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36. There are two more questions which we must discuss in order
to complete this series of investigations. In the first place, when two
singular curves intersect within the field of integration, the formula

(•A CB(1) 1/1 =
generally ceases to be true. If, for instance,

f(x v \ - ft («» V)
A. (x, y) n (x, y)

where i}/ is a function with continuous derivates, and A = 0, /u = 0
are two curves which satisfy the conditions of 7, except that they in-
tersect simply at the one point (a, /?), the difference between the two
sides of (1) will be

We shall have to discuss this case, and some other similar cases in
which the corresponding " correction " or " residue " can be found.

In the second place, we must attempt to extend the theorems of
the latter part of this paper to the case in which not only are the
limits infinite, but the singular curves infinite in number.
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1. I propose to apply the symbolical method of Aronhold directly
to the discovery of the irreducible system of covariants of an in-
definite number of binary forms of infinite order.

Suppose the forms are a", 62, c", .. . ,

when n is indefinitely large ; then the problem is to evolve a system
of forms of the type

(aby(bcY(cdy... ap
rb

q
T...

in terms of which all others CRn be expressed.
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Since a covariant such as that written above is completely deter-
mined by its determinantal factors, we need specify these alone,
and remark that the reduction of forms is simplified because the
presence of the indefinitely laî ge number of factors a,, renders possible
the free application of the fundamental identities

(6c) a,+ (ca) bx+ (ab) cx = 0;

or, as they stand for our purpose,

(6c) + (ca) + (ab) = 0.

2. Every covariant may be expressed in terms of those of the type

(aby(acy(ad)v...*

because factors of the type (6c) in which a does not occur may be
eliminated by the use of the identity

(be) ax = (ba) cx — (ca) bz.

The original results of Cayley on the enumeration of these covariants
follow at once, as is remarked in a similar way by Stroh.

3. Consider next the covariants of degree 3, namely,

(aby (bey (ca)\

In virtue of the above we need only consider the type

(aby (acY,

and of these (at) (etc) is reducible, because

2(ab)(ac) = (aby+ (ao)2-(be)2.

Thus perpetuauts of degree 3 of three different quautics are com-
pletely given by (ahy (acy,

in which /i £ 1, \ $ 2.

We shall next show that the perpetuants of degree 4 of four
different qualities are given by

(ab)x (ac)» (uriy,

when A ̂  4, A* ̂  -J " ^ 1; kwh to establish this we need to recall
certain results from the great memoirs of Jordan (Liouville's Journal,
1876 and 1879).

* Provided, of course, that the symbol it occurs in the covariaut; we shall hence-
forth consider those containing " and, in fact, a definite .eet of symbols.
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4. If £, t], £ be three quantities such that

£+
then all homogeneous products

where p + q + r = »,

can be expressed as linear combinations of

where p, <r take all values snbject to the condition that o- •jp '* .

I do not stop to reproduce the proof of tin's fundamental lemma of
Jordan : it will suffice to refer to his papers cited above, and to
remark that a different proof can be given depending on the theory
of apolar forms.

5. Consider now the covariants of degree 4. As already observed,
we need only take into account

(ab)x (ac)" (ad)v.

If now either \ or /w be less than 2—say, /* < 2—then, by transforming
the expression ,

(ac)* (ad)v,
we can express it in terms of such as contain (acy at least and
reducible forms. Hence

(aby (ac)" (ad)v

can be expressed in terms of covariants containing more factors in
a, b, c and reducible forms. Again,

(ab)x (ac)"

can be expressed linearly in terms of similar forms, each containing

(ab) or (ac) to a power equal to or less than —j-jp. Supposing this
done, we see that, if

the form can be expressed in terms of others for which the sum of
the exponents of (ab) and (ac) is greater and reducible forms ; thus
we may assume that \+fi > 6.

Let us now take \+fi = JV̂  > 6 and consider the various products

{abf (ac>.



110 Mr. J. H. Grace on Typos of Perpetuants. [June 12,

They may be divided into four classes :

(i.) (ab)n, (ab)"'1 (ac);

(ii.) (ac)", (ac)-' (ab) ;

(iii.) (aby(ac)"-\ (oft)8 (ac)-3;

(iv.) all the remaining products for which X+fi = n.

Now, by means of the identities expressing (6c)n and (6c)""1 (ab) in
terms of (ab) and (ac), we can express

(ab)* (ac)-2, (aby (ac)-\

as linear combinations of
(ab)n, (ab)n-1 (ac)

(or)-, (oc)'-1(a6) • (A)

(6c)'\ (6c)"-1 (a&).

and products contained in (iv.), in all of which the exponent of (ab)
is 4 at least.

But, if any of the products (A) occur, the covariant is either
reducible, or the number of factors involving a, 6, c can be increased,
and hence we need only consider the others, i.e., every covariant of
degree 4 can be expressed in terms of such as contain (ab) to the
power 4 at least.

This establishes the result for forms of degree 4, for it manifestly
follows that all covariants can be expressed in terms of covariants

(ab)x (ac)" (ad)',

in which X 5 4, f« rt 2, v £ 1.

6. The extension of this to forms of degree n belonging to n
different quantics is immediately evident, both as to enunciation and
proof. In fact, if we have n quantics a, 6, c, d, ..., the perpetuants
of degree n are of the type

(ab)x (ac)" (ad)v ...,

where X 2 2""2, p 2 2n-\ v £ 21'"4, ....

To put the proof of this by induction into a neater form, let us
assume the result for n + 1 letters and prove it for (?t + 2) letters.

Suppose the form is («6)x (ac)* It,

when R is a type belonging to n letters, and for brevity write

2""1 = N,
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then, just as before, (ab)x(acY can be l'eplaced by a number of pro-
ducts, each containing either (ab) or (ac) to a power not greater

than * ± £ .
o

But (ac)" B is a covariant for (n+l) letters, and can therefore be
expressed in terms of reducible forms, and such as contain (ac) to the

power 2""1 at least; accordingly. unlesR ^ > N, the number of

factors containing a, b, c can be increased.

If, then, k+n =M 2 3N,

we have to consider the following expressions, viz.,

(ab)'1, (ab)^ (ac), ..., (ab)*1-™ (ac)»-\ (A)

(ac)", (ac)*-1 (ab), ..., (ac)"-™ (aft)*"1, (B)

(ab)™ (ac)M-"\ ..., (ab)"-» (ac)N, (C)

(ab)K(ac)M-\ ..., (ab)™-'(ac)M-™+\ (D)

By means of the identical equations expressing

(be)31, (be)"'1 (ab), ..., (6c)"-**1 (ac)*-1

in terms of (ab) and (ac), we can on solution express the N products

(ab)N(ao)M-K, .... (ab)™-1 (ac)""2"*1

linearly in terms of the sets A, B, C and the subsidiary set

(be)", (bc)M-l(ab), ..., (bc)M-**1 (ac)»-1*

Now, in A, B and the last system of products each term contains
either (ab) or (ac) to a power equal to or less than N = 2"~l, and
accordingly, if one of these products occurs, the number of factors con-
taining a, 6, c can be increased. Eventually, then, we can express all
the covariants in terms of reducible forms, and such as contain (ab)
to the power 2N at least. The general result follows at once, and
corroborates the result of Stroh relating to the perpetuant of lowest
weight and given degree, and also the recent results of MacMahon in
the Gamb. Phil. Trans.

.* The possibility of this depends on the equations in question being linearly in-
dependent. With the notation of § 4 we can express all products of (, rj, ( of
degree n linearly in terms of three sets, viz.,
kll ,11—1 wtl -0 ,+1 n, — \ II H—1* >•—0a • 1 >ffa-l >'» / » » - l » *n—l>3+\ «7,— 1

where ^i, ̂ 2, ^3 are any three integers, such that ffi + fa+ffa = » + 1. The result
required in the text is a particular case of this which was first explicitly 6tated by
Stroh, Math. Ann., Vol. XXJUII. [Xovember 30th, 1902].
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The following presents were made to the Library during the
recess:—

Brioschi, F . — " Opere matematiche," Tomo n. ; Milano, 1902.
Laplace, Marquis de.—" Philosophical Essay on Probabilities,''' translated by

F . W. Truscott and F. L. Emory ; New York, 1902.
Laurent, H.—"Prinoipes fondameutales de la theorie des nombres."
Macdonald, H. M.—" Electric Waves " ; Cambridge, 1902.
" Imperial University Calendar," 1901-1902 ; Tokyo.
"Mem. delaSociete des Sciences phys.etnat. ,"S6r. 6, Tome i., 1901 ; "Proces-

verbaux," 1900, 1901; Tome v., Appondice, G-. Royet: "Observations pluvio-
metriques et thermometriques," 1900, 1901; Bordeaux.

"L'Enseignement Mathematique," Ann6e iv., Nos. 4, 5 ; 1902.
Academie Royalo de Belgique.—" Bulletin de la Classe des Sciences," Nos 4-7;

Bruxelles, 1902.
" Wiadomosci Matematyczne," Tom vi., Zeszyt 4-5 ; Warsaw, 1902.
"University Bulletin," Vol. i., Nos. 1-4 ; Kansas, 1902.
"Periodico di Matematica," Vol. v., Fasc. 1, 2 ; " Supplemento," Anno 5,

Fasc. 8, 9 ; Livorno, 1902.
" Year Book of the College of Miues," 1901-1902 ; Michigan.
"Mathematical Gazette," Vol. n. , No. 34, 1902.
American Philosophical Society.—" Proceedings," Vol. XLI., NOS. 168,169 ; 1902.
Kan tor, S.—"Das Maximalgeschlecht dcr algebraischen Curven" (pamphlet).

Reprints from " Leipzig Abhandlungen," Bd. xxvu., 1902 :—
Fischer, O.—" Das statische und das kinetische Maass fur die Wirkung eines

Muskels."
Mai'chuud, F . — " Ueber daR Hirngewicht des Menschen."j
Peter, B .—" Beobachtungen am sechszahligen Repsoldschen Heliometer der

Leipziger Stemwarte."

Reprints from " Monthly Weather Review " :—
Abbe, C.—"Physical Basis of Long Range. Weather Forecasts," Dec , 1901.
Bjerknes, V.—"Dynamic Principle of Circulatory Movements in the

Atmosphere," Oct., 1901.
McAdie, A. Gr.—"Fog Studies on Mount Tamalpais," Nov., 1900.
Pockels, F .—" Theory of the Formation of Precipitation on Mountain Slopes,"

April, 1901.

" Memoirs of the National Academy of Sciences," Vol. vm. ; Washington, 1902.
"Annals of Mathematics," Series 2, Vol. in., No. 4; 1902.
Royal Irish Academy.—"Transactions," Vol.xxxr., Part 12, 1901 ; Vol. xxxn.,

Parts 1, 2, 1902.
" American Journal of Mathematics," Vol. xxiv., No. 3 ; 1902.

Reprints from "Memorie delle Istituto Lombardo," Tomo xix.; Milano, 1902 :—
Jatta, M.—" Ricerche sulla genesi della fibrina nelle membrane difteriche."
Negi-i, A.—" Osservazioni sulla sostanza colorabile col rosso neutro nelle

esnazie dei vertebrati."
Oehl, E.—" Sul diverso e variante grado di attivita della saliva umana."
Veratti, E. —" Ricerche sulla fine struttura della fibra muscolare striata."
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" Publications of the U.S. Naval Observatory," Ser. 2, Vol. n . ; "Washington,
1902.

Cape of Good Hope.—" Geodetic Survey of South Africa," Vol. n.
India.—"Trigonometrical Survey," Vol. xxvi., 1901; "Details of the Tidal

Observations."
" Institution of Civil Engineers—List of Members."

. Royal Society.—"Reports of the Malaria Committee," Series 7 ; London, 1902.
" Educational Times," Vol. LV., Nos. 495-498 ; 1902.
"Indian Engineering," Vol. xxxi., Nos. 21-26, and Index, Vol. xxxn.,

Nos. 1-10; 1902.

The following exchanges were received during the recess :—
" Proceedings of the Royal Society," Vol. LXX., NOS. 461-466 ; 1902.
" Beibliitter zu den Annalen der Physik und Chemie," Bd. xxvi., Hefte 6-10 ;

Leipzig, 1902.
" Rendiconti del Circolo MatematicodiPalermo," Tomoxvi., Fa6c. 3-5 ; 1902.
" Bulletin de la Societe Mathematique de France," Tome xxx., Fasc. 2 ; Paris,

1902.
" Annales de la Faculte desSciences de ToulouBe," Serie 2, Tome in., Fasc.3, 4 ;

Paris, 1902.
" Bulletin of the American Mathematical Society," Vol. VIII., Nos. 9, 10;

Vol. ix., No. 1, 1902; "Transactions," Vol. n., Nos. 2, 3, and Vol. in., No. 3,
1901-2; New York.

" Monatshefte fur Mathematik und Physik," Jahrgang a n . , Hefte 3, 4; Wien,
1902.

" Reale Istituto Lombardo—Rendiconti," Ser. 2, Vol. xxxiv. ; Milano, 1901.
"Bulletin des Sciences Mathematiques," Tome xxvi., Mai-Septembre;

Paris, 1902.
" Rendiconto dell'Anoaderaia delle Scienze Fisiche e Matematiche," Vol. VIII.,

Fasc. 4-7 ; Napoli, 1902.
"Journal fur die reine und angewandte Mathematik," Bd. cxxrv., Heft 4;

Berlin, 1902.
" Annali di Matematica," Tomo vn., Fasc. 4 ; Tomo VIII., Fasc. 1; Milano,

1902.
"Atti della Reale Accademia dei Lincei—Rendiconti," Ser. 5, Sem. 1,

Vol. xi., Fasc. 11, 12 ; Sem. 2, Vol. xi., Fasc. 1-5; Rendiconto dell' Adunanza
solenne del 1 Giugno 1902, Vol. n. ; Roma, 1902.

"Berichte iiber die Verhandlungen der Konigl. Siichs. Gesellschaft der Wissen-
schaften zu Leipzig," 1901, No. 7; 1902, Nos. 1, 2.

" Revue Semestrielle des Publications Mathematiques," Tome x., Pt. 2, Oct.,
1901-Av., 1902 ; 1902.

"Proceedings of the Physical Society," Vol. XVIII., Pt. 2 ; London, 1902.
" Sitzungsberichte der Konigl. Preuss. Akademie der Wissenschaften zu Berlin,"

Nos. 23-40 ; 1902.
" Proceedings of the Cambridge Philosophical Society," Vol. xi., Pt. G ;

" Transactions," Vol. xix., Pt. 2 ; 190:2.
" Nachrichten von der Konigl. Gesellschaft der Wissenschaf ten zu Giittingen,"

Math.-Phys. Klasse, 1902, Hefte 2-4 ; GeschiiftlicheMittheilungen.Heft 1 ; 1902.
VOL. XXXV.—NO. 797. I
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" Jahrbuch iiber die Fortschritte der Mathematik," Bd. xxxi., Hefte 1, 2 ;
Berlin, 1902.

"Acta Mathematical' Vol. xiv., Pt. 4, 1891; Vol. xvn., Pts. 1, 2, 1893;
Vol. xxiv., 1901; Vol. xxv., Pts. 1, 2, 1901; Stockholm.

THIRTY-NINTH SESSION, 1902-1903

(since the Formation of the Society, January 16th, 1865).

November lWi, 1902.

THE NINTH ANNUAL GENKTIAL MEETING OP THE LONDON MATHE-

MATICAL SOCIETY,, as incorporated under the Companies Act,
18C7, on October 23rd, 1894, held at 22 Albemarle Street, W.

Dr. E. W. HOBSON, F.R.S., President, in the Chair!

Twenty-five members and a visitor present.
Mrs. Alicia Stott was elected a member.
The Treasurer read his report. The reception of the Treasurer's

report was moved by Mr. Kempe, seconded by Prof. Hudson, and
carried nem. con.

The President nominated Mr. J. H. Grace to act as Auditor.
The Secretary reported that the number of members of the Society

at the beginning of the previous session was 257. Of these 3 had
resigned, and the names of 2 had been omitted from the list. The
number of new members elected during the session was 8, bringing
the number at the beginning of the present session to 260.

The President stated to the meeting the grounds on which the
De Morgan Medal had been awarded by the Council to Prof. A. G-.
Greenhill, and presented the medal. Prof. Greenhill expressed his
thanks to the Council and to the President.

The President spoke on tho retirement of Mr. Tucker from the
office of Honorary Secretary, and moved the following resolution:—
" That the thanks of the London Mathematical Society be offered to
Mr. Robert Tucker for the eminent services which he has rendered


