
This article was downloaded by: [Cornell University]
On: 29 July 2012, At: 00:32
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number:
1072954 Registered office: Mortimer House, 37-41 Mortimer Street,
London W1T 3JH, UK

Philosophical Magazine Series
5
Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/tphm16

XLIV. The highest waves in
water
J. H. Michell M.A. a b
a Trinity College, Cambridge
b University, Melbourne

Version of record first published: 08 May 2009

To cite this article: J. H. Michell M.A. (1893): XLIV. The highest waves in water ,
Philosophical Magazine Series 5, 36:222, 430-437

To link to this article:  http://dx.doi.org/10.1080/14786449308620499

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/
terms-and-conditions

This article may be used for research, teaching, and private study
purposes. Any substantial or systematic reproduction, redistribution,
reselling, loan, sub-licensing, systematic supply, or distribution in any
form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should
be independently verified with primary sources. The publisher shall not
be liable for any loss, actions, claims, proceedings, demand, or costs or

http://www.tandfonline.com/loi/tphm16
http://dx.doi.org/10.1080/14786449308620499
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.
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430 Mr. J. It. Michell on the 

jeer to the law of uniformity in the assemblage~ act between 
the points of our primary assemblage : and, if we please, also 
between all the points of our second assemblage ; and between 
all the points of the two assemblages. Let these forces fulfil 
the conditions of equilibrium ; of which the principle is de- 
scribed in § 16 and applied to find the equations of equilibrium 
for the simpler case of a single homogeneous assemblage there 
considered. Thus we have an incompressible elastic solid ; 
and, as in § 17 above, we see that there are fifteen indepen- 
dent coefficients in the quadratic function of the strain- 
components expressing the work required to produce an 
infinitesimal strain. Thus we realize the result described in 
§ 7 above. 

§ 35. Suppose now each of the four tie-struts to be not 
infinitely resistant against change of length, and to have a 
given modulus of longitudinal rigidity, which, for brevity, we 
shall call its stiffness. By assigning proper values to these 
four stiffnesses~ and by supposing the tetrahedron to be freed 
from the two conditions making it our special tetrahedron~ 
we have six quantities arbitrarily assignable, by which, adding 
these six to the former fifteen, we may give arbitrary values 
to each of the twenty-one coefficients in the quadratic function 
of the six strain-components with which we have to deal when 
change of bulk is allowed. Thus, in strictest Boscoviehian 
doctrine, we provide for twenty-one independent coefficients 
in Green's energy-function. The dynamical details of the 
consideration of the equilibrimn of two homogeneous assem- 
blages with mutual attraction between them~ and of the 
extension of §§ 9-17 to the larger problem now before us~ are 
full of purely scientific and engineering interest, but must be 
reserved for what I hope is a future communication. 

XLIV. The Highest Waves in Wetter. By J. H. MlCm~LL, 
~[.A.~ _Fellow of Trinity College, Cambridge ~. 

T HE waves contemplated are those in which the motion is 
parallel to one plane and which advance without change 

of form. Most of the work already done on irrotational waves 
applies only to those of small height and unbroken outline. 
Stokest has~ however, long since expressed the opinion that 
the height of the wave could be increased until the summit 
became pointed~ and showed that the angle at the summit 
would be 120 ° . The object of this communication is to make 
known a method of investigating such maximum waves. 

* Communicated by the Author. 
t Collected Papers, vol. i. p. 227. 

D
ow

nl
oa

de
d 

by
 [

C
or

ne
ll 

U
ni

ve
rs

ity
] 

at
 0

0:
32

 2
9 

Ju
ly

 2
01

2 



I-Iigl~est Waves in Water. :t31 

The work of Prof. Stokes fills the gap between these and 
the infinitesimal waves. 

Waves in Deep Water. 
Suppose at first the water so deep that it may be considered 

infinitely so. Make the motion steady by moving the water 
forward bodily with the backward velodity V of" the wave. 
Take rectangular axes, x horizontal~ y vertically downwards, 
in a plane of motion, with the origin at a wave-smnmit. Let 
4, ~ be the velocity and stream functions, the surface of the 
water being ~---0 and the bottom ~ = ~ .  

Call the velocity q, the inclination of the wave-line to the 
horizontal at ~b, ~9~ the curvature at the same point K. 

At the summit the curvature and the velocity are zero, and 
the ratio of the two is finite and not far from constant along 
the whole wave-line, as appears fl'om the investigation fol- 
lowing. 

Accordingly we assure% taking ~ = 0, (~ = ~r as consecutive 
summits, 

K = q (ao + al cos 2~b + a2 cos 44) + . . . ) ,  

where a1~ a : . . .  are small compared with ao. 

Since K -- q -~$, 

~--~ = a 0 + a  I cos 2~b +a~ cos 4~b . . . .  + 

In order to find the connexion between ¢+i~=-w and 
x+iy-=z throughout the liquid, we proceed in the manner of 
Riemann and Schwarz, that is, we find by means of the 
assumed surface-condition a function of z which is real over 
the surface and possesses onlysimple poles in the liquid. 
This function can then be extended continuously in its r~mge, 
throughout the plane w, its value at (~b, - -~)  being ihe con- 
jugate of that at (~b, ~) .  We then have a function throughout 
the plane w whose singularities arc confined to simple poles, 
and whose form can be written down according to the 
principles of Cauchy. 

Put  dz 
log ~--W- w -- U. 

Along the surface, or 4/,= O, 
U =  log e~°/q~-log q + i8, 

and therefore, along the surface, 

dU dU d log q dt~ 
Tww =~"~ = de +id-~; 
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432 Mr. J.  H. Miehell on the 

d8 
or, from the assumed form of ~-~, 

dU 
d w  - -  i ( a o + a I e 2iw + a~ e 4i'~ + . . )  = - -  d l og  q - -  " d~b + al sin 2~b + . . . .  

The fimction on the left is therefore real over the surface. 
At q ~ = ~ ,  

d z  I ' V  
~ w = / ,  

and the function will be finite there and equal to --ia0. 
The only singular points to be considered are, then~ the 

summits of the waves. 
Suppose near the summit w - 0 ,  

d z  A n 
~ w  - ~  .D.- w 

and therefore 
d w '  1 n n 

d--~ = A - ~ - i  (n + 1) -+~ z ,+l, 

and 
2 2n 2n 

q ~ = A - ~ - i ( n + l )  .+1~ ~+i, 

where r is the distance from the summit. Now~ since the 
pressure is constant over the surface we have q~----2gy ; and~ 
comparing, we see that n = --½ ; so that 

d z  t, l 

d w  ~" 2 . .kw-~  

near w-- 0. From this it follows that the angle at the summit 
is 120 °, as was first shown by Stokes *. 
Hence, also, 

dU 1 
d w  - -  3 w  

near the summit w--0 ; and the summits are simple infinities 
of the function considered. 

According, then, to the principles of Cauchy, the function 
can only di~er from the sum of the polar elements by a 
constant, and we have 

d U  i ( a l e ~ i W + a 2 e 4 i ~ + . . . ) _ . . _ ½ ~  1 - i 
d w  w --n~r  3 

i 
= - k cot w -  ~, 

* Collected Papers, vol. i. p. 227. 
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Highest Waves in Water. 433 

the constant being so chosen as to make things right at 
infinity. 

Integrating, we have 

U "- log ( - - i  sin w)- i  e-~w + ao / + ½ at e ~iw + . . .  , 

where ao t is real, since U is real at ~ - - - ~  ; or, writing the 
series in the form 

log A (1 + cl e ~i" + e~e '~ + . . . ) ,  
we have 

dd~ ' -A( - -  w) t.( +et  +c2 + . . . ) ,  i sin e-§ 1 e2iw e4iW 

the velocity at ~ = ~ ,  or the wave-velocity, being 2-~/A, 
and the real root of ( - - i  sin w) -½ being taken along ~b=O. 

Suppose the units so chosen that A = I ,  and hence V=l /2½,  
and the length of wave L=~r/V---~r x 2t. 

dz 
I t  will be more convenient, at first, to invert ~ and write 

dw 
d~- = ( - - i  sin w)te] t ' (1  + bt e ~" + b~e ~" + . . . ) .  

On the surface between ~b = 0 and ~b = ~r, 

a~ ffi ~int ~"(~  -~)(1 + b~"~ + b~"~ +. . ) ,  
dz 

the real root of sin ~ ~b being taken. The surface-condition 

q~---- 2gy 
may he written 

dq ~ , d~ 1 ~ , 

or 

Taking 

( , to , f  = sin~ 4"~'(~ - 9 t i + ~t,, ~"~ + (~b~ + ~/)~"~' 
dz ] 

+ (2b3 + 2blb2)e ~ + . . .  t, 

and multiplying by its conjugate, we get, omitting terms of 
o,'der 4 in the b's, 

94= sin~4~ { 1 + 4b, 2 + (4ba + 8b~b~ + 4b~ ~) cos 24) 
+ (4b~ + 2bt ~) cos 4~b + (4b~ + 4b~b~) cos 6~b t, 

_Phil. 3lag. S. 5. Vol. 36. ~o .  222. _Nov. 1893. 2 G 
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434 Mr. J .  H. Michell on the 

and therefore 
d 4 
d--~q~ = ~ sln~ 6 { (1 -- bl + 4bl 2 --  bl 3 --  2bl b~) cos 6 
T -  

+ (5bl-2bL~-462 + lOblb2 + 5b13) cos 36 

+ (461 ~ + 8b~--7blb~--7b3) cos 5¢ 

+ (llbib2 + llb3) cos 7¢ }. 

d6 To put ~ into a similar form we use the Fourier expansion 

s i n ( 2 r + ½ ¢ - - 6 ) = ~ A s ~ + l c o s ( 2 n + l ) 6 ,  

where 
6 ~/3 6 r + l  

A2n+l=--  ~r 3 2 ( 2 n + l ) ~ - - ( 6 r + l )  ~' 

Since 

d_~ = _sin{t 6 sin ½6-- ~- + btsin 2 ~ + . ~ ¢ - -  ~- + . . .  , dy 

we get 

d6 _ 6 ¢ 5  sin~ +[~ cos ¢ + ~ cos 36 + ~-~-~ oos 5¢ + ~ cos 76 + 

+ bl(--  4~ cos ¢ + ~ cos 3¢ + 1-~ cos 5¢ + ~-2 cos 7¢ + 

o s -  ' ~ cos 36 + ~g cos 5¢ + ~ :  co~ 76 + 

+ b~( -  3-~5~ cos ¢ - ~ s o  cos 

+ . . . ] .  

Equating the coefficients of correspondingcosines and writing 
18 ~/3 glut=k, the following equaLions are obtained for k and 
the b's : - -  

1-- b I + 4hi ~ - b l  3 -  2blb~ 
= k('125-- '175b,-- '08125b~--'05398bs), 

5bl-- 2612-4b~ + l Ob~b~ + 5b, ~ 
= k('0125 + "21875bt--'1477262--'06786ba), 

~bl ~ + 8b 2 -  7 b~b~-- 7b~ 
= k('00446 + "039773b~ + "232143b~ --'13970ba), 

llbtb~ + 11ba 
= k('00227 + "01785b~ + "0~779b 2 + "2375b~). 
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Highest Waves in Water. 435 

Solving, we find as sufficiently close values : 

k =8"25, 
b t=  '0397, 
b2 = "0094, 
ba'-- "002 ; 

t, d / /~  
and thus, as a close approximation to the value or~-~-, 

dw 
d~- = ( --i  sin w)~e tiw (1 + "0397e u~ + "0094# ~ +'002e6~). 

The Depth of the Wave. 
Since 

18 ~/3 g/Tr=k=8"25, 

2g=  1-66. 
q/" 

~ow at ~ = ~ - ,  

q~ = (l--b1 + b~--b3 + ...)~ 

= (-9677)~. 

The depth of the wave is q~/2g, and therefore the ratio of 
depth to length is 

h ('9677)~ 142 ; 
L - -  1-66x3"96 - 

so that the height of the wave is very nearly one seventh of 
its length. 

As was to be expected, actual record of high waves does 
not come within some distance of this: Abercromby, for 
example, measured waves 46 feet high and 765 long (Phil. 
Mag. xxv. 1888). 

Al the Summit. 
5Tear the summi~ $ = 0  we have 

~ r _ / s i n g  ( l + b l t - b ~ +  .), = 3 eosg . .  dz 
and therefore 

q~ = ,k~( t  + b~ + b~ + . . .)~ 
and 

2 G 2  
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436 Mr. J. H. Michell on the 

so that, since q~=2gy, we have 
(1 +b1 +b2 + . . . )~=ag 

= 1"2~5 , ,  

and 1 + 5 1 + b ~ + . . .  =1"0758, 
while b~+b~+b~ = "0511. 

Near the summit, the series for q2, every term having the 
same sign, will not be well represented by the first three 
terms. This is of little consequence since the sum of the 
terms is known at the summit. Elsewhere the first throe 
terms give a good approximation, as appears below. 

Form of the Wave. 
The coordinates of any point ~b on the surface are got from 

the two equations : - -  

-- '008 sin ( 4 * - - ~ *  + 6)-- '001 sin (6~b--½*-F 6 )  ] . 

The first terms do not integrate in convenient form and are 
best calculated by means of the expansions 

sin-~ ¢ cos ~ ~ = ~-~(1 + " 0 0 0 8 ¢ % . . . )  
~in-* ~ sin ~ ~ = ~ ( 1 + ' 0 3 7  ~ + "002.3 ¢~ + . . .) .  

The other terms integrate simply. 
The following table gives the values of x, y, and q~ for the 

specified values of ¢ : - -  

x y q~. qVy. 

~0 '196 I "110 "174 1"58 

~0 "366 "197 "318 1-61 

5 '974 "428 "107 1"65 

1"321 "507 "837 1"65 

1'654 "552 '912 1"65 

2 1"9,9 -567 [ -936 l 1-65 
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Highest Waves in Water. 437 

The form of the wave is shown in the diagram. The error 
in q~/y near the summit means an error of about 1"5 per cent. 

J 

in x, y, and ~/, due, as before stated~ to the slower convergency 
of the series for dw/dz at that point. This does not affect 
the determination of the height of the wave. 

Velocity of the Wave. 
The length of the wave is 3"96 and 2g=1"66, so that, in 

general units, if L is the length of the wave and V its velocity, 

V2='191gL. 
For the infinitesimal wave, 

V2=gL/2~r. 

The ratio of the velocities of the highest wave and the in- 
finitesimal wave is therefore 1"2. The wave observed by 
Abercromby (lee. cit.) of length 765 feet and height 46 feet 
had a velocity of 47 miles per hour ; the highest wave of the 
same length would be nearly 100 feet high and would ha~r~e a 
velocity of 47 miles an hour very nearly. 

Water of Finite Depth. 
t tere the poles of the function dU/dw have to be indefinitely 

reflected in 5b=l~t, the bottom of the water, and 4F=0 ~ the 
surface~ in order to make U real or 0 constant at the bottom. 
The singular points in the whole field are therefore at 

w =  2nK + 2nliK I, 

u,----2nK being the wave summits. 
We are thus led to the form 

dw ,-,½/ , ~ (~-x) f-_ ~r . } ,  -d~-=~ (w)e~x ~ l+aLcos~(w-- iKt)+ .. 

where H is Jaeobi's function so denoted. This equation is 
susceptible of the same treatment as the simpler ease. 

University, Melbourne, 
August 7. 

D
ow

nl
oa

de
d 

by
 [

C
or

ne
ll 

U
ni

ve
rs

ity
] 

at
 0

0:
32

 2
9 

Ju
ly

 2
01

2 


