This article was downloaded by: [RMIT University]

On: 16 August 2013, At: 16:23

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number:
1072954 Registered office: Mortimer House, 37-41 Mortimer
Street, London W1T 3JH, UK

Philosophical Magazine

Philosopthacal

Series 5
Publication details, including instructions
(1876-1900) for authors and subscription information:

http://www.tandfonline.com/loi/tphm16

XXXIII. On the electric
and magnetic effects
produced by the motion

of electrified bodies

J.J. Thomson M.A. 2

& Trinity College, Cambridge
Published online: 08 Jun 2010.

To cite this article: J.J. Thomson M.A. (1881) XXXIll. On the
electric and magnetic effects produced by the motion of electrified
bodies , Philosophical Magazine Series 5, 11:68, 229-249, DOI:
10.1080/14786448108627008

To link to this article: http://dx.doi.org/10.1080/14786448108627008

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of

all the information (the “Content”) contained in the publications
on our platform. However, Taylor & Francis, our agents, and our
licensors make no representations or warranties whatsoever as
to the accuracy, completeness, or suitability for any purpose of
the Content. Any opinions and views expressed in this publication
are the opinions and views of the authors, and are not the views
of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified
with primary sources of information. Taylor and Francis shall not



http://www.tandfonline.com/loi/tphm16
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/14786448108627008
http://dx.doi.org/10.1080/14786448108627008

Downloaded by [RMIT University] at 16:23 16 August 2013

be liable for any losses, actions, claims, proceedings, demands,
costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with,
in relation to or arising out of the use of the Content.

This article may be used for research, teaching, and private
study purposes. Any substantial or systematic reproduction,
redistribution, reselling, loan, sub-licensing, systematic supply,
or distribution in any form to anyone is expressly forbidden.
Terms & Conditions of access and use can be found at http://
www.tandfonline.com/page/terms-and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [RMIT University] at 16:23 16 August 2013

THE
LONDON, EDINBURGH, axp DUBLIN

PHILOSOPHICAL MAGAZINE
AND

JOURNAL OF SCIENCE.

[FIFTH SERIES.]
APRIL 1881

XXXIIL. On the Electric and Magnetic Effects produced by the
Mbotion of Electrified Bodies. By J. J. THomsox, B.A.,
Fellow of Trinity College, Camlridge*.

§ 1. IN the interesting experiments recently made by Mr.
Crookes (Phil. Trans. 1879, parts 1 and 2) and Dr.
Goldstein (Phil. Mag. Sept. and Oct. 1880) on “ Electric
Discharges in High Vacua,” particles of matter highly charged
with electricity and moving with great velocities form a pro-
minent feature in the phenomena; and a large portion of the
investigations consists of experiments on the action of such
particles on each other, and their behaviour when under the
influence of a magnet. It seems therefore to be of some
interest, both as a test of the theory and as a guide to future
experiments, to take some theory of electricul action and find
what, according to it, is the force existing between two moving
electrified bodies, what is the magnetic force produced by such
a moving body, and in what way the body is affected by a
magnet. The following paper 1s an attempt to solve these
problems, taking as the basis Maxwell’s theory that variations
in the electric displacement in a dielectric produce effects
analogous to those produced by ordinary currents flowing
through conductors.
For simplicity of calculation we shall suppose all the moving
bodies to be spherical.

% Communicated by the Author.
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§ 2. The first case we shall consider is that of a charged
sphere moving through an unlimited space filled with amedium
of specific inductive capacity K.

The charged sphere will produce an electric displacement
throughout the field; and as the sphere moves the magnitude
of this displacement at any point will vary. Now, according
to Maxwell’s theory, a variation in the electric displacement
produces the same effect as an electric current; and a field in
which electric currents exist is a seat of energy; hence the
motion of the charged sphere has developed energy, and con-
sequently the charged sphere must experience a resistance as
it moves through the dieclectric. But as the theory of the
variation of the electric displacement does not take into account
any thing corresponding to resistance in conductors, there can
be no dissipation of energy through the medium; hence the
resistance cannot be analogous to an ordinary frictional resist-
ance, but must correspond to the resistance theoretically ex-
perienced by a solid in moving through a perfect fluid. In
other words, it must be equivalent to an increase in the mass
oflthe charged moving sphere, which we now proceed to cal-
culate,

Let a be the radius of the moving sphere, ¢ the charge on
the sphere, and let us suppose that the sphere is moving
parallel to the axis of & with the velocity p; let &, #, { be the
coordinates of the centre of the sphere ; let f, g, & be the com-
ponents of the electric displacement along the axes of 2, y, 2
respectively at a point whose distance from the centre of the
sphere is p, p being greater than a. Then, neglecting the
self-induction of the system (since the electromotive forces it
produces are small compared with those due to the direct action
of the charged sphere), we have

e d1
= Tap
~_tdl
I= T dyp
=t a1,
dm dzp’

therefore
df_ _ep d* 1

dg__ep @1
dt ~  4dwdEdyp
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hence

df _ep &1

dt ~ dmdap ]

@_8]) d2 1 1
dt ~ dmwdwdyp r )
dh _ep d&* 1

dt ~ dmdadzp
Using Maxwell’s notation, let F, G, H be the components

of the vector-potential at any point; then, by ¢ Blectricity and
Magnetism,” § 616,

F =/.Lj:§‘j‘?—t, dw dy dz,
JJJP

Gz’“ﬁ&% dudydz,

H=pji§if§ da dy dz,

where u, v, w are the components of the electric current
through the element de dydz, and p’ is the distance of that
element from the point at which the values of ¥, G, H are
required, u is the coefficient of magnetic permeability. In
the case under consideration,

af
F= j} %f—dxdydz;
df

substituting for 7 its value from equation (1), we get

e 1 421

with similar expressions for G- and H.
Let us proceed to calculate the value of F at a point P.

P

st

Let O be the centre of the sphere; then OQ=p, PQ=p/,
OP=R,
S 2
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F—'ij‘jiff,Q prel da:dydz.

a1

Now P 2 where Y, is a surface harmonic of the second
order. And when p>R,
1 _1 R R?
=t 5t 5 Q..
=5t Ut o
and when p<R,

1 _ 1. »p P ,
P—Q—E"‘R‘QQH' Bt
where Q;, Q, &c. are zonal harmonies of the first and second

orders respectively referred to OP as axis.
Let Y’; denote the value of Y, along OP. Then, since

XY Q,.ds, integrated over a sphere of unit radius, is zero

when n and m are different, and 14 i Y/, when n=m, Y,

being the value of Y, at the pole of Qs and since there is no
electric displacement “within the sphere,

=t 47sz JA““’ +y“fﬂe
'ﬂ' a

R3
/""P Y’y (bB 2;{3)

or, as it is more convenient to write it,
_np (R _ay & 1
T 5\6 2/ds* R
By symmetry, the corresponding values of G and H are

_mep (5R2 a’ 1
2 dx dy R
pep (BR? o\ & 1
H= ( ) dodz R
These values, however, do not satisfy the condition
dF  dG  dH
az + @ + v =0,
If, however, we add to ¥ the term zng , this condition will

be satisfied ; while, since the term satisfies Laplace’s equation,
the other conditions will not be affected : thus we have finally
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for points outside the sphere,

_pp (R _ @@ 1 Juep )

F=t (=)t 30 ‘
_mep(5R? 2\ & 1 )
( - )dxd R r @)

= pep (BB @ & 1 l

H="P (% -%) s & J

Now, by ¢ Electricity and Magnetism,” § 634, T the kinetic
energy

= lj]‘ | (Fu+ Gv+ Hw)d2 dy de,

in our case,

jj} F df + G dg +H dh) dedy da.

e

substituting for F and

¢ 5r 2 ? 1\?
=4 ‘ZOfr j:fj' EPAG ;) dzdy dz,

since the term

¢ a1
fQij‘ﬁ‘ pr dady dz

evidently vanishes.
Transforming to polars and taking the axis of x as the
initial line, the above inteoral

__pe’p ____"_ (3c0529 1)?
4075 y y po A~ sin 8 drdf d¢
= 75a “Tha
_ ’ a2 ' & 1)
yJ‘G “Zdedydz= -5 d,ut dz dy dz.
By transforming to polars, as before, we may show that this
_ nen’
= %5a

Similarly,

dh 2p2
SyyH ——du dy dz=" %5q
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. T, the kinetic energy due to the electrification

— df | 39  q kN
—%ﬁf(% +GY +H ) dadyds
_ Zuep?
= 15a °
Hence, if m be the mass of the sphere, the whole kinetic

energy
={™ + ___5 -1162) 2. (3)
=\g+ 1 PPy e e e e e

or the effect of the electrification is the same as if the mass of
2

the sphere were increased by 14—5/2—6, or, if V be the potential

of the sphere, by i3 #K*Va,

To form some idea of what the increase of mass could amount
to in the most favourable case, let us suppose the earth elec-
trified to the highest potential possible without discharge, and
calculate the consequent increase in mass. According to Dr.
Macfarlane’s experiments, published in the Philosophical
Magazine for December 1880, the electric force in air at ordi-
nary temperatures and pressures must not exceed 3 x 10%
(electromagnetic system of units). The electric force just
outside the sphere is V/a; hence the greatest possible value
of V is 3 x 10", where a is the radius of the earth. Putting

this value for V, p=1 K=—1—, a=64x10% we get for
b ) 9.1020 ’ g

the corresponding value of the increase of mass 7 x 10° grms.,
or about 650 tons, a mass which is quite insignificant when
compared with the mass of the earth.

For spheres of different sizes, the greatest increase in mass
varies as the cube of the radius; hence the ratio of this increase
to the whole mass of the sphere is constant for all spheres of
the same material ; for spheres of different materials the ratio
varies inversely as the density of the material.

If the body moves so that its velocities parallel to the axes
of z, y, z respectively are p, ¢, r, then it 1s evident that the
effect of the electrification will be equivalent to an increase of
i%,uK“V”a( p’+¢*+7°) in the mass of the sphere.

§ 8. To find the magnetic force produced by the moving
sphere at any point in the field. By equations (2) we have,
for points outside the sphere,
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_&(?&2 a2) &1 4 Bep 2

5\6 2/d*R"T 3 R
_pep /BRY oA & 1
_T(T_§)ME
ot (o) @ 1

5 6 2/)dzdr R

Now if «, B, v be the components of the magnetic induction
at the point (2, y, 2),

_dH_dG_
Ay T d

dF dH _ puepz d 1
A= =" W “MPELTE

_dG dF _ pepy d
"= Tdy TR —#ep@ R’
Hence we see, by symmetry, that if the sphere move with velo-

city ¢ parallel to the axis of y, the corresponding values would
o

d 1
=R LR
TR RS

and if it moved with velocity » parallel to the axis of z, the cor-
responding values would be

a=per & L
=ne dy R
d1
B——yerﬁﬁy
y=0.

Hence, if p, g, » be the components of the velocity of the
centre of the sphere parallel to the axes of #, y, z respectively,
the components of magnetic induction are

(.il_ a1l

2= RTIR R
B= e( il_,,il)
TP LR Tz R/’

- (il_ )
Y=pe quR p'(z?/ﬁ s
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or they may also be written
a=45 (== —r(y—m),
B= (we—t)—p—0) + * = I
r="Glu—n—9==5) |

Comparing these expressions with those given by Ampére
for the magnetic force produced by a current, we see that the
magnetic force due to the moving sphere is the same as that
produced per unit length of a current whose intensity is
peN p?+q* + 1%, situated at the centre of the sphere, the direc-
tion of the positive current coinciding with the direction of
motion of the sphere. The resultant magnetic force produced
by the sphere at any point is wuesine/p?, w heing the velo-
city of the sphere, and e the angle between the direction of
motion of the sphere and the radius vector p drawn from the
centre of the sphere to the point; the direction of the force is
perpendicular both to the direction of motion of the sphere
and the radius vector from the centre of the spherc to the
point; and the direction of the force and the direction of motion
are related to each other like translation and rotation in a
right-handed screw.

It may be useful to form a rough numerical idea of the
magnitude of the greatest magnetic force which could be pro-
duced by a moving charged sphere. The greatest value of the
force =pKVaw/p? where a is the radius and V the potential
of the sphere. Now if F be the greatest electric force which
can exist without discharge, the greatest value of V is Fa.
According to Mr. Macfarlane’s experiments F is, roughly

speaking, about 3x 10%2, ;/,K=—9—X—11—025; substituting these

values, the greatest value of the magnetic force becomes
ld’w

3p?10%
value of the force is /3 x 108 If the sphere were attached
to an arm of such length that it described a metre in each
complete revolution of the arm, and if the arm were to make
100 revolutions a second, & would equal 10, and the greatest
magnetic force would be 1/3 x 10*=-000033. Prof. Rowland,
in his experiments on the magnetic effects of electric convec-
tion, measured a magnetic force only about one tenth of this.

Now 2 cannot be greater than unity ; so the greatest
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The result we have just obtained (viz. that a moving body
charged with electricity produces the effect of an electric cur-
rent) shows that Prof. Rowland’s experiments on electric con-
vection are in agreement with Maxwell’s theory.

§ 4. The fact that a moving body charged with electricity
produces a vector-potential in the field through which it 1s
moving, suggests a possible theory of the cause of the green
phosphorescence observed in vacuum-tubes at the places where
the molecular streams strike the glass, different from that put
forward by Mr. Crookes. It will be seen from the above work
that the moving particle produces a vector-potential whose
value depends on the velocity of the moving body. Now,
when a particle strikes the glass directly, its velocity is reversed
and the vector-potential changes sign; thus during the short
time occupied by the collision the vector-potential must be
changing very rapidly. But any change in the vector-poten-
tial produces a corresponding electromotive force, and thus
the glass against which the molecules impinge is subjected to
a rapidly varying electromotive force. But this, if Maxwell’s
electromagnetic theory of light be true, is exactly what it is
subjected to when a beam of light falls upon it, which we
know is the ordinary method of exciting phosphorescence.
Stokes’s law, that the period of the vibrations exciting the
phosphorescence is smaller than the period of the emitted
light, compels us to assume that at some period of the collision
the velocity of the moving particle is changing at a greater
rate than the rate of vibration of green light: in our present
state of knowledge, however, there seems nothing impossible
in this. This, too, would explain the following difficulty:—
Since we have every reason for snpposing the discharge in a
vacuum-tube to be discontinuous, the vector-potential due to
electricity moving through the tube will vary, producing a
varying electromotive force all over the tube ; another varying
electromotive force will be produced by the action of the
charge on the electrodes, Now it may be asked, why, if the
above theory be true, does not this variable electromotive force
make the whole tube phosphoresce, instead of the phospho-
rescence being confined to the places where the molecular
streams strike the glass. But Spottiswoode and Moulton have
proved (see Phil. Trans. for 1879, part 2) that the time occu-
pied by the negative discharge is greater than the time occupied
by the particles in going the length of the tube. Hence, even
if we made the extravagant assumption that these molecules
travel with a velocity as great as that of light, the time of dis-
charge, and consequently the period of the electromotive force,
would be greater than the period of vibration of light whose
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wave-length was the length of the tube, and so, by Stokes’s
law, could not produce a luminous phosphorescence.
It may be useful to form a rough estimate of the electro-
motive force which could be produced by a moving particle.
By equation (1) we see, if the particle be moving parallel
to the axis of « with velocity p, that the greatest value of I
at a point distant R from the centre of the particle is

1 a’
Kp (R h 5‘1?)
Now the greatest value of ¢, as before, is K x 3 x 10" x a?,

1 -
9x 10%°

hence the greatest value of I at the surface of the particle

_ 3x4x10%a
T hHx9x 1070

Now during the collision let us represent p by p, cos kr, where

pK=

2

k
be therefore at least 3 x 10'; for a particle of air a is of the
order 10-7. Substituting, we get

dF _ 4x10°
dt T 15 x 10

is less than the period of vibration of greenlight; R must

Rp,sin Ri;

or the maximum value of % is

4x3x10% ,
T5x 107 P =5

Now at present we know nothing about py; but it must be
very much greater than the mean velocity of the air-molecules,
which is about 5 x 10%; if W§‘ substitute this value for it, we
d

dt
force to be about 4 x 10, or about 5544 of a volt per centi~
metre. Now, for sunlight the maximum electromotive force
is about 6 volts per centimetre (Maxwell’s ¢ Electricity and
Magnetism,” § 793) ; and when we consider the immense num-
ber of particles which must be striking the glass at each in-
stant, we have no difficulty in conceiving that the magnitude of
the electromotive force due to the moving particle may be suffi-
cient to cause phosphorescence. To show the rapidity with

get the maximum value of or the maximum electromotive
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which these electromotive forces diminish with the distance,
we will take the case of a particle stopped by a screen at a
distance of 13 of a millimetre from the glass, and compare
the electromotive force at the glass with the electromotive
force which would be produced at the glass if there were no
screen. By substituting in the formula giving the electromotive
force, we find that the electromotive force at the glass when
the screen is present is only about 1345 of what it is when
the screen isaway ; and as the intensity of the phosphorescence
will vary as the square of the electromotive force, we see that
when the screen is present the phosphorescence is quite im-
perceptible. This explains an experiment of Goldstein’s, in
which he coated the glass with a layer of collodion whose
thickness he estimated at a few hundredths of a millimetre,
and found the glass behind quite black.

§ 5. To find the effect produced by a magnet on a moving
electrified sphere. To do this we shall calculate the kinetic
energy of the system; we can then, by means of Lagrange’s
equations, calculate the force on the sphere.

Let «, B, v be the components of magnetic induction, «,,
Bi, 71 the components of magnetic force ; if A, B, C be the
components of magnetization,

a=a;+4mA, PB=B+47B, y=q9,+4=nC.
The kinetic energy of the system

= 8L7T fj‘j‘(aal + BB+ yy)dx dy dz.

To get the force on the sphere due to the magnet, we only
want that part of the kinetic energy which involves both the
coordinates of the sphere and the coordinates of the magnet.
We may write the kinetic energy as

81;5‘5"((“2 + B+ —4dmaA —4mBB — 4wy C)dz dy dz.

Let ¥/, G/, 1/ be the components of the vector-potential
due to the magnet alone ; then, by equation (4),

d1_ d1y dB_d& 7

dy R TIZR)T oy E’I

d 1 d 1 dv¥’  dH’
B-/’“e(Pzz;ﬁ*”@E>+“d7—W’ ¢
(gL 1) |
TR R™PyR) T 4 T @y
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The part of the kinetic energy we are concerned with will
evidently be

a2 e D2 %)
!/ A
+<p§£ )R(%_(%)
dG’ dF’
+ (gd.z pdy)
—E%rj‘_y_fﬂﬂw[A(rd—y—qdiz)R*-B P —-ro%)%

d d\1
+ C(q £ —p @)E] dedy dz.
Let us take the first integral first, and take the term depend-
ing on p ; this is

pep dF’_E ___(dG’ dF’)
55‘5‘ S a & R da dy dz.

Integratmg by palts this beeomes
//,ep , d 1 d 1
F ( Sdydet O Ldvde+ 5 g dudy

] de dy dz

ay R dz
/ /
+’“’7’q —d de +‘fiG dadz+d—dzdy)

pep dF’ dG’ il du’ )
R dw dz
2
—F/<d£:2 +Edy~2 + dﬂ)Rdxdydz

The surface-integrals are to be taken over the surface of the
sphere; and the triple integral is to be taken throughout all
space exterior to the sphere

If the sphere be so small that we may substitute for the

dE’

J d .0
of the sphere, the first surface-integral = puepF’;, where I, is
the value of F’ at the centre of the sphere ; the second surface-
integral vanishes, and the triple integral also vanishes, since

al 41 d1

values of &c. at the surface their values at the centre

wrRTapr 2R
and F/ G_/ H/
d d d
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The part depending on p in the second integral

_ kP 41 _0dl .
=773 ﬁ(deR dy R)d“”d”d"

or (see Maxwell’s * Electricity and Magnetism,’ § 405)

Adding this to the term wuepF’; already obtained, we get
’—‘;—pF’l as the part of the kinetic energy depending on p.

We have evidently similar expressions for the parts of the
kinetic energy depending on ¢ and ». Hence the part of the
kinetic energy with which we are concerned will

=E. (F1p+ &g +Hp).

By Lagrange’s equations, the force on the sphere parallel to
the axis of

_dr_adl

=e " di di

_pef dF,  dG qu_qu}

V@ Tde VTl @

_pe( dFy 4%, dH, dF,  dFy _ dF, }
= T gy r )

. me dG/I _ dE"l _ dF/l _ dHll }
—2 q(dm dy) "\ dz dw)

= %_e (ger—rby).
Similarly, the force parallel to the axis of y

=";—e(ra1—pcl), N )

the force parallel to the axis of 2

e
= % (pb1—qas),

where a;, by, ¢; are the components of magnetic induction at
the centre of the sphere due to the external magnet. These
forces are the same as would act on unit length of a conductor
at the centre of the sphere carrying a current whose compo-

nents are ;L_ep, ’lﬂ; wer

5 37 g The resultant forcé is perpendi-



Downloaded by [RMIT University] at 16:23 16 August 2013

242 Mr. J. J. Thomson on the Electric and Magnetic

cular to the direction of motion of the sphere and to the mag-
netic induction ; and if @ be the resultant velocity of the
sphere, and @ the angle between the direction of motion of the
sphere and the direction of magnetic induction, the magnitude
of the force

="i2fw~/a2+bz+c2sin9.

It will be useful to endeavour to calculate the magnitude
of this force on a particle of air moving in a vacuum-tube ;
although our knowledge of the magnitude of several of the
quantities involved is so vague that our result must only be
looked upon as showing that the force is of an order great
enough to produce appreciable effects, and must not be looked
upon as having any quantitative value.

Let us suppose that the mass of a molecule of air is 1022
(C.G.8. system) ; that a, the radius of the molecule, = 107;
that, as before, e=K x 8 x 10%6?=K x 3 x 10—2 (this quantity
is probably enormously underrated); and as we know nothing
about the velocity of the charged particles, let us assume it to
be the mean velocity of the air-molecules, viz. 4 x 1075 We
shall suppose the vacuum-tube placed in a magnetic field
whose strength is 10°. Then, by the formula, the accelera-
tion of the particle of air when the magnetic force is at right
angles to its path is about 107; this acceleration would pro-
duce a deflection of about 2 millims. per decimetre of path, a
deflection which could easily be observed. We know from
the experiments of Mr. Crookes and others that a magnet pro-
duces very decided deflections of the molecular streams; and
the direction of the deflections (see Phil. Trans. 1879, part 1,
pp- 154 & 156) agrees with that given by formule (5), if we
suppose that the particles projected from the negative pole are
negatively charged.

§ 6. Lot us now calculate the expression given by Max-
well’s theory for the force between two charged moving par-
ticles.

Let u, v, w be the components of the velocity of the centre
of one of the particles, u/,7’, w’ those of the other ; let R denote
the distance between the particles, e the charge on one of the
particles, ¢ the charge on the other ; let » denote the distance
of a point from the centre of the first particle,  the distance
of the same point from the centre of the second particle. We
shall suppose, for the sake of simplicity, that the particles are
very small; we shall calculate the kinetic energy of the system
and deduce the forces between the particles by means of
Lagrange’s equations.
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The kinetic energy

=1 5“ df+Gd9+Hd7‘)d 2 dy dz.
[l« ¢ 1 AV 10
F= [( da ‘R d.vdyr_'-wdwdzo—') *-2>+e8 7

a2 1 d? 51’2 a’? ’10u
7 /___ ! g / e
Te (u dw27/+v de dyr’ T Tz ds dedzr )( 5 2) ]’

with similar expressions for G and H.

iF_1r/ &1, &1, & 1
d¢ 4w (uaz2;'+vdwdy;+wd‘zdz;

+el< leJr ,d.;zjl : ,dwd~ )]

with similar expressions for % and Z—f Since the particles

are supposed to be very small we shall neglect those terms in
T which depend on @® and o’

The part of the kinetic energy we are concerned with in-
volves the product e¢: let us first calculate that part of it
arising from-the product of that part of F due to ¢ with that

part of —‘f due to ¢. We shall take the line joining the

paltlcle as the axis of x; and for brevity we shall denote
pee'
o2 2

The coefficient of u « in the part of the kinetic energy we
are considering

, d7
= 0-5‘5‘5'( T 72 7 dm dy dz.

Now, for values of >R,
1 1 R dl R 41

by o.

Y der ' 21datr
a1 _a&1 pdl
‘dt T dd dad r

Now, since
dr 1 w P!
da," ” —'( ) 7,"+1 Qn)

where Q, is a zonal harmonic of the nth order ; and since the
product of two harmonics of different degrees integrated over
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the surface of a sphere vanishes, we may substitute in the

integral d_(.i; %f dd2 1,, then, transforming to polars, the
integral
2r Ox (°® 1.
= j‘ j‘f 4Q: 5sinfdopdvdr
0 JOYER r
_16mo
~ 5R °

for vdlues of r< R
— rQy | Qe
;‘7 = + B3 + = +

Now r"Q, is a solid harmonic of the nth order; hence
L. ("Qu) is a solid harmonic of the (n—2)th order; and in
particular 7 (7*Qy) is a solid harmonic of the second order ;
and, by ’the same reasomna as before, we may substitute in the

integral 7 dd (r*Qy) for —— pre 1/ Now

. 352t — 3022 (2 + 7 +27) + 3(2? + y? 4+ 27)°,
r Q4= 8 H

2
éi—j(r“QQ =1222—6(y* +2%) =12r*Q,.

So for values of » < R the integral becomes

f j; f 24Q2+ sin 6 dp d6 dr

240w

=R
Adding this to the part of the integral for » >R, we get for
the coefficient of ww/, ——%{. The coefficients of wv’ and ww’

vanish by inspection.
The coefficient of v’

d* 1 a2 1
— 2
—ayjj‘ dzdy dy r dad 7 g7 e dy dz.

Now when »>R we may, by the same reasoning as before,
a1 for d
dady r dx dy

222
ﬂ:f{’” da dy dz,

substitute 1, in the integral, and it becomes
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or transforming to polars,

" * sin® @ cos? 0 cos? ¢ .

9 sin @ d¢p 8 dr
) c, 7'
__ 36w
- I3RS
For values of r< R we may, by the same reasoning as before,
2 2

Now

substitute R5 d Tz dy (r*Qy) in the integral for ——

¢ 40 )= .
Cm(“” Q)=—122y;

d pu—
dedy v

making this substitution, the integral becomes

22,2
- ﬁ‘gjﬂ‘ SL"'J/ dee dy dz

j‘ f 36+° sin® @ cos’ 0 cos® ¢ d df dr
I Yo

. 3bwo
15R°

Hence, adding this to the part previously obtained for values
f

of »>1R, we see that the coefficient of v’ from F -~ is zero,

and, similarly, the coefficient of ww’ from this part of the inte-
gr al vanishes. d
Let us now take the terms arising from y G —g da dy dz,

and take, as before, the part arising from the product of that
part of G- due to ¢ with the part of 'q due to ¢, The coeffi-

cient of wu’ in this part will be the same as the coefficient of
vv’ in the former part, and so will vanish.
The coeflicient of v/

dz
= ,ﬁj‘ dJ r dx2 ,dxdg/dz
a1

Now for values of »>R we may, as before, substitute -, -
&1 '
for T 7 and it becomes

(e

By transforming to polars, as before, this may be shown to be

Plil. Mag. 8. 5. Vol. 11, No. 68. April 1881. T
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1607
—5

115 jz (*Qy) for % l, in the integral. Now

367 + 12— 484"
Q)= .
dyz (' Q) 8 g

.. the integral

j’ﬂ‘ (32— 363/ +12z —4827) ;. ay

Y7o

By transforming to polars, this may be shown to be R

Adding this to the part of the 1ntegra1 due to values of »> R,
we get for the coefficient of v?/,

For values of <R we may, as before, substitute

bom

R

As before, the coefficients of uv', vu/, uw/, &e. disappear by
inspection.
The coefficient of ww’

& 1 & 1
- jf dydz v dydz r,dxdyd”

2 2
subshtutmg, for values of »> R, as hefore ddd 1 for ddd~ 1
in the integral, it becomes Y 'y

2.2
G J‘jj‘ 9y‘8z dx dy dz,
1207

which, by transforming to polars, may be shown to be =R
2
77 (" Q)

For values of » < R we may, as before, substitute 5 v a
2
for d 1 = in the integral. Now

dy dz dydz
ay 3z Q) =3ye.
On making this substitution, the integral

9y 2 _ o
yj:f dedy dz= R

Adding thls to the part obtained before, we get for the coeffi-
cient of ww/,

120  3om

*gR'—'l" 5R,OI’30‘1T

From the part of yfj‘ﬂ dax dy dz “hich arises from that

part of H due to ¢ and that part of — due to ¢/, we can see,
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by the precedmg work, that the coefficient of uw’ is zero; the
coefficient of vv/ , 3amr; and the coefficient of ww’, bor. Addmg,
we get the whole kinetic energy due to the vector-poten’rul
arising from ¢ and the electric displacement arising from ¢’

e (8uu +(G+3)/+(5+ 3)ww’)

4% (ww’ + v +ww').

We can get that part of the kinetic energy due to the vector-
potential arising from ¢ and the electric displacement from ¢

by writing ¢ for ¢, and o/, v/, v’ for u, v, w re<pectnel_y

Hence, that part of the kinetic energy which is multiplied by e¢’
= 87e (uu +ov' +ww');

or, substituting for o its value,
= "—;)e—le{’(uu’ + vt +uw’).

Or if ¢ and ¢’ be the velocities of the spheres, and € the angle
between their directions of motion, this part of the kinetic

energy
= lg—e]% qq cose,
and the whole kinetic energy due to the electrification

2 &9 | 2 %"
(15 2 + = 15 4, + 2 ng cose) .. (B)
If z, y, 2 be the coordinates of the centre of one sphere,
&/, y/, 2 those of the other, we may write the last part of the
kinetic energy in the form
f:ﬁfl(c_@ do  dydy | de d_z’)
3R \dt dt " dt dt ~dt dt/"

By Lagrange’s equations, the force parallel to the axis of =
acting on the first sphere

-2-4(2)

pee' (d?: dm’_'_dz/ dy dz dz) ’)}
=3 W\t @ T Ta @ )amRrT dt_ ’

T2
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with similar expressions for the components of the force
parallel to the axes of y and 2.

From this we see that if ¢, be the acceleration of the second
sphere, the forces on the first sphere are an attraction

/
’ﬂqg’ cos € along the line joining the centres of the spheres,

3R? ’
pee
a force 3R

/
the second sphere, and a force ng— 71 d% (llf) in the direction

¢1 in the direction opposite to the acceleration of

opposite to the direction of motion of the second sphere.
There are, of course, corresponding forces on the second
sphere ; and we see that, unless both spheres move with equal
uniform velocities in the same direction, the forces on the two
spheres are not equal and opposite. If we suppose that the
two spheres are moving with uniform velocities ¢ in the same
! 2
direction, the repulsion between them is KﬁR—z(l— 'M—I(}S(L),
or if ¢ be the velocity of light in the medium through which

. . ed ? .
they are moving, the repulsion = —m(l— 5(171) Hence, if

the repulsion between two electrified particles is to be changed
into an attraction by means of their motion, their velocities
must exceed »/3c; hence we should expect the molecular
streams in a vacuum-tube to repel each other, as we could not
suppose that the velocity of the particles forming these streams
is as great as that of light ; and Mr. Crookes has, in fact (see
Phil. Trans. 1879, part ii.), experimentally determined that
they do repel each other.

It is remarkable that the law of force between two moving
charged particles, which we have deduced from Maxwell’s
theory, agrees with that assumed by Clausius, in his recent
researches on Electrodynamics (see Phil. Mag. Oct. 1880);
but it differs from Weber’s well-known law materially. Ac-
cording to Weber’s law, the force does not depend on the
actual velocities of the particles, but only on their velocity
relative to each other, whereas, according to the laws we have
investigated, the forces depend on the actnal velocities of the
particles as well as on their relative velocities : thus there is
a force between two charged particles moving with equal
velocities in the same direction, in which case, of course, the
relative velocity is nothing. It must be remarked that what
we have for convenience called the actual velocity of the par-
ticle is, in fact, the velocity of the particle relative to the
medium through which it is moving : thus, in equation (6),
q, ¢’ are the velocities of the first and second particles respec-
tively relative to the medium whose magnetic permeability is u.
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Clausius, in the paper previously referred to, explains the
various phenomena produced by currents by means of this law
of force, and the hypothesis that a current consists of streams
of opposite electricities moving in opposite directions. Now,
since the expressions we have obtained for the force between
the particle do not depend on the specific inductive capacity
of the medium, but only on its magnetic permeability, if we
make this assumption about the nature of a current, it follows
from Maxwell’s theory that the electrodynamic phenomena
produced by a current of given strength do not depend on the
specific inductive capacity of the surrounding medinm, though
they do depend on its magnetic permeability.

Faraday, in his ¢ Experimental Researches’ (§ 1709 and
onwards), describes some experiments which he made to deter-
mine whether altering the surrounding medium produced any
change in the electromagnetic action of a current. The result
of the experiments was that he was unable to detect any such
change ; but in his experiments, though the specific inductive
capacities of the various media tried were very different, their
magnetic permeabilities were all of them very nearly unity.

XXXIV. Theoretical Explanations of the Rectilinear Trans-
mission and Spontaneous Diffusion of Sound and Light.
By Professor Cuaruis, M.A., F.R.S., F.R.A.8.*

WHEN any disturbance is produced at a given position A

in an unlimited mass of elastic fluid of perfect fluidity,
defined by the relation p=a’p between its pressure p and
density p, a® being constant, it is found by experience that
there will be a resulting state of the fluid at a point P, whose
position is taken ad lLibitum, and at all intermediate points
between A and P. In other words, there will be a rectilinear
transmission of effect from A to all surrounding points, with-
out respect to the particular mode of disturbing the fluid. It
may be that a difference of effect in different directions may
depend on the mode of disturbance ; at the same time it 1s
found that a resulting disturbance is produced at all points,
whatever be the mode of disturbance. In treatises on hydro-
dynamics this remarkable fact is left out of consideration. I
know of none in which this problem has been solved, or even
proposed. But it is an admitted principle that when the

undamentals of any branch of applied science, after being
established by observation and experiment, have been ex-

* Communicated by the Author,



