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On the Expansion of some Infinite Products. By Prof. L. J.

ROQEUS. llocoivod Juno 5tli, 1893. Road Juno 8th, 1893.

1. It is a well-known tlioorom that, if fjr < 1, then

I t will ho found oonvoniont to uso tlio symbol (X) for tlio infinifo
product (1—A)(l—A</)(1 —Ar/)..., and to vvrifco tlio above equation
in tho form \r

wlicro r is to vocoivo nil positive integral wines, and whero (I —</'")!
denotes tlio product (1 — </)(l — </) ... (1— if).

The following abbreviations will also he used in tlio following
pages:—

II,. (A,, X4, A3, ...) will duuoLo tho cnoflieioutof xr in

i / ( * i * ) ( M ) ( V ) (a),

while h,. (\,, A.j, ...) will he usod for //,. (A,, Aa, ...)(!—(/)! , Moreover
J/r (̂ 4,, ft.it .../A,, Ao, ...) will ho written for tho eoeflicieut of a;1' in

(f^lx)(fjix) ... ~ (Ajx)(Xaa.-) . . . ,

whi le Ar(^i,, /ij . . . /A, , X2, . . . ) will = ( 1 — r / ) ! 7/"r (/<„ /4gl . . . / A , , A.,, . . . ) .

T h u s 1 + 2asrUr (X, / i ) = 1 / (Xr«)(^a;)

I l-q (l-q)(l~<f) ) I l-q (1 -<z)(l-f/) ) '

whence

/<(.(A, ,,') = A»+ L j = 3 V v + (1.i

a Borios having a certain reseiuhhvnco to tho ordinary binomial
expansion.

The symbols of operation B, q with respect to any quantity A will
be defined by the equations

VOf,. XXIV.—NO. '171.
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Tims «\r = X' - 1 ( l -2 ' ) ,

py = x-2 ( l - Y ) ( l - ' / • ' ) » &°-

Tlio Rymbola 5ml »/,„ will bo used in tlio abovo sense with reference to
the quantity Xm, so that

It in easy to sco then that tho symbol --,—, i.e.
(X(\)

operating on X',, gives

" c " c o

Wo may now establish- certain lemmata which will bo useful
hereafter for reference.

Lcvwia I.—If iv ,̂ Ji , . . . are independent of A,, then

(Xd,)

This follows obviously from what has gono before.

Lemma /'/'.—The operation (X?,) will bo equivalent to

(M—1—
(V'N

i.e.

'h ! »/i „ —
• . , • • — • . , • ' /I —

X | \'i q
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and c, = Q . - » M J = O F V ; ! ( C I Z . S ) .

Now it is well known that

therefore

(M) = i+ f . •;•-•!+£.. f'
A, L-q A.T (1—

JJnfc it i.s a known theorem that

theroforo (^^) (

if we rememher that »;, is not in operate on the coRliiciontn involving

--- , i.e. (— J, anil the powers of ( • ) always preeeih; the opera-

tions Vn »?h ••• ̂ rt ^1C expansion.

HI. ~AK-*) + (K) will = A, -

For

(hy Lemma IT.)

= (A1-A)(A3a,)/(AI) (hy Lemma II.).
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Let

so that

then (

Similarly - L (A.-AXX,-\q) + (A,) = A, - 1 - - (A.-Xj) ^ (X.)

wlicro ft is indnponrlcnt of A,.

I i ^ i—A . (A, —1 + + VJ 1—Xo) , .
(X^<) I-? (l-^l-Y)

therefore .1./A)

(by Lemma III.)

L
(A/,)

(A,.) (A,/

= ,. - . , . . - ; -»// (A.), (by Lcmina I I . ) .
(A,/«) (A,,,,,) ( A ^ , ) r v w

2. Let ns now lind the vnlno of

1 1
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which, wlicn expanded as a series, gives

== 1 + SIT,. (\8, X3) /*, (A, X,), (by Lemma I.).

Now, by Lcininu J.V.,

(XXa)(XIXs)(A1X,j I + 1 - , /

.1 lenee

^

If in this identity wo write

X = ;••«'"•, X, = ;w""", X, = c*', A3 =

wo easily obtain 2 (1), on p. 17(5 of this volume.

3. Lot us consider now tho result of evaluating

1 1

which, by Lumnia T.,

- I + S U,. (X,, X,, X.) hr (X, X,), see § 1 (2).
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By Lemma IV., wo get

1 1 1 1 1 1
(A,A2) (AA,jj,) (A,A8) (AA3»/,) ' (Aci,j (A,A4)

1 1 fAA,A,A4) . . . r , .
= f\ ' 7v\—^ ' ' -?~wr—;, as in the preceding section,

(AAJ)(AJA2) I. 1"~? ' (AiA3)(AjA4)

'• *\ X "f~ • • - — - . . . - - A,A| ~p . . . y .

1 J / \ 1 S / v 1 4 / "̂ \-^ ~~"(7/v *"~ 1 3 4 /

This last scries is usually called a ITeinean scries, and has been
very fully discussed in Heine's Kiujclfunclioncn, under tho symbol

(j> (AJAJ, A,A4, AA,XSA4, Qf, AAj},

Iloino thcro shows that

and, by transforming the latter scries by continual application of tho

same formula, ho obtains a largo scries of equivalent expressions.

They may all bo easily proved by considering tho symmetry
t:.vistinj* among X2, X3, X4 in the above expression, nnd by the symmetry
in A and A,, but ho docs not establish the connection betwecu

$ {A,A3, A,A.,, AA ĵA,, q,

and l+27r,(A,,A3, A4)/»,. (A, A,).

]{y writing X = e"', A, = c""', wo may write tho abovo relation in
tho form

f {A3c-8', X4o-", A...A.,, q, A/ '} (A/')(XSX4)

= 7'7xT7A w> n >

a T'osulfc first obtained on p. 175 of this volume, where a dofinition of
Ar (0) is also given.

By putting A, = 0, we, of course, return to tho formulae in tho
last section.
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4. If in tlio formula § 2 (1), wo put A2 = p, X3 = v, \ — e"',
A, = e~", we got

where

This loads to an equation connecting the product of nny two of tlio
A* a with a linear function of t/lio A'a.

For wo have, since

Equating eoeflicicnts of /iV, where, say, s>r , we see that

+ ~ - Ar.t.t (0) {coolf. of / I " V- 1 in i/,.+s_2 (f«, »)}

- o f »''"r i n ]I-r (/ '»0}.

From tins we sec that no absolute term occurs unless r = s, in which
case the absolute term in Ar (Of is (1—qr) ! (1).

Thcso results load to a very inl-crcsting formula expressing the
quotient of nny scries 7fo + Jf,-.l, {&) + KtA9 (6) + ... by the product

Let this quotieut, i.e. tho product of the 7l-sorius with

bo denoted by L0 + l\

In multiplying these sorics, we got a scries of terms containing
products of tho form .//, ((?) A, (0).
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By (1), however, wo easily BCO that tho absolute term

which may ho culled tho generating function of the K scries, and it
is obvious that the generating function in X of the KA. scrios for
1/Z'(X,) I'(A.) ... 7'(A,.) »s symmetrical in X, X,, A.,,... X,., Hi'nco it is tho
ubsolnto term in the expansion of l/V (X) V (X,) ./.' (X2) ..../' (Xr).

The following cocflicicnt may bo expressed in a very simplo sym-
bolical form involving tho operation (5.

Now, supposing tho K's not to contain X, wo sec that

}

= (2coaO-\) {^.1^,(6) + ...} *

13ut A,.>l(6) + (l-qr)A,._i(0)=2coii0.Ar(0).

Equating eooHioionts of Ar, wo get

(l-5 '+ 1)£, .+ I =\L,.-Lr.l + o.L (3).

Thus ( l - j f ) A

That is, .7/,, L., arc easily seen to ho the 7f, (X, c) Lo and 7/̂  (X, S) L{),
whero 11 has tho meaning assigned to it at the beginning of this
paper. It must bo noticed, however, that X and B arc not inter-

For

llH-reforo !/*'(*'/) " ( 1 - 2 A cosO +A2)/7 ' (A) « 1+2M22(.«:l?l.

T](|ii;itin;r (Hicllirii'iit of AlM ', we get the r«'1nliyn ruquiroii.
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changeable, sinco 3 operates on X, but that X must precede S iu all tho
torins.

Wo may now establish tho general term Lr by induction. Assume

//,. = IIr (X, 3) 7/0, for nil values of r up to r (4).

Then ( l - 3
1 + 1 ) Lr+l = (\ + S) 11, (A, 5) L 0 - / J U (X, t) Lo.

Tho eoellieient of X1"̂ " in llr (X, h) is

1.

where «i-|-7i = r.

Now ZXmo"f(\) = X1"-^"/ (X)-X"'-Xq'">io"f (X)

= X">-iZ"f(X)-qm {X'"-'o7(X)-X»'8"+7(X)}

= (1 -2'") A-'SYCA) +3"
1X'"o"n/ (X).

Tho first of those torms obviously cancels with tho terms containing

\ in Sii • l r

But wo h.avo established the truth of (-1) for r = 1, r =: 2. It i
therefore true universally.

We may conveniently stato the result thus:—

{Ko + KXAX(O) + 7vV•/,(<?) + •..} -f-(1 -2Xcos 0 + X3)(l- 2\jcos0 + x y ) .

The generating function of



34G Prof. L. J. Rogers on the [Juno 8,

expressed in powers of 1c, is found by writing lcr for Ar (6) in tlio
right-band side of (5).

This is

If, tlien, tlio generating function of n scries in A (6) bo known, wo
have a convenient symbol for tho generating function of the series
divided by 2'(X).

5. Now wd have seen that ;,;!-: ' ,;—v has & generating function
I (X.2) I (A3)

(.say in ascending powers of X,),
1 + 17, (A,, X3) X.+i/, (X2, Xa) X;+... = — ^ T V

( A A A A A '

Hcnco the generating function in X of 1 /P (X,) P (Xa) V (X3)

JL JL i

which, by § 2, reduces to

(XX1X3X3)/(XXI)(XX2KXX3)(X1XS)(X1X3)(X,X3),

a symmotric function in X, X,, Xj, X3, as, by § 4 (2), wo should expect
to have, since tho generating function in X is the term independent
of tho A'R in 1 /P (X) P (X,) P (Xj) P (X8).

This result may bo stated thus :—

0. Similarly, wo may find simple expressions in Kcries for the
rating functions in X of 1/P (X,) J' (X,) P (X,) P (X4) and of

1/P(X,)P(X,)P(X:!)P(X,)P(X5).

Calling tliesc functions 0«(X) and ^5 (X) respectively, wo got, by
§4(0),

X^3X»/x»- x»« x<) x« 1 t s c o § x

= i- XVA t l + 2 U> ^tKKIK K K) K (X, X,) j , by Lemma I.



1893.] Expansion of some Infinite Products. 847

Wo may, however, also Avrito these expressions in the form

(bv Lemma IV )

Now, the effect of operating with ——- on hr (A, A,) is easily ob-
(AA.,?/,)

tained by consideration of the coefficient of xr in

(AA,,h) * (aAXa-A,) (aA)(aA,)(AA5)'

•which is —— h, (AA,A8/A, AJ.

llenoo

(AA,)(A1A.,)(X.A).(AiA3)(X3A4)(A1A3)

By 4, § 2, wo have seen that <pt (A) ia symmetrical in A, A,, As, A3, \it

BO that, by an interchange of suffixes, we get a rather more con*
venient form,

in which A is brought more into prominence.

Equating together these uusymmetrical expressions for thu
symmetrical V»,, we get a series of identities connecting series built
up of pairs of expressions such as IIr (AA,Aa / At, A;,).

Again,

(AA&»/,) (A6f),)

(by Lemma IV.)

(A4A,)(AA) (AA»/)»/,)

- / A ' ( X AA/^ . A * , A4) h, (AA.AJA, Ao A,)} ;
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by tho same principle as in the previous section,

Hero again wo got an only partially symmetric sorics for tho entirely
Bymmotricul function 06," so that, by interchanging suflixcs, wo get a
set of trausfonnation-fonnuluo connecting such series in general.
These transformations bear a kind of analogy to Koine's.

7. Difference equations for generating fuuetions.
It hns been shown that the generating function of 1/P(X,)P(X.,)

and l/P(X,)i;)(A.j)P(X;,)' may bo conveniently expressed as inlinito
products. It is not, however, possible so to express tho generating
functions of l/i>(X1)P(A3) P(\a) P (X4), &o., but by a simplo process
wo may obtain Bueccssivoly functional equations which such generating
functions satisfy.

The generating function, 08(X) say, in X, for 1/P(X,)P(X,)P (XJ,
found above, in § 5, ovidently satisfies tho functional equation

0S(X)(1-XX1)(1-AX1)(1-XX3) ^ ( X ^ X l - X X M . ) (1).

Now, <p3 (\(j) can bo made to depend on Sfa (X), whilo the latter may
bo mado to dopund on tho cocfKoiont of k in the fe-genorating function
for 1 / P (X) P (X.) P (X2) P (X3), by § 4

If we call this latter genox'ating.function

*.+ *-+. . . .
L—q

tho relation (1) can bo transformed into an equation connecting KQ

and Kv which will be symmetrical in X, klt X2, X8.
We get frbm (I),

Now, by § 4(3), 0a (X) = Kw and (X + «) ̂  (X) =

whenco (l'i-^)-K'o = ( l - f t ) ^ i
where p v pa) Pi are tlio cooflicients in the equation whoso roots uro
A, X,, X._., X.,.
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From (2) wo shall easily dorivo a connection between the first three
coefficients of tho generating function for

which may bo reduced, by § 4 (5), to a functional equation in <j>t (A),

Now, by § 4 (fi), we have seen that, if

0 1-2

bo tho X-generating function of 1/P (A,) P (X,) P(Xg), then tho k-
gcneiatiug function of 1/P (A) P (A,) P(X2) P(Aa) is

and that 7̂  = JCg +^Lx+. . . = —1—A' o (3).
l-q (AA,)(Ad,)

Now

f i ( x + « /fby § 4 (3)

(K
(by Lemma III.)

4-kT — ~ _^H^L_ 7v' 4. ? K
i^ lo x •(xxxxs) ° xcxxxxs) °

X, _ Tr 1 TT 1 x r 1 j

Similarly, if we assume.
1

(XX.) {\cx)
 r •(4),

we can prove indnctively by precisely similar steps; and, remember-
ing that, by § 4 (3),
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sinco we have roplaced Kr by KP/(1 — qr)!, and that a similar equa-
tion in the L'a holds good, wo get

K I

Hence (4) holds good for all values of r.

A 7 C = = ^

7
1-XX,

= l - x x , - . • w ; -

Wo aro now in a position to derivo an eqnation connecting J/o, Lu L».

Operating with — - - r - on tho equation

where now plt p3, pt, KM Kl refer to X,, X2, X3, X, instead of to X, X,,
Xj, Xa, wo see, by tho help of (4) and (5) aud § 4 (G), that

) ii-x,xJr,a-x,xJ ( i - 2 ) L0} = o,

which easily reduces to

O (6),

where now ply pif pit 2h a r c coefficients in tho eqnation whoso roots
avo X, X,, X3, A3, Xt, so thut j>, = X + X^X^Xj + X̂  &c.

Replacing Lo by tfu(X), Lx by (X + o) (j>i (X), &c, by § 4 (5), wo got

(7),
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a functional equation determining tho generating function of
l /P(A1)P(A! l )P(\3) P(A,j), and identical with tho expression given
in § «. .

Again, if wo incrcaso by unity all tho suffixes of tho X's involved

in (()), and oporato on tho equation with -—<—J-*-^, wo shall got a
(AA)(A^)

relation connecting Af01 ilf,, Mit Jlf3, whoro

is tho gonornting function of

l/P(A)P(A1)P(A2)P(A,)P(A.l)P(A:,).

This is found to bo

wlicrc j ^ = A + Aj-r-Aj-f- A3 + A4+A5, &a.

This can bo roducod to a functional equation connecting <jjb (X), »̂B (\(j),
05 ( V ) . and 0O (A33).

It will bo easily seen, moreover, that, sinco tho p's only contain A,
to the first degree, wo can always derive new equations of tho typo of
(0) and (8) by help of (4) and (5), and will obtain linear relations
between a Unite number of coefficients of tho' generating functions,
thero being r—1 coefficients in tho case of 1/P (A) P (A,) ... P (A,.).
Theso will bo multiplied by linear functions of the symmetrical
functions of A, An ... A,..

[8. liy employing an opcrativo symbol 8 defined by tho equation

A

so that a ' y ( ' + ) ) = A1-1*/"-" ( l -2 r ) .

and

(1 — </)! ~ (• 1—<Z ' ( l ~ ' i ) ( i ~ ~ ' / ) l ^ (1 — (/')!

= cnef. of a/ in ( —A(y.c)( —A,^:),

we see that (—A^<5,)( — A,A.//) = (— AAo|/)( — A,A..ry) (1).
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Moreover, corresponding to Lemmata II., I l l , and IV., in § 1, wo get

X)^(X1) = X 1 ( -X« 1 )^W (3),

and ( -A^, ) ( ( * )

]3y tho help of theso results wo deduce that, if Sf(0) he defined by
tho equation

then P ( - a g , 0 + ^>)P(-a:(/, 0-<j>)/(xa-q)

and that ? t A

corresponding to §5.]

ou some Properties of Gauche Ouhics. By T. R. L E E .

Received Juno 1st, 1893. Read Juno 8th, 1893. Received

in rcvisud form October 7th, 18D3.

1. If a systom of quadrics pass through seven points taken
arbitrarily in spaco, they havo also ono other point common
(Salmon's Qvonictry of Thrqo Dimensions, p. 91, first editiou, pp. 97,
08, third edition).

This eighth point might bo called tho eighth point homologous to
tho seven given points, whilo tho system of eight points might bo
called eight, homologous points.


