A PSEUDO-SPHERE. 339

A PSEUDO-SPHERE WHOSE EQUATION IS EXPRESSIBLE IN
TERMS OF ELLIPTIC FUNCTIONS

By J. R. WizoN.

[Received March 4th, 1915 —Read March 11th, 1915.]

As the general form of the pseudo-sphere has not yet been obtained
there is some interest in the determination of simple particular cases, such
as that of Serret’s surface, in which the two radii of curvature are equal,
the common value being (u. A pseudo-sphere whose equation in its most
general form contains eight arbitrary constants, of which six are due
merely to change of position and orientation in space, may be obtained
very simply, as follows.

If we attempt to find the developable surfaces which satisfy the equa-

tion 5=/ p, ), (1)
we shall have to determine the functions ¢ and v in

2= A+ oM y+Y),

0=uz+¢'y+,
so that (1) is satisfied. On eliminating « this is easily seen to lead to the
R = @y S @AY, 6

which, for general forms of f, can only be satisfied by taking ¢ = A¢/,
and therefore ¢" = 0.
Thus, putting ¢ = dX;/a, we obtain a particular solution of (1) in the

form 2 = (az4-by),
where abyy" = fQlr, a’, D).

In the particular case of the equation s = u~?sin z, which, in con-
formity with the notation of Forsyth's Differential Geometry, § 54, we

shall take in the form

%0 I
==~ = —g Slh @,
upuq s
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the solution of this type may be expressed (i) in the form
uk(—ab): ¢ = ap—+bg+-c, )
sin o = sn ¢ (mod &), )

the arbitrary constants being @, b, ¢ and k; (i) in the rather more con-
venient Welerstrassian form

u = ap+bg+te, } (2)
#() = e, cos? 3w+ e, sin® Jo,
with the relation wab(e;—ey) = 1. 3

For the sake of definiteness we may assume that the roots of ' are
real and that e, > e, > ¢;, so that

P’ = (eg—e5)(e;—®)* sin 2.
We proceed to the determination of the Cartesian form of the equation
of the pseudo-sphere defined by equations (2) and (3).

With the notation of Forsyth, loc. cit., § 37, the equations for X and
x are

2u(eg—9)* P —ex)t Xy — (e, +20) 21+ (a—e) 12 = 0,
xy,+2au(e,—9)* X, = 0, L 4)

m(ez—eg iy = 2(e,— Pt (P —eg)* X ; J

O (eg— )t (0 —eg)t Xy (ea—e9) T, — (e, +20) 25 = O’I
uler—e) 215 = 2(e;— @) (P—ey) X, : (5)

Tag+ 200 (6’1—?’)% X, = 0. j

In equations (4) we regard g as constant, the dependent variables
being X, x, and x,. Putting

X=(e—p'f ®),
so that = pupa{d—2(,—@) f'—f},
g = ubf,
where 4 is an arbitrary funection of ¢, we find
P2 ey 05t 20,0 — 00 1+ {1420 —(ey—ey) ]a} f = A(e,+20),

in which accents denote differentiation with regard to p.
The particular integral of this equation is easily seen to lead to a
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solution of (4) and (5) in the form

uX = 20 (e,—p), [
2, = aC {e;+20+(e,~ep bla},

(6)
2y = bC e, +2p+4(e,—ex) a; b}, J

where C is an arbitrary constant.

To eomplete the determination of the pseudo-sphere we require the
complementary function of the equation for f, which may be taken in
the form

@,
™ e

(e;—0) (e, 1+ 2p) % + e+ 20+ (ea—ey) bla} f = 0. 7N

It is easy to verify that both integrals of (7) are uniform funections of
1 over the whole plane, and therefore that we may assume a solution in

the f
e form a(u+ta) o (w+B) gA=5 (@) =< (A1
a2 () '

Jw) =

Substituting this value we readily find, as, for instance, on pp. 469~70
of Vol. v of Forsyth’s Theory of Differential Equations, the relation

AN 9 ; — '
sp+ 2 (=9 (e +20) -+ \mrt 2 =) (e, +29) | f,_f’
2 fg—p'
+[r bt 2 @—piat 29 |22 430,40
+N e+ (eg—ey) bja = 0, G)]

where the subseripts 1 and 2 denote the arguments « and 8 respectively,
and v = 3P40/ @, — ).

The apparent singularities of (8) are w =0, o, »'; these lead, after
reduction, to the equations

3 =a+tw,
A e &= —
2R (e—ey) 5= Pt @pte = 3 B —e’ ©)
NS el U S <
P, Pi—e @1
Thus, putting k= &+ G—N,

we have fw) = Hop+ Ky,
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where ¢ =

outa)oclutatw) p—
o(a) o (a4w) o2 (w) !

= a'(u—-a)a'(u—a—w)

o (a) o(a+w) o-’(u)

l (10

and H and K are functions of ¢, which by direct substitution in equa-
tions (5) are readily found to be

H=Ade™, K = Be™,

where 4 and B are arbitrary constants.
Hence the general solution of (4) and (5) is given by

fi = 4,7 ™p+ B ™+ C (20—, — ),
.’l)l = —a <u—0—(81—‘5°) dfl +f1+01 ‘) N
-’1'2 = bfl:

where use has been made of equations (6); while y and 2z are given by
precigely similar equations with different constants. Let subseripts 2 give
the value of y and subscripts 8 the value of 2.

The equations connecting the nine constants A4,, ..., C; are most
easily determined from the relation

sty ts =1,

which leads, after rather a long reduction, to

Ay, Ay, Ay = uk cosecﬂgy(cos B, sin 83, o),

A
By, B,, B cosec'e_y(cos sin y, o)
1 2 3 Ak 2 Y » ]
B+ . B+ B—
Cp Cy Cy = 7 cosecﬁ ¥ (cos 6 'y, sin — y, { 08 —E—Z>

where &, 8 and y are arbitrary.

This is, by Bonnet's theorem, the complete tale of relations satisfied
by 44 ..., Cq.

From the value of ¢ in (10) we easily deduce

2(61., #) Qgé tp= e—; £ (u+ao

[ P Puta—e @
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and the integral of the right-hand side is readily found to be

_olut2ate) _,
a(Zu—+w) a(u) e
Hence, making use of (9), and putting
D= bq’
_aut2atw) ..,
P= o (2u+w) o(u) ¢

— T—2a—0) 11)

Q= a(2a+w) o () !

14

o2
—R = 28w+ { (ta—ey) —el} (u—0)+ (P, +#9 v,

Pit+Pyte
we find the most general form of the pseudo-sphere given by (2), namely,
% @—0 sin’B';y = kP cos ,8+—%7 Q cos y+ R cos %——Y,

%(y—m) sin’B—_—z——z = kP sin 8+ —11? @ sin y+(R sin ’8—;—’—’,

A . — —
7(z—n)sm’82y=sz +ik-Q —Rcos'Bzy,

where a, 3, vy, k, {, m, n and the periods w and ' are arbitrary constants.
The radii of eurvature are

(ee—p) 1t (pl)—eyt?
\p)—ey) ’ leg—@) ) °

By change of origin and rotation of the axes the pseudo-sphere just
obtained ecan be reduced to the form

A
é—‘;(.['—ly) -——P,

A
Q;(m+ty) = @

Az = (K.

M

The explicit form of the equation can be obtained by actual elimination
of the parameters « and v from equations (11).
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Using eylindrical coordinates

x=rcost, y=rsinb,

we have A2/ 4p? = — PQ = 9 (1) — ¢ (2a+w)
= p)—p(8), say, (12)
civing » as a funetion of »; and
G0 — @ = a(B—u) g2xu+ Ay
P a(B+u) ’

giving v as a function of » and 6.
After some straightforward reductions the explicit equation of the
pseudo-sphere is found to be

| a (B4
7 =2 6)/8)61 Ca)—[eB)+e]u} —E(B) u+3log (Biz:; +0, (18)
where c=np (PB)—e p(B)—ey) <’
t 31—62 61—33 J

B is an arbitrary constant, and u is given by (12), t.e.,

2 PB—

(el—-—eg)(el e) !

‘) —w(B}. (14)

Dr. Bromwich points out that, as equation (13) is of the form
z = f(r)4cH,

the pseudo-sphere might have been obtained with considerably less
analysis—once the form is known—by means of the equation

1+ S+ () = (L +4) 7 (15)

in which ¢ and 4 are arbitrary constants.
Substituting the actual value of z given by (13), we readily verify that
equation (15) is satistied if
JRERETI ALY
(e, —e5) (e, —ey)

Thus equation (18) must be regarded as contfaining only two independent
arbitrary constants.

Owing to the occurrence of imaginary quantities in equation (18) it is
perhaps of interest to note that the surface may be real. A particular
case, found by putting ¢; = ¢, is that of the pseudo-sphere

7 = /(@ —r)—alog[{a++/(@—13|/r] +cb,
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in which u? = a2

the constants a and ¢ being otherwise arbitrary.

Added May 19th, 1915.

It is easy to verify that a surface of constant mean curvature 2/a, of
the same form as the surface in (18), is given by the equation

a (1—(e,—ex)?
o=t T e um (@ —al (3 los T

(a)u-{-zﬁ},

where Pla) = (A —e)’—eye,

P=at{pla@)—pew)}.

Note by Dr. T. J. I'A. Bromwich.

When the equation to a surface is written in terms of eylindrical
eoordinates z, v, 6, in the form

=F@, 9),
it is known that the measure of curvature (Gauss’s) is equal to
{PFy (Fag+rF)—(Fia— F)} [ 024 F 4+ F)?,

where the suffixes 1 and 2 indiecte partial differentiation with respeet to r
and 6, respectively.
It we take the surfaces of the type found by Dr. Wilton

2 = f(r)4cb,

where ¢ is a constant, the condition for a pseudo-sphere becomes

L _ "'E’tflfu_c2
R e e
Then, writing ¢ = 1-4f24¢*/»*, we have

d c?
E?.' =2 (flfu"‘,,_,s‘)’

so that the econdition for the pseudo-sphere becomes

~ 1 _1 4
wd T 2rq* dr’
. 2 1
leading to ‘72—+A = ? s
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where A is a constant of integration. This is the equation quoted in (15)
of Dr. Wilton’s paper ; it leads at once to the formula
oy = Stﬂ ! WP — PP+ At
=)0 724 A’ )
and thus f(r) can be evaluated, by using Dr. Wilton’s substitution (14), in

the form given in equation (13).
The special case 4 = 0, gives

ar , . .
f('r) = ST' (M’—cz—a’g)’,
reducing to the elementary integral

FO) =y@—r —alog[{a+/(@®—1}/r],

where a® = u2—co.





