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On the Expansion of some Infinite Products. DBy Prof. L. J.
Roaees. Received Junoe 5th, 1893.  Read Juno 8th, 1893.

1. It is o woll-known theorem that, if ¢ < 1, then

. X
1/A=N) A=A (1—=Ag") ... = 1+
=N (A-M)(A=AF) . e e
It will be found convenient to use the symbol (X) for tho inlinito
product (L—=A)(L—=Ag)(L=Ag%)..., and to write tho above cquation
in the form

(1),

N
(1— )’
whero 7 iy to receivo all positive integral values, and where (1—¢")!
denotes tho prodact (1—¢) (1 —¢*) ... (1 —¢").

The following abbroviations  will also be used in the following
pages i—

I (A, Ay Ay, 20) will denoto the coefficient of «* in

. . L/ a) e (M) s viveireveeveneenenn (2),
while &, (A Ay ...) will be used for IL (A, Ay, w)(1=¢"t . Morcover
I, (uyy gy - A Ay o) willl bo written for the cocflicient of 2" in

(@) (1) oo + D)) oy |

while b, (g pry oo [0 Ay o) Will = (D=g") I (pyy prgy ee [A) Ay 20l)s
Thas T+32 (A, u) =1/ (Aie) (pee)

— Az P . piat ]
={1+{ iy «1)+"'}{1+ 2 )

M =143,

whence
' vy 1—q" . A= ="") ez 0, .
h, (A = A" ~,_g_)\u 1 ‘l A28 (3
a kories having a certain resemblance to the ordinary binominl
oxpansion.
The symbols of operation 8, n with vespect to any quantity X will
be defined by the eqnations

oy =LM— ”—q) oo (),
wf (A) Ef(N/)-
VA
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Thus "= X1 (1—¢",
N =N =)=, &e.

The symbols d,,, »,, will bo used in the above sense with reference to
the quantity A, so that

nf () =fMg), &e.

Tt is casy to sco then that the symbol , t.e.

o)
Ad, A%,
tacoa=p T

1+

. r .
operating on A, gives

]—n' r-1 (]—q )(1 q ) r-2 — A A
Nt - QM, Sy W Yo B NN =R ), by (3).

1 1 v 1
ene —— o= 143N (M) = o5t
R YRR S R M) = Gy ton

Wo may now cstablish- certain lemmata which will be useful
heveafter for veference.

o (B).

Lemma I—1f K, K, ... are independent of A, then

()\3 ) (K, + KN+ KA .. = Ko+ Kby (M) 4 Kohy (A A) + ...

This follows obvious]& from what has gone before.
Lemma I'T.—The operation (Aé)) will ho cquivuiunt to
(2) e
e
:

. A SRR 1 }
1.0. (A‘l') {1 'Xl . 1_q’]1+ (1 q)(l )ql+

o _ 11—
or 0, = - lel’
W= Ty ] ' it/ " ” “711)(’]_"1
A] A] q Al q

~ (I=n)g—n)(q —n.)
AI’II
1
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— =n)(g=m) ... ("' =n))

and Riqhri-

Now it is well known that

= l— A’
@ e Uy~ U

therefore

Ny =14+ X mmb A = Dn=9)
% +M 1—q+'\' (I—q)(1- q)

Bat it is n known thceorem that

(nx) _ =1 l—a (1—-a)(1— aq) 2 ) o L
+ — A 6);
() l—-r[ (l—q)(l-—qz) (6)
A 1
therefore (A) = (1\. ) e

if we remember that 5, is not to operate on the coeflicients involving

A , 1.C (—é—), and the powers of ( A ) always precede the opera-
Al Al AI ’

3 3 .
tions iy, 7y ... i the expansion,

Lemma IIT. C\l:—) A=Y (A) will = A, ; $(A).
)

(i
For M)A (A)

=(D) {2 s e

(by Liemma 11.)

() i b

_ A
=n(y )(;:] )f( )
= (A=A (Ag8) f(\) (by Tiemma IT.).

7 2
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Let vAA) = -(-’\Q‘Sl)f(’\ )s
so that f) = ’(')‘\ ‘B 5 v (A),
then A=) YA = (A9) Af (),
ic., iy BN ) =M s ).

Similarly o 5)0‘ =NMN=AD Y () = A, g 5)(’\ =) ¥ (\)

=N Gy O de.

. ’ 1 do(l) 1 1
I IV. - = e,
wma IV s o = oy Ty Y )

where s is independent of A,

Sinco

) 40 A=A @ —N (A=A 4
——n =11
EN75 S s S vy pre A

1 \b(?\)

()‘5) (A)
1 A=A

=t S hTA L

IR R R R 110
_1(1+,,¢1 A 1

M) (M) T 1= (Agd) T (T=)(T=¢") " (Ag'd))
' (by Lemma II1)

therefore

o do

1 ¢ Nt (1=A8) )\211"(‘—\3‘)(]——7\753 1
=.. = Sy de (T =Ad R L
U s T T aspa=a Fm#
- 1
03 gy O 54
l 1 1

BECTONCYINE (AS) ¥ O, (by Bomin 11,

2. Lot ng now find the value of

1 1
(A¢y) ('\1’\2)(’\1)‘.1),
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whiéh, when expanded as a series, gives

L (L3N IL O M)}
= 143, (A\y M) b, (A 7)), (by Lomma L).

Now, by Lemmna IV,

11
(A8) " ,('\x'\a)('\l)\a)
1 1 1 1

T ) (A8) " ()

1 1 1
=ty s LG
(AAy) (M\ﬂ'h) (’\)‘3)()‘1)‘3) . [Jy§ ( )]
= 1 1—A, (=2 }‘:‘)(I'—'Al)\x’[) 232 1
R i | . LD V. W N S ORLA NN -
(,,\Aa)w.z)(xu\a){ ooy M Ao asg YN

S L Y ST
ARy S L)

Henee

(A AN, :
o AN L L 0 (g A (NN 4 1 (A A) By (A A) .
(AAQ)(AAa)(AlAQ)()\lA‘,) l( 2 -l) l( I) l( <3 3 I)

oo (1),

If in this identity wo writo

A=we, N =ae™ =¥, A =c*,

wo casily obtain £ (1), on p. 176 of this volume.

3. Let us consider now the result of evaluating

LS N
(Aal) ) (’\lhi) (AIASI)(AI'\J) ’

which, by Lemma T,

cz L4 SH (O Ay A) b (N X)), see §1(2).
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By Lemma IV, wo get

1 1 1.1 1 1
MA) ' (AAgny) ' (M) ’ (AAgny) ) (Ml) ' (MN)

1 1 (A
(’\ As) (M‘J'h) \ A (A }‘4)(”‘3)

1 A\, (AN
1 . 1A
(Ms)(A }‘2) { + qﬂ e } AA)(AA)

_ (A AN, (l )\R,)(l )\,)\,)
= D A A (v {1+ (1—q) (L= Ky ap) M ¥ 3

, a8 in the preceding section,

This last serics is usually called a Ieinean serics, and has been
very fully discussed in Heine's Iugelfunctionen, under the symbol

¢ {Al)‘a) )\1)‘0 M‘n)‘n)‘u q, )\A,},

Ileino thero shows that

¢ {a: b, ¢, ¢ 'v} = ((":))((:;) ¢ {’z_v &, ax, q, b} )

and, by transforming the lattor scries by continual application of tho
same formuln, he obtains a large scrics of equivalent expressions,

They may all bo casily proved by cousidering the symmotry
existing among Ay, A5, A, in the above expression, and by the symmetry
in A and A,, but he does not establish the connection between

¢ {)\)‘s' Ay AR g, Mn}
and V4ST0 (N Mgy A By (A A

By writing A = ¢, \; =¢%, we may write the above rclation in
tho form
¢ fAae™ Ao ANy g, A} (M) (AN,)

1
=TT ) $14+4, (0)IL,(Ay My X)) + A(OTLA AA) + .00 3,
n vosult first obtained on p. 175 of this volume, where a definition of
A, (0) 18 also given,
By putting A, =0, we, of course, veturn to tho formulac in the
last seetion,
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4. If in the formuln §2 (1), we put Ay =p, My=1», A=¢",
A =%, wegetb
(ur)
P(p)P ()~
1
} 1+3k11 =
whero +IWIL (1, ¥) (Gep) ()
This leads to an equation connecting the product of any two of the
A’s with o linear function of the A’s.

= 1411, (1, ») 4, () + 4, (t, ) 43 (6) + ...,

For we have, since

SR S S
0 B T R
{1+«_—m A,0) +... } [143- ----—~-)' (v)}
—{ it } (143, () 4,(0)}.

Equating cocflicients of p"v, whcrc, suy, s >, we sce that
A (04,0 _
—)! =7 ]

+ 1= Ay or-2(0) {coeff. of p1s*~"in 1L, .,y (1, »)}

11, (0) {cocft. of pryt in IL,,, (1, v) }

+...

1
(L—¢")!
From this we sece that no absolute term occurs unless » = s, in which

caso tho absolute term in A, (0) is (1—¢")! .iieiviiiivrnceenneneenn (1),

Theso results lead to a very inbervesting formula oxpressing the
quotient of any series IC+IC A, (0) 4 154, (0)+... by the pruduct
I’(\).

Let this quotient, 4.e. the product of the K-series with

A A, (0)

(L-)t’

be denoted by Ly+ 1,4, (0)+...

+ A, (0) {coclt. of =" in II,_, (p,v) }.

1432

In multiplying these sorics, we gob a scrics of terms containing
products of the form A, (0) <, (0).
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By (1), howover, wo casily sec that the absolute term

To= K, 4+ KA+ Nt e (2),

which may bho culled tho generating function of the I series, and it
is obvious that the generating function in X of the J(A serios fov
/P A) I (A) ... I'(7,) is symmetrical in A, X, Ay ... A,, since it is the
absoluto term in the oxpansion of 1/ (A) 12 () I’ (A,) ... 1 *(A).

The following cocflicient may be expressed in a very simplo sym-
bolical form involving the opcration d.

Now, supposing the I's not to contain A, wo sce that

3 2cos 0—A

${Iy+ LA, (8) + ...} = {IG,+ 1,4, (0)+ ...} e

= (2co80—N) {Ly+ I, A, (0) +...}.*
But A ()4 (L=qg)A,_,(8) =2cos0. 4, (0).
Equating coellicients of 4,, we get
(L= Lysr 22 ALy—=Tor g+ 800 v creveren ().
Thus (M=¢) I, = (A+d) Ly,
(A=) (L= ") oy = ATy =(L=q) T+ (1—q) 3L,
= (Ly—quln) + 5L,
= (N4 A8) Iy— (1 —q) Ly + Ly—qn Loy + 8L

= (N +A8) Ty +q T —q (Ly—A8Ly) +5°L,
= N0+ (L4+q) N, + 8T,
That is, Iy, I, arc casily scen to be the II, (A, 6) L, and II, (A, 6) I,

where I hag the meaning assigned to it at the beginning of this
paper. It must be noticed, however, that X and 6 are not inter-

. VA AT ()
* Ior ]/l()\)..l-i-z(l:’l—;ﬁ,
therelore 1/P(Aq) = (1 =2Acos0+A%)JI'(A) = 1+ At (0)

Equating cocllicient of A", we get the relation required.
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changuable, sinco d operatcs on A, but that A must precedo d in all the
torms,

Wo may now establish the general term L, by induction. -Assume
T = I, (A, 8) Ty, for all valucs of r up to # v.....(4).
Then (L=g™) Loy = (A +3) 1, (A, §) L=,y (A, 3) L,
"The coetlicient of A" in IT, (A, 0) 18
(=g =y’
where mtu =1
Now  O\"3'f (A) = A»-18" (\) =A=' g nd"f (\)
= AT ) =g (A () = A8 ()]
= (1—g") N1 (A) +g"N"8""'f (X).

The fivst of these torms obviously eancels with the terms containing
A=18" in I,y (A, d), so that we get

1L—g™! Lr =3} _ {l,m L _1 A,
( q ) +1 {(1___211.)! (l_qn)! (l_qm-l)! (l_qnq-l)_!} (]

X AmauolII
=Q=g*) 3. 2. __Th . _
( q ) (l_qm)! (l_qnn)!

=Q—g¢"*)IL,, (A 0) L

But we have established the truth of (4) for r=1, r=2. Itis
therefore true universally.

We may conveniently stato the result thuy :—
{0+ ICA(0) 4+ I, (0) + ... } +(1—2Xcos 0+ N°)(1 - 2Aqeos0+X'g7)...
= (D
PNT )
= (U107, 8) A, (0)+ TT,(\, ) A,(0)+ ... J (Ko + KN +...)...(5),

{I+ KA+ KN+ ...}

T'he generating Tunction of

CWA RO 4 (N,
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expressed in powers of %, is found by writing & for 4, (6) in tho
right-hand side of (5).

Thisis  {14+KIL (A, ) +RIL (A, 8) +...} (Ky+ KA +...)

. :
=GN (%) K+ KA +...) covivenernnniennennnn(6).
If, then, the gencrating function of a scries in 4 (0) be known, we

have a convenicnt symbol for the gencrating function of the scrics
divided Ly P ().
5. Now we have scen that - M) g g generating function
L (A) (A
(say in nscending powers of M),

1
LT+ IT, (g M) A+ 11, (Agy A) A+ .

TN
lence the generating function in A of 1/P (X)) I (A\) I’ (Ay)

=1 1

TN T8 T A AN
which, by § 2, rcduces to

(M 2a2) [ AR (A (N (A A) (M A5) (A40),

a symmotric function in A, A, Ay, Ay, as, by § 4 (2), weo should expect
to have, since the gonerating function in A is the term independent
of the A'sin 1/ (A) P (A) P (A,) I’(A).

This result may be stated thus :—

A WA SN

P P ()

= 14311 (M AsAe/ Ay Mgy A5) 4, (6).

6. Similarly, we may find simple expressions in series for the
generating functions in X of 1/ P (A) I’ (\) I’ (A) P (A,) and of

1P AP A) PA) L (AP (N)-

Calling these functions ¢,(A) and ¢, (A) respectively, we get, by
§ 4 (6),
=_1 1 QA
PO ARIGMON =555 (38 HARANAR
1 1 '
= (“I-\xl) . (“'Xsrs {1 + E lr, ()\,)\J,,/A,. )\3, A‘) Al} [SCO § 1 (2)]

= .(,.\1(-) {14311 AN A AD By (A, A) ], by Lemma 1.
N
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We may, howover, also write thesc expressions in the form

1 1 1 1 (AN
o T ()" 008 " Dk (Y Lemma 1V2)

()i) (xlx,) ) {1+3H (MMM A) B (A1) ]

on &, (A, X)) is easily ob-

. . 1
Now, the effect of o Jerutmv with
' I ° (A)‘i’h)

tained by consideration of the coeflicient of " in

1 1 _ (@)
) " (@A)@d,) ~ (@h)(@h,)(AA)

ich i AN A A
which is i )h (A AN,

Henco
_ 1
'R (A) = (N\‘)(}‘lxz)(kg)\).(A,)\a)()tah)(klxi)

X {143, (AN A A B (AN /A M) ]

By 4, § 2, we have seen that ¢, (X) is symmetrical in A, A, Ay, Aqy Ay,
.80 that, by an interchange of suflixes, we get a rather more con-
venient form,

O 3N d M) b (AN M),

in which A is brought more into prominence.

Lquating together these uusymmetrical expressions for tho
symmetrical ¢, we get a series of identitios connecting serics built
up of pairs of expressions such as 1, (ANA, /A, ).

Again, Ps (MAA)AA(ANL)

( 1 N 1 % ()\)\){l-}-\*I[ (AN S Ay Ay X)) T (A, X‘)}

1 1
- — - A A,.,A)A " AA
(A JON) T () ()\65) {1+ 224 (A Ao A A e ( )}
(by Lemma 1V.)

e )\;(M )’ (M S (142 O oA Mo XY e (W 04, 0}

(M)()}A s TLHSIE QAN A Ak A M AD] 3



318 Prof. L. J. Rogers on the [Junc 8,

by the same principle as in the provious scction,

_ 1
(V)= A AR A AR

X {1 F I3, AN A A A) B (AR, )‘o)} .

Hero again we got an only partially symmctric sorics for tho entirely
symmotrical fuuction ¢, so that, by interchanging suflixes, we gub o
sob of trausformation-formulaec connecting such series in genoral,
"Theso transformations bear a kind of analogy to Heino's.

7. Difference equations for generating functions.

It has been shown that the generating function of 1/P (X)) P (A,)
and 1/P (A) P (X)) P (N) may be conveniently expressed ws infinito
products. It is not, however, possiblo so to express the gencrating
functions of 1/’ (N)) P (A)) P (Ay) I’ (A,), &e., bat by a simplo process
wo may obtain successively functional equations whicli such generating
functions satisfy.

The gencrating function, ¢, (A) say, in A, for 1/P (X)) P (A) P (Ay),
found above, in § 5, ovidently satisfies the functional equation

Py (AL =A0) (1 —=AN)(1 = ANy) = g3 (AL =AAAA,) oo (1.

Now, ¢, (Aq) can be made to depend on 8¢, (A), whilo the latter may
.be mado to dopend on the cocflicient of k in the k-genorating function
for 1/P (M) P (M) P (X;) P (A), by § 4.

If we call this latter generating. function

the relation (1) can be transformod into an equation connecting X,
and K, which will be symmetrical in X, A}, Ay, A,

We get from (1),
¢s (N) {)&l FAFA=A (AN AA) + AN — }\IA,)\,}
= (1=2AN01,) 8p, (A).
Now, by §4(3), ¢ (\) =K, and A+8) ¢, (A) = K, ;
whenco T (=) Ky = (=p) K evnieiieiegenneennd(2),

where p, py, p, are the cocllicicnts in the cquation whose roots arvo
A, Ay ‘\:1'
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From (2) we shall easily derive a connection between the first three
coeflicients of tho gencrating function for
PPN P(A)P(A) P (M),

which may be reduced, by § 4 (5), to a functional equation in ¢, (A),
3p A, 8y (A).
Now, by § 4 (6), we have seen that, if

bo the A-generating function of 1/ P (X)) P (A,)) P(A,), then the k-
generating function of 1 / PP (M) P(A) P(A) is

(A)\)(AB){I’ Rl 4= L*i”’}” - 82y,
= Ky =1
and that L, = K,+ 1 _‘q At ()\)\ )(}\51) Kyooovviveennnn . (8).
Now
1
A = M+3) K, by §4 (3
)= i ) B by 549
=M k4 K+ 4 E,
(AA)(Agd)) (M,)(hqf_.) Ay )(Aal)
) (by Lemma I11.)
1-28, 1
= @ S (M,xm’ +A(M,)('ﬁ“) o
- 1
= u._] —_ )\L L
(AgE) ™ X, )(Aqal) ok YAt X
— 1 —
= TRy +M°+ f
=A+8) L, =1
Similarly, if we assume
1 -
TYSIEES) K, =Ly wiiinviniinccnnnnnnn(4),

we can prove inductively by precisely similar steps ; and, remember-
ing that, by §4(3),

Ko=MN4+8) K—(1—q) K.,
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since we have roplaced X, by K, /(1—¢")!, and that a similar e_qua.-‘
tion in the L's holds good, wo get

1

(MI)(AO) r+l I’rtl

Hence (4) holds good for all values of r.

. 1 :
Agnin, mA,K, o )()"13 ; - — K,+AL, (by Lemma III.)
=T, + "*,\'{ oL,
— (A+0) L= (A+0) I,
1=,
(A*A)L, Ah {L,¢,|+(1—q)[l, l} (r))
PRSP 1 A‘A - . .

W.o aro now in a position to derive an eqnation connecting Ly, Iy, I,

Opcrating with on tho equation

_ 1
(AN)(A4y)
(pr—py) Ky—(1—p,) K, =0,

where now p,, p;, p.. K, K, refer to A, Ay Ay, A, instead of to A, A,
A, Ay, we sce, by the help of (4) and (5) and § 4 (6), that

(A=A = A=A ) {(A+A) L= M\ L, }
+ Loy (L =2+ A+ A, —=2AAN) —(1—=A0) I,
FAAA AN L= AN T, —A N (1—q) L} =0,
which casily veduces to

(po—ps+1s7) To— (L= p) Li—p, Ly = 0 ovvvevennn o i(6),
where now p,, p, py, p; arc cocflicients in tho equation whose roots
are A, A, Ay, Ay Ay, 80 that py == A+ A+ A +),, &e. )

Replacing L, by ¢, (), I, by (A+6) ¢, (1), &c., by § 4 (5), we get
(L=A0) (L= ALY (L—A) (1—AA) ¢ (V)
— {1 AN =N (AR H AN AN HAAN)
X (1+) AAAN] 8, (M)
FAAAN GG AP) =0 (7),
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a functional cquation detormining tho generating function of

1/P (M) P (A) P (A P(A), and identical with tho expression given
in§6.

"~ Agnin, if wo increase by unity all the bulﬁxcs of tho N's involved

in {6), and operato on tho cquation with , wo shall got a

(A, )()‘5:)
relution eonnecting M, M, M,, M, whero

M Moy
I—g
is the genecrating function of
PPN P I P (A P ().

This is found to bo

(pr—ps+paq) My~ {1"1’4 +q7(1+q) I’u} M,—M,p;+ M,p, = 0...(8),
where AR WD VR WD Y VR 7.2

This can be veduced to a functional equation connecting ¢; (N), ¢5 (Ag),
¢ (), and gy (Ag?).

It will be easily seen, morcover, that, sinco the p’s only contain X,
to the first degree, we can always derive new equations of tho type of
(6) and (8) by help of (4) aud (5), and will obtain lincar rclations
between a linite number of cocflicients of the' generating functions,
there being r—1 coeflicients in the case of 1/ (A) P (X)) ... P(A).
Theso will bo multiplied by linear functions of Lln, symmetrical
functions of A, A}, ... A,

[8. By employing an operative symbol d defined by the equation
i) =/ D=,

s0 that AT AR = qretlrle=D (1 — "),
and
N‘ rirel) g e A ghrrl)
)M = J— L S } MO
(= )( 1—g")! ( (1 '1)(1 q) ! A—¢)!

= ¢ocf. of 2" in (—)\g:c)(—)\lqm),
we see that (=28 ) (=AM A0 = (=AML (=AA0q) v (1)



352 Mr. T. R. Lee on [June 8,

Moreover, corresponding to Lemmata IL, ITT, and IV, in § 1, wo get

(X!o‘l—) =(__1_;_) (—ﬁ-l) cereeeeeenreerenn e (2),

(0= Y A) =X (=A) Y (A) v (8),
and (—Agd)(—=M\ug)y (\) = (")‘lﬁ‘(I)("A'_:ll'q) (=Agd) ¢y (A) ... (4).

By the help of theso results we deduce that, if B, (0) be defined by

the equation
R R ()] B, (0) )
P(=A)=14 =230 4 1020 A4,
(=2) l—g " (I=g)(1—¢"

then P (—ag, 0+¢) P (g, 0~¢)/(2%)

L BUO) B, (6) g, B,(0)B,(8) s
= 148 er gy ) 8e) s
R PR ey b R
P (=N P(=Mq) P(=)yq)
dthat =2 0f2o 2822 0 8L
ana e (AA0) (AAg) (AAg)

= 14311, (\g, Loy Mg/ NN ) q-mnl) B, (6),

corresponding to §5]

Note on some Properties of Gauche Oubics, DBy T. R. Lee.
Received Juno 1st, 1893, Read Juno 8th, 1893. Received
in vevised form Octgber 7th, 1893.

1. If a systomn of quadrics pass through seven points taken
arbitrarily in space, they have also one other point common
(Salmon’s (feometry of Thr¢s Dimensions, p. 91, first edition, pp. 97,
98, third edition).

This cighth point might bo called the eighth point homologous to
tho seven given points, whilo the system of cight points might bo
called cight homologons points.



