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A PSEUDO-SPHERE WHOSE EQUATION IS EXPRESSIBLE IN
TERMS OF ELLIPTIC FUNCTIONS

By .J. R. WILTON.

[Received :March 4th, 1915.-Read :March 11th, 1915.]

(1)s =f(z, p , q) ,

As the general form of the pseudo-sphere has not yet been obtained
there is some interest in the determination of simple pa l"ticular cases, such
as that of Berret’s surface, in which the two radii of curvature are equal ,
the common value being Lμ . A pseudo-sphere whose equation in its lnost
general form contains eight arbitrary constants, of which six are due
merely to change of position and orientation in space, may be obtained
very simply, as follows.

If we attempt to find the developable surfaces which satisfy the equa­
tion

we shall have to deternline the functions φ and ψ In

Z = λx +φ(λ) y +ψ(λ)，

o=x+φ’y+ψr，

φ’ =(φ깨+ψ") f’ :(φ-λφ’) y+ψ-λψ’ ， φ， ψ} ，

so that (1) is satisfied.
1'ela꾀on

On eliminating x this is easily seen to lead to the

z= ψ (a ..r+ by),

αbψ" =!(ψ， αψ’ ， bψ' ) .

which , for general forms of f , can only be satisfied by taking φ = λφ’ ，

and therefore φ"=0，

Thus, putting φ ==bλ/α ， we obtain a particular solution of (1) in the
form

where

In theparticulal' case of the equation s =μ-2 sin z, which , in con­
formity with the notation of Forsyth’S D~fferelltial Geometry , S 54, we
shall take in the form

(‘’ i(F(IJ 1.
~ = -,,- SIll ω，
opoq μ-

z 2
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the solution of this type may be expressed (i) in the fornl

μk (-α b) } φ = ap+bq+c , 1

SIn쉰.1 = sn φ (Inod k) , )

the arbitrary constants being‘ α ， b, c and k; (ii) in the rather more con­
venient Weierstrassian fornl

with the relation

1.( = ap+bq+c, )

''J V{) = e2cos2 훌ω+ e3 sin2
훌ω， J

μ2α b (e2-탱 =1.

(2)

(3)

For the sake of definiteness we may aSSlune that the roots of p' are
real and that el > e2 > ea, so that

?’ = (e2- e3)(el-P)울 sIn z.

We proceed to the determination of the Cartesian fonn of the equation
of the pseudo-sphere defined by equations (2) and (3).

'Vith the notation of Forsyth, loco cit. , § 37, the equa꾀ons for X and
x are

2μ (e2-~'J) 융 (p-e3)~XI-(el+2p) xI+(e2-e3) ;1'2 = 0, )

Z남2αμ (el- p)~ Xl = 0, )
μ (e2- ea) x I2 = 2(e2 ....，..P) 윤 (p-eg)~ X; }

2μ (e2-p) ~ (p-eg)~ X2+ (e2- eg) Xl-eel +2P)쩍 = 0 , \

μ (아- e3) x꾀 = 2(e2-S'J)! (p-e3)~ X , ~-

X22+ 2bμ (el-P)츠 X 2 = 0. )

(4)

(5)

In equations (4) we regard q as constant, the dependent variables
being X , Xl and X 20 Putting

so that

x = (el-p)b If (p) ,

Xl = μα {A -2 (el-p) ‘ f ’ - f } ,

쩍 = μbl，

where A is an a괴)itrary function of q, we find

w’ 2f"+ 2 (갱+ e2e3 + 2el p - p2)I ’+ {el+2p-(e2-e꾀 blα } I = A (el + 2p) ,

in which accents denote differentiation with regard to p.

'fhe particular integral of this equation is easily seen to lead to a.
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solution of (4) and (5) in the form

μx == 20 (e1 - p)\ \

Xl == αo {e1+2foJ+(e2-e깅 hiα } , }
X2 == bO {e1+2foJ+(e2-e꾀 α/ b ]- , )

(6)

- σ ( ll +α) σ (u+β) e[~-S «1.) -~(，8)] ?./,

f(μ) = σ2 (u,)

where C is a.n arbitrary constant.
To cOlllplete the determination of the pseudo-sphere we require the

complementary function of the equation for f , which 111ay be taken in
the form

d~l I 4 방.
킴~+ 강~ (eJ-p)(eI+ 2p) 값 +: e1+2p+(e2-e3) hiα } f == O. (7)

It is easy to verify that both integrals of (7) are uniform functions of
μ over the whole plane, and therefore that we may assume a solution in
the form

Substituting this value we readily find, as, for instance, on pp. 469-70
of Vol. IV of Forsyth’s ~rheor.lJ of Dztferentiαl Equαlinns， the relation

4λ r~ .2" , .r.，l foJ ; -ρ’
8p+ ~;; (e1- ψ)(e1 +2p) +1 λ- l/+ 「 (el-F) (e1+2%)」÷-L . f.J".L -, - .L. -'.J i

+rλ+ J.I + 폭 (eI-p)(e1 + 2p) I꽉객r +3 (6J1+κ)L . - . p' “ ..J b0 2 - P

+λ2+ 81+ (82-쐐 blα 三 0, (8)

v= 물(씬+P~)/ (bJl-κ)‘

where the subscripts 1 and 2 denote the arguments α and β l'espectively,
and

The apparent singularities of (8) are μ == 0, (I), ω’ ; these lead , after
reduction, to the equations

，8 = a+ω，

- 옳 = -(82-83)프 = B;}1+P2+ e1 =:i 갱진μ b2 - - \t/2-t/3J b - 0-1 I 0-2 I VI - "± (63
1-e1)2

’

(foJl- P?):l 씬 힘r
λ=-2 E 견 == -------.

~~+P~ foJ1- el pi

(9)

Th us, putting

we have

K== ~1+t2- λ，

f(μ) =Hφ+I(ψ，
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where φ - σ(~ι+a) σ (u랜±띤얘ι l
- σ (a) σ (a +ω) σ2 (u) ~ 'I

ψ σ(μ- a) σ(μ-a-ω) tl , I
- _1-、 _I一 I ..、 JI‘ .、 '" , ,

(10)

and Hand K are functions of q, which by direct substitution in equa­
tions (5) are readily found to be

H = Ae-bAr
" I( = BebAf1,

where A and B are arbitrary constants.

Hence the general solution of (4) and (5) is given by

11 = Ale- bMφ+BlebAqψ+01 (2P-Pl-~)2)'

Xl ==-α j흑 (e1 - P) 했 +/l+01 A2)-
~P

X2 == bf1J

where use has been made of equations (6); while y and z are given by
precisely similar equations with different constants. Let subscripts 2 give
the value of y and subscripts 3 the value of z.

The equations connecting the nine constants AI' ... ' 0 3 are lllost
easily determined from the relation

책+갱+책= 1,

which leads, after rather a long reduction, to

AI' A 2, A 3 == 땐 cosec f3 c> y (cosβ， sinβ， t) ,
2

μ p- ’y , 、

B 1, B 2, B a == 겼 cosec낳L (cos y , sin y , t),

01' 02' 0 3 == 판 cosec혈2: (cos떻X， sin혔2:， t cos혈r) ，

,vhere k , β and yare arbitrary.
rrhis is , by Bonnet’s theorem, the conlplete tale of relations satisfied

by All ... , C3•

Fronl the value of φ in (10) we easily deduce
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and the integral of the right-hand side iF! readily found to be

一 rr(-u+2a+w) L) -K1l

σ (2u 十ω)이u) ‘

Hence, making use of (9), and puttin당

l' = bq,

P== σ(μ+ 2a +ω) e- lICU -ι
σ (2a +ω) σ(M) ’

Q== σ(μ- 2a -ω) hICU+~tI
- π(2a +ω) σ(1ι) v ,

( (e2-e3)2 )

-R == 2t(씨+ i P:~κ+e， -e1 ;- (u-v) + (P1+κ)1' ，

(11)

we find the most general form of the pseudo-sphere given by (2L namely,

융 (x- l) sin혈.Y == kP cosβ+훈 Q cos y+tR c잃합，

음 (ν-m) sin 옆.1: == kP sinβ+움 Q sin y+tR sin첼X，

환-n) sin했 == tkP +숨Q - R cos 훨Y ，

where a , β， y , k , l, 1n, n and the periods ω and ω’ are arbitrary constants.
The radii of curvature are

i;-

띠
-
-
연

얘
-
빠

야
-
w

/
’
’
’
j
「
i
l
，
，
‘
‘

μ
I pelt) -ea I ~

,-- l e
2-P(u)

)

By change of origin and rotation of the axes the pseudo-sphere just
obtained can be reduced to the form

￡ (r-tM) = - p ,

옳 (X+ty) = Q,

호 Z == tB.
μ

The explicit form of the equation can be obtained byactual elimination
of the parameters 1l and ν from equations (11).
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Using cylindrical coordinates

x == rcos θ， ν == r sin 8,

we have λ2r2 /4μ2 == _ PQ == p(u)-P(2a+ ω)

== f"(u)-p(8) , say , (12)

giving It as a function of r; and

e2‘9_ 쏘 - σ(β-u) e:!KU +2;\v
P - 0- (β+ u)

giving v as a function of rand 8.
After some straightforward reductions the explicit equation of the

pseudo-sphere is found to be

lZ p(β)- e σ(β+u)- = 2 1 : t(tt)-[W(β)+ e1] l샤 -t(β) μ+훌 log ~ ~I;'; I :~~ +l8, (18)
ρ’ (β) (~\LLI L''- I/'"'I I ~1 .J LV I ~ \/'"'1 LV I ~ ~'-'o σ(β- u)

c = U j p(β) - e2 p(β) - e3 넌
F‘ l el - e2 e1- e3 J ’、;vhere

β is an arbitrary constant, and 'it is given by (12) , i.e.,

.2 _ .2 pC더) - e .; p(u)- ν (β) } •
μ (el- e2) (el-셰

(14)

Dr. B l'omwich points out that, as equation (13) is of the form

Z == f(r)+c8 ,

the pseudo-sphere might have been obtained with considerably less
analysis-once the form is known-by nleans of the equation

1커꾀
/
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-
싼

十
-i (15)

in which c and A are arbitrary constants.
Substituting the actual value of z given by (13) , we readily verify that

equation (15) is satisfied if
-,- 때(β)-el } 2

.I..L - (e1-e2)(el-생

'rhus equation (1 3) must be regarded as containing only two independent
arbitrary constants.

Owing to the occurrence of imaginary quantities in equation (13) it is
perhaps of interest to note that the surface may be real. A particular
case , found by putting el == 야， is that of the pseudo-sphere

Z== ν(α2_ r2) _α log [ {α+ν(a2- r2) }/rJ +ce,
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in which μ2_ α2+η2，

the constants α and c being otherwise arbitrary.

Added 111α.lJ 19th, 1915.

It is easy to verify that a surface of constant meαn curvature 2/ a , of
the same form as the surface in (13), is given by the equation

i = t(써where μ (u) = 훌 (l - el) 2- e2 eS '
,.2 = α2 1 'p (u) -'p (lt) }.

Note bν Dr. T. J. I ’A. Bro1nwich.

찌Then the equa꾀on to a surface is written in terms of cylindrical
coordinates z, l', θ， in the form

z = F(r, 0),

it is known that the measure of curvature (Gauss ’S) is equal to

{ r2Fll (F:생+rF1)-(rF12-F2)2} j(r2+ ·r2F i +F~)2，

where the suffixes 1 and 2 indic마e partial differentiation with respect to r

and 8, respectively.
If we take the surfaces of the type found by Dr. vVilton

z =f(r)+ce,

where c is a constant, the condition for a pseudo-sphere becomes

- 1 - r~f펴l- C2

뒀 - (r2+~fi+c땅 ·

Then, writing q = 1+，져+C2/1!2 ， we have

짧 = 2 (/1/11-짧) ，

so that the condition for the pseudo-sphere beconles

lea<1ing to
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,,,,here A is a constant of integration. This is the equation quoted in (15)
of Dr. 'Vilton’s paper; it leads at once to the fornlula

rd'1' μ2션- (션+c2) (션+ Aμ2) 나 .
1(rr) = J수 ( r2+Aμ2 ) ’

and thus j(1") can be evaluated, by using Dr. \\'ilton ’s substitution (14), in
the form given in equ와ion (13).

The special case A = 0, gives

j(’ ) = J켈 (μ2_ c2_r2) ~

reducing to the elementary integral

/(r) = 、!(α2_션)-α log [·1 α+、!(α2_ 1.2) }/rJ ,

where α2_ 상_c2 •




