13.16.17.19.23.25.29 ... to n factors ,

where 2, 3, 4, 5, 7, ... are the natural primes, their squares, fourth
powers, and so on , arranged according to order of magnitude.

48. We have seen that the last indices of the prime divisors of N must
be 1, if deN) is of maximum order. Now we shall consider the rna찌mum

order of d (N) when the indices of the prime divisors of N are never less
than an integer n. In the first place, in order that deN) should be of
nlaximum order, N must be of the form

e’1 .1t (Xj)+ .It (x 2)+ .It (X3)+ ‘·

and deN) of the form
t 、 (2+n\ 1I" (X2) (3+n\ π (혜

(l+n)π(씨 (::- : :~) (;: : '-')
\ l + n J \ 2 + n J

It follows from § 46 that N must be of the forn1

(250)

and d (N) of the forn1

(251) (l+n)π (l + n) ‘ ’‘ (싼깐)11"(혔r (칸씌 rr (靈r
\ l + nJ 녕十η/

/:l + n、 or ， n {3+1“ ’n .lt (1 + II)'" /I +"' ( ~ ~ " )- +.9 ( ~ ~ II )e \1 十 n/ 、 2 + μ / ,

Then, by arguments similar to those of § 43 , we can show that the maxi.
illlun order of d (N) is

(252) (n+ I)Li {(I/n)lOg셔+φ (.N) ,

where

( log(n+2) "1) T~' ((1 、쇄감뇨~-n )
φ(N) - j log(?l+1) -1 } Li 이감 log N) '"lOg(n+l)- '";

(웅 log찌精-yt /1 \
( ~ 1~~ 7\T\ I II ( ν(log N) )

I "1 \ - R ( : log N) + 0 ~
n log (웅 log찌 \n -~o-'J 1'-' l(10glogN)3)

If n 늘 3, it is easy to verify that

<

얘
잉

-U

+-+%-%
n
얻
nn

0-o
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and so (252) reduces to

(253) (n+l)Li{(l/n)IOgN}-쩌1ln) log N}+ o h찮않깐샤 ,

provided that n 늦 3.

49. Let us next consider the maximum order of deN) when N is a
perfect η-th power. In order that deN) should be of maximum order, 1\"
must be of the forn1

eπ3(X1)+”S(￠2)+%S(X3)+. ,

and d (N) of the form

/ 、 11+2n\ 1T(:1'2) 11+3μ\ π (Xa )
(1+n) 1T ( X j

) ( 二" ~:- ) l: : ~:~}
\ l+n/ \ 1 + 2n l

It follows from § 46 that N must be of the f01'111

(254)

and d (N) of the forn1

en .'Hl +πyo+ II ~ (~ -+: 2'11,Y+ n.'t (남호~)'"
、 +n I \ 1+2nl

(255) (l+n)1T(I+n)‘r브쩍π (폈t (관윈 ;r (렀y
\ l+nJ \1十 2nJ

Hence we can show that th8 maximum order of d (N) iR

(256)
Li{(l/n) log N}-R {(l/n)logN}+O {，，~딴셀2..'(n.+ 1)~· (\" './>VI; .n J -u t\" ,., <vc HJ ,' U i (log log N) ‘ ’ ,

provided that n > 1.

50. Let l(N) denote the least common multiple of the first N natural
numbers. Then it can easily be shown that

(257) l (N) = 2 (1앵 N/log 2] . 3[1ogN/log3]. 5[log N/lo~ GJ ••• p ,

where p is the largest prime not greater than N. From this we can
show that

(258)

and so

(259)

l(N) = eS (씨+.9 ( νN) + S (하)+ .'t (N만 ;

d {l (N)} = 21T(N ) (흉)π (싸) (흉)π (해)

~'rom (258) and (259) we can show that, if N is of the form l(J[) , then

(260) d (N) = 2L i (log N) + φ (N) ，
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where
log (용) ν(log N) ...L 관옆결) ν(log N) ( ν(logN) 1

φ (N)= 교뭘 log logN + log 2 (log log N)2 - R (Iog N) +0 ((1og logN)S) ·

It follows from (258) that

(261) l(N) == eN +O { v'N (log N )2} ;

and from (259) that

(2ti~) d {l(N)} = 2L i (N) + 0 (νNl앵 N).

51. Finally, we shall consider the number of divisors of N!. It is
easily seen that

(263) N! = 20 2 • 3(1;\.5a 5 ••• p띤 ，

where p is the largest prime not greater than N , and

α，\ = [웰+[줬]+[휩]+

It is evident that the primes greater than 꽃N and not exceeding N appear
once in N! , the primes greateL' than 물N and not exceeding 훌N appear
twice , and so on up to thoRe greater than N I[γIN] and not exceeding
N/([νN] -1), appearing [ν'N ] -1 times.* The indices of the smaller
primes cannot be specified so simply. Hence it is clear that

(264) N! =/ (N)+，~(!N)+~(앉)+ ...+.'j (감붉-=1 ) X 20.2.3연 . 50.5 ••• uru'ar ,

where 간J' is the largest prime not greater than νN， and

a.\-l+ [νN] =[뭇J+ [흙]+ [줬]+
From (264) we see that

(265) d(N!) == 2π (N ) (흉) π (?iN) (흉)'T (~N) ••• to [、IN] - 1 factor엄

X eO {log (l+찌+ log (l + o.야+ ...+log(l+ o.,.,.>}

=2π(~V) (흉)π (~N) (흉)π (융N) ... to [、!N] -1 factors

X eO {,.,.10g (l + 0.2}}

= 2Li (N) (흉)Li (~N) (흉)Li {iN } ••• to [、IN] factors

X eO{νNloCN) .

'* Strictly speaking, this is true only when N 늦 4.
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Since Li(N) == 1_~u +0 -f7l:표-삼log N I ~ I (log 애 )2 J

we seethat

(266)

where

N .n r N I••• ‘

d(N!) == C뺑과T V l 따둥fW ,

C == (1+1)1 (1+~)~(1+꼴)!t (1 +놓) t ..

From this we can easily deduce that, if N is of the form M! , then

(267)
1옆프~+2logN1og log l밍 X+ 0 ~~으흩표=~

,,(log logN r~T (log log N)3 T'J 1(l og l~g N )3rd(N) == a뺑

where C is the same constant as in (266).

N == 22- 1
,3

3 - 1 ••• pF-\
we can show that

52. It is interesting in this connection to show how, by considering
numbers of certain special forms , we can obtain lower limits for the
maximum orders of the iterated functions dd (η ) and 'ddd (n). By supposing
that

(268)
쓰띤브훌씌

dd(끼 > 41oglogn

for an infinity of values of n. By supposing that
‘ 1 “ a “N == 22‘’·- 1. 3H"·- 1 ... p Jl "-\

where
A == [뿔~J- l ，

we can show that

(269) cldd (n) > (log n )log log log log n

for an infinity of values of n.




