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XXIX. The Intensity of Reflewion of X-Rays by Rock-Salt.
By W. LAWRENCE BrAGe, M.A., Langworthy Professor of
Physics, The Uriversity of Manchester; R. W. James,
M.A., Senior Lecturer in Physics, The University of
Manchester ; and C. H. BosanqQuer, Balliol College,
Ozford *.

Introduction.

A(7CURATE comparisons of the intensity of reflexion
of X-rays by crystal-faces were first made by
W. H. Bragg 1, who measured by the ionization method the
energy of the X-rays reflected by various faces of rock-salt.
He showed that if X-rays of definite wave-length are
reflected at a glancing-angle @ by a face with one or more
even crystallographic indices (e. g. (100) (110)), the in-
tensity of the reflected beam can be expressed approximately
by the formula

A

~ sin?6

o= Bsin2_

where A and B are constants and Is measures the intensity
of the reflected beam of rays. In the case of even orders of
reflexion from faces with odd indices,“the intensities of
reflexion may be expressed by the same formula. When the
observed intensities for various faces and orders are plotted

# Communicated by the Authors.
+ W. H. Bragg, Phil. Mag. vol. xxvii. p. 881 (May 1914).

Phil. Mag. S. 6. Vol. 41. No. 243. March 1921. Y
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against sin 6, the points lie on a smooth curve, showing that
the intensity is a function of  and does not otherwise depend
on the indices of the face or the order of the reflexion.

Theoretical expressions for the intensity of the reflected
beam have been deduced by Darwin * and Compton t. Any
theoretical formula for the intensity of reflexion or diffrac-
tion by a crystal must contain a factor whose value depends
upon the number and arrangement of the electrons in the
atoms. In the case of reflexion, the intensity falls off more
quickly with increase of glancing-angle than the theoretical
formula would indicate, and this falling off must be ac-
counted for by the factor referred -to above. In his paper,
Compton makes use of the relative measurements of intensity
made by W. H. Bragg, and assuming the theoretical formula
for the intensity of reflexion to be correct, he obtains the
relative value of the factor at different angles, and thence
deduces certain possible arrangements for the electrons in
the atom.

A very interesting paper by Debye and Scherrer I deals
with the same question from a slightly different standpoint.
The relative intensities of the diffraction haloes obtained by
Debye’s powder method are measured photometrically.
The authors come to the same conclusion as had been
drawn from the reflexion measurements §, that the falling-
off in the intensity with increasing angle of scattering must
be partly ascribed to the variation in the factor we are
considering.

The experiments described in the present paper have been
made with the object of extending the measurements of
intensity over a larger range of glancing-angles. Further,
a direct comparison has been made between the energy of
an incident homogeneous heam, and its reflexion by the
crystal. The results so obtained have been compared with
those given by the theoretical formula ; and it will be shown
that there is strong evidence that the formula is accurate.
From the observations it is possible to calculate not only the
relative values of the factor, which depends on the arrange-
ment of the electrons in the atom, but also its absolute value
over a range of angles, so that a direct comparison may be
made between the observed value and the value calculated
tor various models of the atomic structure.

* C. G. Darwin, Phil. Mag. vol. xxvii. pp. 315 & 675 (Feb. and April
1914).

+ A. H. Compton, Phys. Rev. ix, p. 1 (Jan. 1917).

1 Phys. Zestschr. xix. pp. 474-483 (1918).

§ Cp. W.H. Bragg, Trans. Roy. Soc. A, cexv. pp. 263~274 (1915).
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Comparison of the Intensity of Reflexion by different Faces.

2. The method employed is fundamentally the same as
that described by W. H. Bragg. Homogeneous rays are
emitted from the focal spot on the target, and are limited to
a parrow beam by a slit termed the bulb-slit. The beam
falls on the crystal, and the reflected beam is received by an
ionization-chamber through a second slit. If the chamber-
slit and the bulb-slit are equidistant from the axis of the
instrument with which the ecrystal face coincides, the
chamber-slit can be set so that it receives all rays of any
particular wave-length reflected by the crystal face, although
the reflexion may take place at various points on the face
owing to irregularity of the crystal structure. This focussing
effeci has been described by W. H. Bragg and one of the
authors *.

The chamber may therefore be placed so as to receive all
reflected homogeneous rays of any required wave-length—
for instance, those corresponding to the K,-line of Rhodium.
If this is done, and the crystal is slowly rotated about the
axis of the spectrometer, very little effect is observed until
the crystal planes come into the position where the equation
for reflexion is satisfied. The ionization then rapidly rises
to a maximum, and falls away again as the crystal passes
beyond this position. The more perfect the erystal, the
narrower the range over which reflexion takes place. No
crystals are perfect ; in all cases the rays are reflected by a
number of facets making a small angle with each other. As
the crystal turns, these come, ona aiter the other, into the
correct position for reflexion, the reflected beam from each
falling on the chamber-slit in virtue of the focussing effect
described above.

The intensity of the reflexion cannot be measured by the
effect observed when the crystal is set at the position which
gives the most intense reflected beam, for the strength of this
beam is dependent on the degree of perfection of the crystal
face. It is measured by sweeping the crystal with uniform
angular velocity through the entire range over which it
reflects, and by observing the total ionization produced in
the chamber during this process. In this way, every part
of the pencil of homogeneous rays will fall at some time on
a portion of crystal which reflects it, and will contribute its
share to the whole effect. Ixperiments made with different
crystals show that the intensity, measured in this way, is
not dependent on the degree of perfection of the crystal,

* ¢X-Rays and Crystal Structure,” p. 31.
Y2
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that it is the same for any one face and order, however the
crystal may be distorted, and is, in fact, a definite physical
quantity on which theoretical calculations may be based.

3. The X-ray spectrometer is of the type devised by
W. H. Bragg, which has been described in former papers.
The ionization-chamber is filled with methyl bromide, and a
potential of 320 volts is applied between the outer walls of
the chamber, and the inner electrode which is connected to
the electrometer. This potential is sufficient to prevent
appreciable recombination of ions with the strongest ioniza-
tion produced. A Lutz-Edelmann string electrometer is
used to observe the charge communicated to the electrode,
its sensitivity being adjusted to about 100 divisions to a vols.
A null method is employed to measure the charge. The
inner rod of a small cylindrical condenser is connected to
the electrometer, the outer cylinder being raised to any
desired potential by a potential divider and battery. When
the crystal is swept through the reflecting angle, a charge is
communicated to the electrometer. This charge is neutral-
ized by adjusting the potential of the outer cylinder of the
condenser until the string in the electrometer returns to its
zero. The potential applied to the condenser is then pro-
portional to the total charge which has passed through the
ionization-chamber.

4. Tt is necessary that the incident beam of rvays should
remain constant. in intensity. A Coolidge bulb is used,
in which the anficathode consists of a button of rhodium
embedded in a tungsten block. A large induction-coil and
Sanax break supply a current of 1-5 milliamperes at a
potential of about 50,000 volts. It is possible to keep the
intensity of the rays constant to within 2 or 3 per cent.
and with the Coolidge tube it is also possible to repeat the
conditions of the experiment on successive occasions in a
satisfactory manner. Such variations in intensity as do
occur are probably due to the irregular action of the break.

5. Superimposed on the homogeneous rays, there is a
general radiation of all wave-lengths which is also reflected
by the crystal. In making a measurement of intensity it is
necessary to allow for this general radiation. When com-
paring the inteusity for two faces or orders, a preliminary
survey is made in each case to enable a measurement to be
made of the effect of the general radiation. The chamber is
set at a series of angles over a range including the angle at
which it receives the homoyzeneous beam: At each position
of the chamber, the crystal is swept through the corre-
sponding reflecting angle and the total ionization measured.
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A series of readings plotted in this way is shown in fig. 1.
The readings are at first approximately constant, being due
to the general radiation. As the position at which the
chamber is set approaches that at which homogeneous rays

Fig. 1.
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are received, the jonization rises rapidly, remains constant
again as long as the whole pencil of homogeneous rays enters
the chamber, and then falls to a value approximately equal
to its former steady value when the homogeneous rays are no
longer received.

6. When comparing two crystal faces, this survey is made
in each case. One of the faces is then mounted in the
spectrometer, the chamber set so that it receives the homo-
geneous beam, and a series of readings taken by sweeping
the crystal backwards and forwards. The crystal faces are
interchanged, the chamber reset, and a series of readings
taken for the other face. This process is repeated several
times, and the means of the intensities for the faces are
compared. The preliminary survey indicates what fraction
of the total intensity observed must be subtracted, for each
face, in order to allow for the general radiation; and when
this has been done, the ratio of the corrected readings gives
the ratio of the intensity of reflexion by the two faces.
A series of readings obtained in this way is given below.
It is a comparison of the reflexion by the (311) face of NaCl,
mounted so as to face left on the spectrometer, of the same
face turned through 180° so that it faces right, and of the
third-order reflexion from the face (100) mounted so as to
face right. The difference between the values for (311) L
and (311) R is due to inaccurate grinding of the crystal
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surface, the effect of which will be discussed later. It can
be shown that, although they differ greatly, their mean
represents accurately the strength of reflexion if the face
were cut true. In taking the readings, the crystal was
turned 5 minutes of arc for every beat of a metronome,
beating 100 to the minute.

Comparison of (311) L, (311) R, and (300) R.

Sweep of  Chamber Potentio- Mean of
Face. erystal. angle,  weter Readings. readings.
o . o o . scale.
@)L 850-1120 2050 2 (71,73,73,72) 72:2

(31)R  1005-1235 2100 2  (b7,55,58,57,56,56) 565
BIL  850-1120 2050 2 (73,74,74,75) 740
(BOOR 1730-2000 383 3 (77,78,78,78) 778
(BIDL  850-1120 2050 2 (72,71,70,72,71,70) 710
(300)R  1730-2000 382 3  (78,78,79,80,80) 790

A survey of the three reflexions showed that the homo-
geneous radiation was responsible for 769 per cent. of the
total effect in the case of the (300) R reflexion, 33'0 per cent.
for the (311) R, and 322 per cént. for the (311) L reflexion.
Since the intensity is very much greater for the (300) face
than for the (311) face, different scales on the potentiometer
were used. A reading of 72-2 on the second scale represents
72:2 per cent. of a total voltage of 15-72, the corresponding
voltage for the third scale being 22'79.

Taking this into account and allowing for the general
radiation, one gets a ratio

Mean intensity, face (311) _ 3:22
Intensity, face (300) R~ 1345

In another experiment, (300) R and (300) L were com-
pared, and in this way the relative mean intensities of (311)
and (300) measured.

In order to have a uniform system of indicating both the
order of reflexion and the face at which it is taking place,
the convention of multiplying the indices of the face by the
order has been adopted. Tlus, by the reflexion from (622)
is meant the second order of reflexion from the face (311).

The crystal is not turned continuously during each reading;
its setting is altered five minutes of arc at each beat of a
metronome by means of a series of spokes on the tangent
screw. It would be preferable to turn the ecrystal with a
uniform angular velocity, but it is unlikely that any ap-
preciable crror was caused by the method used. In‘order

=0-2395.
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to make certain that this was the case, the crystal was
turned slightly between each reading, in order to ensurs
that the halting-places did not occur at exactly the same
angles.

7. The faces used in this experiment were prepared by
grinding, and were of sufficient area to intercept the whole
of the incident beam of rays. In general, faces were
prepared 3 or 4 centimetres in length and breadth. The
perfection of the crystal structure may be judged from
the range of angles at which reflexion takes place. In most
cases the greater part of the effect was observed to take
place within less than a degree of arc as the crystal was
turned, the faces being prepared from large blocks of rock-
salt which were very little distorted.

The face should be cut so that it is as nearly parallel to
the planes of the crystal structure as possible. If this is not
the case, there will be a difference in the intensities of
reflexion when the crystal is mounted facing right and left
on the spectrometer table. This effect is described and
explained in the paper by W. H. Bragg referred to above
(Phil. Mag. loc. cit. p. 888). When the crystal face is not
parallel to the planes of the structure, the incident and
reflected beams do not make equal angles with the face of
the crystal. If the glancing-angle of Incidence is less than
that of reflexion, the rays suffer less absorption in the crystal
than when the reverse is the case. The smaller the angle
of incidence, the greater is this effect.

As an example of this effect, the following table gives a
comparison of the 1st-, 2nd-, and 3rd-order reflexions from
a natural face (110) of a ruby crystal (Al;0;). The crystal
hud the form of a six-sided prism bounded by the faces (110},
but had so developed that this prism tapered towards one
end, The angle between the face of the prism and the
crystal planes could be measured by comparing the angles
at which reflexion took place on the right-hand and left-hand
sides. In this case it was 1° 49'. Tt will be observed what
a large effect is produced by the small deviation from truth
in the orientation of the face.

Comparison of (110), (220), (330) ALO;.

FaC8 cevririranrranrieeaenen 110 220 330
Right-hand side ............ 100 610 415
Left-hand side ........ ...... 52 389 395
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The corresponding figures for the face (100) of NaCl are
given below :—

(100). (200). (300).

Right-hand side ......... 100 213
508%*

Left-hand side ............ 1166 21-8

The error in the orientation of the (100) face was in this
case too small to be measured with accuracy; it was
less than 30 minutes of arc.

Since the effect of inaccurate grinding of the face is so
much less for the second order than for the first order, the
intensity of reflexion from (200) NaCl was taken as
standard, and all other intensities compared with it. On
account of ihe difficulty of grinding the face accurately,
there was generally a difference in the intensities on the
two sides. It can be proved, however, that the mean of
the intensities on the two sides can be taken as the right
value without making an appreciable error so long as the
difference in the value does not exceed about 25 per cent.
The intensities were in all cases measured on both sides
and the meun taken. In most cases the difference between
them was small ; for the higher orders it did not exceed
5 per cent.

8. It is necessary to use faces which have been ground.
The strength of the reflexion is very different, especially for
small glancing-angles, when a cleavage surface is compared
with one which has been ground. As an example, a com-
parison is given below of the reflexion from a very perfect
cleavage face of a rock-salt crystal (A) with a similar
cleavage face on a crystal (D), which was afterwards ground
until a layer 1 millimetre thick bad been removed.

The intensity of reflexion from ecrystal (D) was measured
with two orientations of the face. In the first, the crystal
was set so that the edge, on which the knife was pressed in
cleaving the erystal, was horizontal. In the second position,
the edge was vertical and therefore at right angles to the
horizontal beam of X-rays.

Face. Intensity.
A (100). (Cleavage face) .............. 50-8
D (100) before grinding :—
First position ..........cccoeeueee 254
Second position .................. 12-9
D (100) after grinding .........comvvunrenes 100

Hence D (100), after grinding, reflected eight times as
well as in the second position before grinding.

* The difference between right-hand and left-hand sides was less
than the error of determination.
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Comparison of 1st, 2nd, and 3rd orders :—
(100). (200). (300).
Crystal D (after grinding) ......... 100 184 41
Crystal A (cleavage face) ............ 50-8 181 47

These comparisons were made for reflexion on the right-
hand side only, and must be regarded as approximate.

In this case, as in the case of the error due to inaccurate
grinding, the effect is much greater for the first-order
reflexion. On account of this effect, intensity measure-
ments of the (100) reflexion are doubtful, and this provides
an additional reason for using the reflexion (200) as
standard.

The difference in intensity for the two positions of the
D cleavage face indicates that the reason for the imperfect
reflexion may be due to a distortion of a freshly-cleaved
surface. A cleaved surface has a rippled appearance, the
ripples being parallel to the line on which the knife-edge
was pressed 1n cleaving the crystal. The range of angles,
however, over which the crystal reflects is no greater for a
cleavage surface than for a ground surface, so that it would
not appear that the imperfect reflexion is due to small
variations in orientation of the face. Measurements made
at various stages in the grinding down of a crystal face
indicate that the effect is deep seated, and a depth of a
millimetre at least was removed from the face D (100)
before it was used in obtaining the results given in this
paper.

9. Certain precautions must be taken in order to ensure
an accurate result.

The ecrystal must be swept through a range of angles
sufficiently great to ensure that all the facets add their
share to the total effect. A range of three degrees is
generally used. To check whether this was sufficient,
a larger range was used in certain cases. This increased
the amount of general radiation, but when this was sub-
tracted, the intensity due to the homogeneous rays was
found to be the same as when the smaller range was used.

The crysial planes must be parallel to the axis of the
instrument. The erystal is mounted on a table which can
be rocked about a horizontal axis parallel to the faces, and
the intensity of a high-order spectrum is measured for
various tilts of the face. The crystal is fixed at that setting
which gives a maximum effect. Unless this precaution is
taken, the beam on reflexion may be thrown upwards or
downwards, and not be completely received by the ionization-
chamber.
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A simple calculation shows what the width of the slit of
the ionization-chamber must be in order that all the homo-
geneous rays may enter it. It is advisable to limit this as
much as possible, as the amount of general radiation is
directly proportional to its width. The breadth of the
homogeneous beam may be found by a survey with a very
fine chamber-slit set at a series of angles. For the higher
orders, the chamber-slit must be wider in order to include
the two components of the K, doublet.

10. The comparisons which bave been made are tabulated
below, and the results are plotted in the form of a graph
in fig. 2.

Plane.  Intensity. ~'Intensity. Cosec 6. -EIE x10% iﬂ%’ X108
100 100 16 921 612 24-80
200 19-90 446 4-60 122 1105
300 487 221 307 29-8 549
400 079 089 230 485 2:20
500 0116 034 1-84 07l 0-84
110 504 710 6-50 310 17-60
220 610 247 325 373 612
330 071 084 217 435 208
111 900 300 1062 551 745
222 331 575 531 202 1425
333 058 076 354 355 1-89
444 282 1-68 2:65 172 416
559 0-187 037 212 0-84 0-92
311 1-17 1-09 556 722 270
622 269 1-64 278 16-40 406
331 0-81 090 423 495 2-23
511 061 078 354 374 1-93
711 0302 055, 258 1-87 1-37

The figures in the column headed ¢ Intensity” were
initially expressed in terms of the (100) reflexion, which
was pub equal to 100. Since it was discovered later that
the (200) reflexion was a more reliable standard of intensity,
all the other intensities have been determined relatively to it.
In order to facilitate comparison with figures given by other
authors, its value has been fixed at 19-90, since the ratio
100:19°90 was the most reliable value for the ratio
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(100) : (200). The values for (100) and (111) are, how-

ever, difficult to measure accurately, since the nature of the
crystal face has so great an effect on the intensity, and
the figures given here must be regarded as approximate.

Fig, 2,

3
_ O\xV\

3

n

n

Casec 6

For the other faces, it is believed that the average error
does not exceed 2 per cent., except in the case of the very
small intensities of high order. The smallest intensity
measured is that denoted by (500), and is little more than
one thousandth of the (100) reflexion.

4/‘5—;3’ xi0°

b

<24
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The figures obtained by W. H. Bragg are given below
for the sake of comparison :—

Plane. Intensity.
100 ......... 100
200 ......... 187
300......... 625
110 ......... 41-0
220......... 705
222 ..., 24-4
444 ......... 420

11. In fig. 2 the square-root of the relative intensity has
been plotted against the cosecant of the glancing-angle.
By plotting the intensities in this way, the approximate
relation found by W. H. Bragg—that the intensity varies
inversely as sin® f—is made evident.

All the points lie on two smooth curves, showing that
they form two groups within each of which the intensity is
a function of the glancing-angle alone. For instance, the
reflexions from the faces (511) and (333) occur at the same
angle, and the corresponding intensities 0-74 and 072 are
identical within the error of observation.

The points which lie on the lower curve are those for
which all the indices are odd—the faces (111), (311), (331},
(333), (511), (711), (555). These reflexions are from planes
which contain alternately sodium and chlorine atoms. The
wave-train reflected from the planes containing sodium
atoms is 180° out of phase with that reflected by the plane
containing chlorine atoms. The other reflexions are either
from planes which contain both sodium and chlorine atoms
and are identical in their nature, or are reflexions of an even
order from planes containing sodium and chlorine atoms
alternately. In both cases the sodium and chlorine atoms
reflect wave-trains which are in phase with each other.

Since the square-root of the intensity has been plotted,
this may be taken as being proportional to the amplitude
of the reflected wave-trains. The upper curve, therefore,
represents the sum of the amplitudes due to sodium and
chlorine atoms, the lower, the difference of these two
amplitudes.

Comparison of Incident and Reflected Beams.

12. The rays from the bulb consist of heterogeneous
radiation of all wave-lengths over a certain range, super-
imposed on the homogeneous radiation whose intensity of
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reflexion has been measured. In order to compare directly
the energy in the incident and reflected homogeneous beams,
it is necessary to obtain a homogeneous beam by reflexion
from a crystal face, and observe the total amount of radiation
reflected by a second crystal, turning with counstant angular
velocity, on which this homogeneous beam is allowed to fall.

Fig. 3 shows the arrangement of the apparatus to effect
this. The rays from the anticathode were reflected by the

Fig. 8.

)

crystal C; so as to pass after reflexion through the collimator
slits of the spectrometer. The incident beam was not limited
by slits, but by heing forced to pass on reflexion around the
lead wedge W *, the edge of which was pressed against
the crystal face. The position of the bulb and the orientation
of the erystal face were adjusted until the reflected beam
passed truly through the axis of the spectrometer. This
beam fell on the second crystal C,, which was rotated with
uniform velocity o, and the total amount of radiation

% Cp. Seeman, Phys. Zeit. xv. p. 795 (1914).
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reflected was measured in the ordinary way. In this case,
since the rays are homogeneous, no allowance for general
radiation need be made.

The amount of energy reflected is proportional to the
intensity of the incident beam, and inverscly proportional

to the angular velocity of rotation. The quantity —F is

therefore a constant characteristic of any one face and
order, where

E = Total amount of energy reflected when the crystal is
rotated with angular velocity w radians per second.

I = Total amount of energy passing into ionization-
chamber when the incident beam enters it for
one second.

This constant :E_?[a_) will be defined as the “ Reflecting

Power ” of the crystal face for the wave-length A.

The chamber was placed so as to receive the whole of the
incident beam (é.e. that reflected from C;). and the effect
measured when the rays entered the chamber for a known
time. It was then turned so as to receive the beam reflected
from (; when the second crystal was mounted on the spectro-
meter table and turned with a known angular velocity.

This was done for the face (100) of NaCl. The reflexions
from other faces are so much weaker that it was not con-
venient to compare them directly with the incident beam.
As a check, an absolute measurement was made of the
reflecting power for (222), which was found to be in agree-
ment with that calculated by a comparison with (100).

A series of measurements gave for the constant

Bo _ 0.000612 for NaCl (100)*.

I
Since the reflecting powers of the other faces have been
determined in terms of that from the face (100), their
absolute reflecting powers may now be calculated. These
values are given in the fifth column of Table I.

[The reflecting power of a face can only be defined satis-
factorily in this way. It may be of interest, however, to
give approximately the proportion of homogeneous radiation
reflected when the crystal face is set at the most favourable

* More recent determinations of this value have shown that the

figure 0°000612 is too high. The value varies somewhat with the nature
of the erystul face, and a better mean value is "00055.
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angle, although this depends on the state of perfection of
the face as explained above. A direct comparison showed
that when a narrow beam of X-rays falls on the face (100)
set so as to reflect it, the intensity of the reflected beam is
about one twenty-fifth of the incident beam.]

Theoretical Formula for the Intensity of Reflexion.

13. Formul® for the intensity of reflexion have been
deduced by Darwin and Compton (loc. cit.). The formula
given by Compton is directly applicable, for he calculates
the total amount of energy reflected when the crystal is
turned at a uniform rate through the reflecting -angle.
That given by Darwin may be extended to this case, and is
in agreement with Compton’s formula.

These formulee are based on the amount of radiation
scattered by a free electron when set in oscillation by rays
of given intensity. It has been shown by J..J. Thomson *
that the amount of energy S radiated per second by a single

electron is given by
4

S 8

P
where P is the energy of the incident radiation falling on
1 sq. em. per second, ¢ and m are the charge and mass of
the electron respectively, and ¢ is the velocity of light.
This expression is confirmed by Barkla’s workt on the
total amount of radiation scattered by elements of low
atomic weight, from which he deduced that the number
of electrons in the atoms of these elements is approximately
equal to one-half the atomic weight. If the incident radia-
tion is plane polarized, the relation between the amplitude of
the electric vector of the incident radiation, and that of the
radiation scattered in any direction perpendicular to the
direction of the electric vector, is given by

Al_ o1
A T meE R

where R is the distance from the electron. To simplify
matters, we will consider that the radiation reflected from
the crystal face is plane polarized in such a manner that the
electric vector is perpendicular to the plane of incidence,
and allow for the “polarizalion factor’’ at a later stage of
the calculation.

[
m2c4 ’

)
T
3

* J. J. Thomson, ¢ Conduction of Electricity through Gases, p. 321.
t C. G. Barkla, Phil. Mag. vii. p. 543 (1904}, and xxi. p. 648 (1911).
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The following is a brief summary of the calculation,
treated in a slightly different manner from that in Darwin’s
and Compton’s papers, where it is worked out more com-
pletely.

If an atom contains Z electrons, and the waves scattered
by these electrons are in phase, the amplitude of the scat-
tered wave will be

, A é
A—R-Z;}‘lgz. . . . . . . (1)

If the spatial distribution of the electrons is such that the
scattered waves are not in phase, the factor, Z must be
replaced by a function F, which depends on the angle
of scattering and the positions of the electrons. F tends
to its maximum value Z at small angles of scattering.

Let rays from a source S fall at a glancing-angle  on a

Jane containing n atoms per unit area, and be reflected.
The amplitude at any point P is equal to one-half the total
effect due to the scattering by the atoms lying in the first
Fresnel zone around the corresponding point of incidence I.
The area of the zone is equal to

A 1P
sin8 " p 40y’

where 7,=SI, 7,=1P. The number of atoms it contains
is therefore
TN 7Ty

—_

sin@ " v 4y’

and the amplitude at P is equal to
12 noh 77y Al n mrg A ¥ ot

' rsin @ ry+ 7y sin@ vy 40y Ty Tmcd’

If » is great compared with 7, so that the incident rays
may be considered as a parallel beam, we get the relation

Amplitude of reflected beam D’ na &2

Amplitude of incident beam~ D  sin8°" “me?’

2

(onsidering now a thin slip of crystal consisting of
p planes at a distance d apart, the reflexion will be most
intense when

mA=2d sin 4.
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At a glancing-angle (6+¢) the amplitude of the reflected
beam will be

. 2d cos 8
Sln(p.ﬂ'.é‘. oy )
Y
U c 2d cos 6
}0.71'. . X

2d cos 0
X ’

If we put p=p.7.¢€.

sin ¢
¢ b
and the energy of the reflected beam is proportional to

sin® ¢

() =5E.

Amplitude =D'p.

1f, now, the crystal is rotated with constant angular
velocity w, the total amount of radiation reflected is pro-
portional to -
T sin®

(D). p? f@ Fadl

t= sin? ¢ de

g

5]

*t© sin? ¢ A d¢
¢ 2pmwdcosf’ @’

—o

: +o g1n?
Since 5‘ 5122¢45¢=7T,

= (D) j

this becomes
DYp.A _pys PN gy ¢ pA
2dcos@.w  ‘sin?f° T mic? "2wd cos 8°
It N = number of atoms per unit volume,

t = thickness of crystal slip,
we have n=N.d, t=pd.

The energy in both the reflected and incident beams is
proportional to the square of the amplitude of the electric
vector. If the energy of the incident beam falling on the

Phil. Mag. S. 6. Vol. 41. No. 243. March 1921. Z
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crystal per second is I, and it is all intevcepted by the slip
of crystal, the total energy reflected will be given by

E a2 ., ¢ PA

1~ sin2 8" mit 2wd cos 6°
or
Ew _ NEA3¢ e et (3
I T 2sin?fcosf = m3! )

In this calculation it has been assumed that the absorption
of the radiation is inappreciable.

As a corollary, we can calculate the reflecting power of a
homogeneous fragment of crystal of volume V. The volume
of the slip irradiated by a narrow pencil of rays is equal

to s_frsx—ﬂ .t, where S is the area of cross-section of the pencil.
From the above formula

Ew N33 , ¢ t

T T 2sinfecosf’ “mitsing’

Now, I=81, when I, is equal to the intensity of the beam
irradiating the crystal, defined as the amount of energy
falling on one square centimetre per second, whence

Eo _ N2A* 7o et
T, ~ sin20°" mict’

v. o0 0@
This result shows that the “ Reflecting power” of a homo-
geneous fragment of the crystal is proportional to its
volume, if the fragment be so small that absorption in it
is inappreciable. ~

We will now assume that the crystal consists of a number
of such homogeneous crystalline particles, set approximately
parallel to each other, but not exactly so. When the rays
are reflected from the face of a crystal, the reflexion by
particles below the surface is diminished by absorption.
It will be assumed that the linear coefficient of absorption u
is a constant. (This assumption will be discussed more fully
below.)

Rays reflected by a particle at a depth z beneath the
crystal surface suffer absorption by passing through a

. 2z :
distance ——5

sin

0

in intensity in the ratio

of the crystal. They are therefore reduced

uz

1:¢ simo,
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By equation (3) the reflecting power of a thickness ¢ of
the crystal is given by the formula

Eo N2V , &

—_— = - —. —53 L.
I 2 sin? @ cos 8 m2et

The total reflecting power of the crystal face is therefore

equal to
0 o e e
_N—X__ . F2 _e; e siﬂﬂd:
2 sin? @ cos 0 mic* ),
N2)\8 , € sind
T 2sin?fcos 87 m¥* 2u
N?Xﬂ Fz e4 5

= ")-_-—E) . '—2:4 . . . . . - . . - ( )

Qusin28°" mi

Compton gives his formula in the form

p= B NN L

T E; T 2usin 20 A6’

which agrees with this, since his factors N2¢?J* have the
4

same meaning as N2F2;f2—c4 defined as above. Compton

derives the equation by a more complete mathematical
treatment, and has discussed very fully the effect of imper-
fection of the crystal and of the length of the wave-train.
He arrives at the same formula, whatever assumptions are
made.

This expression must now be multiplied by a * polariza-
,, 1+ cos?26

tion factor and a “ Debye factor”™ e-Bsin®8,

The complete expression for the reflecting power R is
therefore
Eo _p_ NS , ¢ 14 cos?26
T T 2usin26° T mi%t 2

Le~Bsin?e,  (6)

The Debye Factor for Rock-salt.

14. Debye * gives the formula for the factor which
expresses the diminution of the intensity of reflexion with
rise of temperature in the form

e -Bsin2 0,

* P. Debye, Ann. der Ph%s. (4) xliii, p. 49 (1914),
2
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where the constant B is a function of the temperature, the
wave-length A, the atomic weight, and the characteristic
temperature 8 of the crystal.

W. H. Bragg * made a series of measurements of the
effect of temperature in reducing the inteusity of reflexion
by rock-salt. Intensities were compared at 288° K and
643° K. The results were, within the errors of experiment,
consistent with the ratios given by Debye’s formula. The
latter gives different values for B according to the assump-
tion or otherwise of the existence of the ¢ Nullpunktsenergie.””
Compton (loc. cit. p. 47) gives, as the two values for B in
Na(ll, 46 and 36 respectively.

The mean value for B at 288° C., calculated from W. H.
Bragg’s results, is equal to 4-12, and this will be assumed
in the calculations which follow. To assume that the effect
of temperature on both curves of fig. 2 is the same, is
equivalent to supposing that the average amplitude of
vibration of sodium and chlorine atoms is the same. This
is very probably not the case, and the authors intend to
measure the effect of cooling down the crystal in order
to obtain an empirical law over a wider range expressing
the temperature effect. However, the factor ¢~Be0?¢ does
not affect very greatly any but the smallest intensities
measured, and will therefore not make much difference to
the conclusions to be drawn from the curves.

The Linear Coefficient of Absorption “p.”

15. The coefficient of absorption by rock-salt of the
homogeneous radiation was measured in the usual way by
interposing plates of rock-salt of various thickness in the
path of the direct beam (fig. 3) and measuring the diminu-
tion in energy of the beam. Experiments were made
with plates from 0°05 em. to 0°15 cm. thick. The linear
coefficient of absorption u was found to be 10-7.

In the theoretical formula it has been assumed that u is
constant. Now, W. H. Bragg has shown that in the case
of the diamond, when the crystal is set so as to reflect the
radiation, the absorption-coeflicient is abnormally large.
It was therefore interesting to try whether such an effect
is observable in the case of rock-salt. A slip of crystal
0'92 mm. in thickness with faces parallel to (100) was set
on the spectrometer table at right angles to the homogeneous
beam from C; in fig. 3 and the absorption measured. It was
then turned through an angle of about 66° until the (100)

* ‘W, H. Bragg, Phil. Mag. loc, cit. p. 897.
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planes at right angles to the crystal face reflected the
radiation, the reflexion being observed in the usual way.
On redetermining the absorption-coefficisnt it was found
to have increased by about 15 per cent. This effect is
discussed in Darwin’s paper referred to above, and will
reduce the intensity of the reflected beam. Its effect will be
smaller for higher orders of reflexion, since the increase in
absorption is due to multiple reflexion within the crystal
interfering with the primary beam, and reflexion is so much
weaker in the higher orders.

The effect will not be taken into account in the calcu-
lations, since it is not obvious what allowance should be
made for it. It is to be remembered, however, that the
reflexions from (100) and (110) must be diminished by the
increase in the absorption-coeflicient.

It may possibly be the case that the effect of grinding a
cleavage face, which increases so greatly the intensity of
reflexion, is due to the fact that grinding breaks the crystal
up into a number of small homogeneous crystals oriented
in slightly different directions, so that absorption at the
reflecting angle plays a less important part in diminishing
the intensity of reflexion.

The Comparison of the Theoretical and Observed Results.

16. The formula for the reflecting - power of a face
states thatb

Eo  N2\# 2 ¢ 1400520 g0
I 7 24sin20"" mt’ 2 ) )

Since all the quantities have been measured except F, we

can calculate the absolute value of F for a range of values

of 8.

If the effect of the electrons in the chlorine atoms be
represented by Fg, and of those in the sodium atom by Fy,,
then for reflecting-powers corresponding to points on the
upper curve of fig. 2 we have

F=Fo+ Fxa;
for those corresponding to points in the lower curve
F=F01_FN3*

From the formula

F_\/m me? ﬁ;_\/ sin 20 e+2§sin29
- I & "Nl 1+ cos?20° ?

where N is the number of molecules of NaCl in unit volume
of the crystal.
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Taking

¢ =530 x 107, =107,
m
-10 L ’
e =477x 10 i N=1 (m)
e =3 x10%0, A=0615x10"%,
B=4'12,

this reduces to

hw \/ in ‘)6 +2'06 026
=2143 \/ arsg ¢ :

The dotted curves in fig. 2 represent one-half the sum
of the ordinates, and one-half the difference between the
ordinates, of the upper and lower carves. From these

Fig. 4.
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Values of F for Sodium.
The small circles indicate the observed values.

dotted curves the absolute value of Fy for chlorine, and
Fy, for sodium, can be calculated directly. They are
tabulated below, and the values are plotted against siné
in figs. 4 and 5.
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Fig. 5.
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Values of F for Chlorine.

The small circles indicate the observed values.

The values of F for Chlorine and Sodium are:—

@lancing-angle 6, sin 6, Fo. Fxa
o g
(5 44) (0°100) (11-67) (6-90)
7 30 0-1305 1011 688
100 01736 878 6-26
12 30 02164 772 4-98
150 02588 ©-88 418
17 30 0-3007 614 347
200 03420 556 2:65
22 30 0-3827 500 241
250 0:4226 4-50 191
27 30 04617 401 149
300 0-5000 343 083

The angle between the scattered and incident beams is twice the glancing-
angle 6,
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It will be seen at once that the values of F are of the
right order of magnitude. I should tend to a value 13
for chlorine, and 10 for sodium, as sin @ approaches zero,
assuming the atoms in the crystal to be ionized. The
greatest value of F¢; is 1167, and of Fy, is 6:90, when
sin 8 =0-10.

17. It now remains to take various models of the atom
and see hew the form of the function F calculated for these
models agrees with that actually observed.

It is not intended here to lay much stress on the agree-
ment between the calculated and observed forms of F for all
values of @. The object of the comparison is to demonstrate
that any probable arrangement of electrons gives a close
agreement between theory and experiment at small glancing-
angles, and therefore to prove that the formula for the
intensity of reflexion is very probably the true one.

The first atom model is one in which the electrons are
supposed to be distributed uniformly throughout a sphere
whose radius is 1:02 x 10-% cm. in the case of chlorine,
067 x 108 em. in the case of sodium.

In the second model the electrons are supposed to be
arranged in a series of spherical shells. It is also assumed
that, in considering the average effect of the atom, we may
take the effect of the electrons in each shell to be equivalent
to a uniform distribution of diffracting particles over the
whole surface of the shell. The radii of these shells and
the number of electrons in each are as follows :—

No. of No. of
Chlorine.  electrons. Radius. Sodium. electrons.  Radius.
1st shell ... 2 012 1st shell ... 2 040
204 shell ... 8 041 ond shell ... 8 067
3rd shell ... 8 1-02

The diameters of the outer shells are those calculated by
one of the authors * from crystal data,

In the third model the electrons are supposed to be
arranged on shells of the same diameters as in the second
model, but to be in oscillation about their mean positions
along a line joining them to the centre of the atom with a
total amplitude equal to their distance from the centre.
This extreme case has been chosen to illustrate the effect
of such an oscillation of the electrons on the form of the
curve.

* 'W. L. Bragg, Phil, Mag. xl. p. 169, August 1920,
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The values of F for chlorine and sedium calculated for
these three types of atom model are plotted against sin 8 in
figs. 4 and 5, the curves corresponding to the first, second,
and third models being numbered 1., II., and III. The
measured values of F are shown for comparison as a series
of small circles.

Of the three models chosen, the third type is the only one
which gives diffraction curves of the same general shape as
those actually observed. Both of the other models yield
curves which have maxima and minima. The actual values
of F fall off more slowly than do any of the theoretical
curves, indicating that the distances of the electrons from
the centre of the atom have been taken to be greater than
their true value, both for sodium and chlorine.

The carve for sodium becomes nearly horizontal at some
distance from the vertical axis, and the curve for chlorine
shows a similar tendency. This must be ascribed to the fact
that the reflecting power for small glancing angles is
diminished by the increase of the absorption-coefficient, and
that our values for (100) and (110) are too small. We
know that this effect must exist, since measurement has
shown that the absorption-coefficient increases by 15 per cent,
in the neighbourhood of the angle corresponding to the (100)
reflexion, and the increase at the exact angle of reflexion
may be far greater than this. It is difficult to allow for this
effect. In fig. 4 the circles on the dotted curve have been
plotted so as to give that curve a more probable form passing
through a maximum at 10. The actual values for sin#=0-1
and sin =013 lie well below this dotted curve. In fig. 5
the two greatest values of F have been increased by the
same amounts as for the other curve. This increase is of
the order to be expected from the variation which was found
to exist in the coeflicient of absorption u, but its exact value
is, of course, merely conjectural.

There is another striking feature of the curves for the
observed values of . The curve for chlorine approaches
the axis more slowly than that of the sodium. This is just
the reverse of what would be expected from the relative
dimensions of the two atoms, since we would expect the
electrons to be on the whole at a greater distance from
the centre in chlorine than in sodium. Here, again, the
third type of atom chosen as a model gives results which
agree most closely with those actually observed.

Although it is necessary to check the formn of the curves
for F' by measurements on other crystals before drawing any
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definite conclusions as to the arrangement of the electrons
in the atom, the results so far obtained indicate that :—

(a) The formula for the amplitude of the wave scattered
by each electron holds good, at any rate for small glancing-
angles. The values for F when sin =01 are of the order
to be expected if the curves for chlorine and sodium have
maxima at about 18 and 10 respectively.

(b) A uniform distribution of the diffracting points
throughout a sphere cannot explain the form of the curve,
for the theoretical form of the F function for such a model,
which would coincide with the actual curve at small glancing-
angles, meets and crosses the horizontal axis, whereas the
observed curve falls away far more gradually with in-
creasing 6.

(¢) The general form of the curve makes it probable that
as 0 increases, the outer electrons for some reason become
less and less effective in diffracting the X-rays. The result of
assuming them to be in vibration is that the corresponding
theoretical curve for F falls rapidly at first, and then very
slowly, with increasing 6. It would seem necessary to
make some such assumption, in order to obtain a theoretical
curve approximating in form to that actually observed.

The electrons have been taken to be in radial vibration in
the model, but this has only been done in order to obtain a
theoretical expression in which the effect of the outer
electrons falls away with increasing 6. It may he due to
the electrons having a form such as that of the ring-electron
assumed by Coster * in discussing diffraction by rings of
connecting electrons in diamond.

Unless we suppose that the outer electrons become less
effective with increasing ¢, we must conclude, in order to
explain the very gradual falling away of both curves, that
the electrons are within a sphere of diameter smaller than is
probable. By analogous reasoning, Debye (Phys. Zeitschr,
loc. cit. p. 10) comes to the conclusion that in diamond the
electrons are within a sphere of 0-43x107% cm. radius.
This must not be excluded as impossible, or even very im-
probable ; but if this is assumed, the difficulty remains of
explaining why the curve for sodium approaches the hori-
zontal axis more rapidly than that for chlorine, as if the
former atom were the larger.

A uniform distribution of electrons throughout the volume
of the atom will nut account for the observed curves. A

* D. Coster, Proc. Roy. Acad. Sci. Amsterdam, xxi. No, 6, Oct, 1919,
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mod sl must be taken which has a greater concentration of
electrons neur the centre than that in the case of a uniform
distribution.

An important distinction must be made between the
diffraction of X-rays by a crystal and the scattering of

X-rays by an amorphous mass of material. In the formula
2

e ¢
~-3 Tepresents
the amplitude of a polarized wave diffracted by a single atom
in various directions. Thisamplitude must not be supposed to
be necessarily the same as that which determines the amount
of radiation scattered in various directions by an amorphous
mass of the same atoms in a random arrangement. It is
justifiable to consider the scattering by an amorphous sub-
stance as the summation of the intensities due to the separate
atoms. If the electrons are in vibration, as has been
supposed in the third atom model, their movements will be
slow as compared with the frequency of the X-radiation.
In the case of a single atom which is scattering the radia-
tion, the arrangement of electrons in the atom at any one
moment may be a random one, and the displacements may
be so large and arbitrary that we may simply consider the
scattering as due to a random arrangement of Z electrons,
Z being the atomic number. If the amplitude of the

2 —
scattered wave is I’ 7%;2, F’ may be nearly equal to y/Z for

all angles of scattering, except for very small angles where
all the electrons are in phase and “ excess scattering” comes
into play.

The factor F' will not be the same as the factor F in
the case of the atoms of a crystalline substance. When
examining the reflexion from a crystal, we have a large
number of atoms diffracting waves which are exactly in

for the intensity of reflexion, the guantity F

2
phase with each nther. F7;:—C§ is now the amplitude scatiered

by what we may term the “statistical” atom. In this case
the movements of the electrons are allowed for by supposing
that diffraction takes place, not at single electron points
displaced from their mean positions, but from all over a
certain region for each electron in which all its possible
positions lie, due weight being given to each element of the
region. This has been done in calenlating F for the third
atom model. This region may be so large that the effect of
the outer electrons is practically zero for the higher orders,
and this illustrates the essential difference between the two
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cases. F may become zero for certain values of 6. [, de~
pending on a random arrangement of electrons in each
individual atom, will have no zero values.

18. The model of the atom which agrees most closely with
the observed values of F for the large values of # would be
one of type 3, in which, however, all the figures given above
for the distances of the electrons from the centre of the atom
must be reduced in the ratio 3:2. Assuming this type of
atom, it is possible to calculate from formula (6) the ve-
flecting powers for any plane of the rock-salt crystal. The
figures so calculated are shown by the continuous curves in
fig. 6, and can be compared with those actually obtdined
(represented by points on the dotted curve). It is to he
emphasized again that the comparison is not relative, but an
absolute comparison of the reflecting powers actually observed
and those caleulated from the formula.

Summary.

The absolute values of the reflecting power for different
faces of rock-salt have been measured. The reflecting power
has heen determined for eighteen glancing-angles over a
range between 5° 30" and 30° 0'.

'The values obtained have been compared with those
calculated from the theoretical formula for reflexion deduced
by Darwin and Compton, and it has been shown that they
afford strong confirmation of the accuracy of these formulze,

The greatest care has been taken to make the measure-
ments as accurate as possible, in order that they may serve
as a basis for an analysis of the arrangement of the electrons
in the atom. Possible arrangements are discussed.

In order to confirm the results, the effect of temperature
on the intensity of reflexion must be more fully determined.
The authors intend to make a series of determinations at
liguid-air temperature, in order to be able to extrapolate to
the values at absolute zero. It is hoped to extend the
measurements over a wider range of angles at low
temperatures.

It is further intended to repeat the experiments with KCl
in order to check the formula in this case. Sylvine affords
a simpler case for investigation than reck-salt, since the ions
of potassium and chlorine will, in all probability, have a very
similar structure.

The authors wish to acknowledge very gratefully the kind
assistance given them by Dr. W. D. Coolidge, of the General
Electric Company, Schenectady, to whom they are indebted
for the gift of the Coolidge tube with which the investigations
were carried out.



