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wore than 3 x 10! ohms; with such a resistance a change
in the current of 3Xx107* amp. can be certainly detected.
If a higher resistance is taken the conductivity of the insu-
lation of the apparatus is apt to be comparable with that of
the resistance, and if. as 1s usually the case, the currents
measured are those due to radioactive rays, Schweidler’s
fluctuations prevent any increase in the accuracy of the
measarament *.

In conclusion it may be pointed out that these high re-
sistances appear to provide the most convenient means of
determining small currents of 1071 amp. or less in absolute
measure. They are both cheaper and easier to use than
either standard capacities or quartz piezoelectrics. Perhaps
some instrument-maker will undertake the construction of
such standardized high resistances.

Summary.

Some further information is given as to the high resistances
made of mixtures of xylol and alcohel contained in glass cells.
The conclusions important for the practical construction of
such resistances are given in § 5.

Leeds University, Oct. 1913,

XCVIIL. On the Highest Wave in Deep Water. By dJ. R.
Wirroxw, M. 4., B.Sc., Assistant Lecturer in Mathematics
in the University of Sheffield t.

IT is possible to obtain a fluid motion in two dimensions

with any given curve as free surface. (The “motion”
spoken of in this paper is, throughout, to be understood to
mean steady motion.)
Let the axis of & be horizontal, that of y vertically apwards.
Let z=a+uw, w=¢+u),

* It seems that some persons who have used such resistances (and
also Bronson resistances) tor the measurement of currents have estimated
the current by earthing that end of the resistance which is not attached
to the quadrant of the electrometer and observing to what potential the
quadrant rises, A far more convenient, accurate, and rapid method is to
connect that end of the resistance to a potentiometer and to observe
to what potential that end must be raised m order that the electrometer-
needle should not move when the quadrant is insulated disconnected from
earth. The rapidity of the measurements is then independent of the time
which the needle of the electrometer takes to come to rest. This method
would appear specially suitable for observations of radioactive substances
with a short period of decay. It must be noted thatif, as usually happens,
there is a small “zero E.M.F.” (p. 1048), its effects can be eliminated,
either by subtracting it from the potentiometer readings or, more conve-
niently, by changing the sign of the current. The zero E.M.F. will be
found to be wonderfully constant over days.

t Communicated by the Author.
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where ¢ and + are the velocity potential and the stream
function, 1espect1ve1§

Then the motion for which the free surface is given by
eliminating @ between x=X(6), y=Y(8) is represented by
the equations,

z= X(0) +:Y(6),
' i} } (1)‘

1v=§\/L(J_2gy ) J(X 2+ Y?)d6,
where € is a complex variable, X and Y are functions of @
which are real when @ is real, and X’/ and Y’ denote respec-
dy
de -
For the condition to be satisfied on the free surface,

Y=0, is

tively dl‘ﬁ{a d

7*=C~2gy,
where ¢ is the 1'esultant velocity, ¢. e.
= G = -2y (Y|
But y=01if 4 is 1eal (plonded C—2¢Y is positive),
1. e. g= (O_OQY)X/_J’ =(0—2,Y
XY =7
= C—2gy,

for on the surface, since 8 is real,
2=X(0), y=Y()..

The equation of the free surface may thus be chosen arbi-
trarily. But the converse problem of determining the form
of the free surface when some other condition is given can
only be attacked by tentative methods.

It will be convenient for our purpose to put 8=F(w),
and Y(@)=6. This does not in any way limit the generality
of the result. We then have

1 -
= IV gy~ O o)
and the equation of the free surface is

y=F(¢),

=/ e ~(r@F

1 dy.

J ((‘-—‘;97/)(d'/) -
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The function F(¢) must be real. There must also be a
limit ¢o the form of F owing to the fact that & must be real.

If we suppose that the depth of the fluid is infinite, the
condition to be satisfied is

(]i = 1 when Y= —cw0.

dw ¢’

A function satisfying these conditions is that given by the
equation

9 2
%‘J: sin‘l\/ gF \/2(/}_‘ ( (]F),

for which

z_\/F(’C —F sm -1 ng+LF

where in applying equation (1) we have put C=¢?; and the
equation of the free surface is

2¢* 2% ay
x_\/y( - -—J +4sm 1\/2é )

Since y=TF, and has to be real, the greatest value of
¢*/2g, and the least is 0. Therefore the amplitude of the
wave is ¢?/2¢g, which is the value of y at the crest.

The wave-length is

- P — @
A= 2[\/J(-——y) 7 sin'l\/%:l?y
=22—g(\/3+ Y

=(2~/3+~437~T

=76 a, nearly,
where « is the amplitude
The velocity is given by
2wc¢® 4ma 3 ,
= = =164,
gr A 3/3
1+—
27

2

At the crest, where y= ? we find

da
& =+4/3,

so that there is a sharp angle of 120° in the wave-profile at
this point.
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This result is in agreement with the work of Stokes and
of Michell on the “highest wave” in water. The ratio of
wave-length to amplitude is also in fair agreement with the
approximate value given by Michell¥, but the velocity is
considerably greater. He gives

a/A="142, or A=T704a;

27 ?

and ?="191gx, or ~ =120,

Michell’s series appear to converge fairly rapidly, but the
addition of terms of higher order would certainly tend to
increase his estimate of the velocity.

The wave-profile evidently consists of a succession of ares
of cycloids which meet one another at an angle of 120° If

2¢2 . ,0 .
we put y=~—-sin’;, the equation of the free surface takes
the form <

¢ - -
a=—(f+ sin 0)

2’2 N ¢))
y:;(l—cosg)l

where the whole wave-length is included between 6= —m/3
and §=m/3. Certain easily determinable constants of in-
tegration must be added to the expression for # in the various
cases when @ has any other of its possible ranges of values

on the free surface:—e. g. when §7T <f< 7‘; the constant is
o

¢ ﬁ’_«/3)
g\3 -/

We may verify this result by determining the steady
motion for which equations (3) represent a free surface. It
will be given by

2
zzé [0+ sin 6+ (1 — cosb)],

.2 .
w= EJ v [ —=2¢*(1— cos 0)|2(1+ cos 6) ae,

)

268 - L
=" \/2-_(:55'—9—1(:082{59:
whence

% = sin g\/l -4 sin2g + ;—sin‘1 (2 sin%).

* Phil. Mag. November 1893.



Downloaded by [Universite Laval] at 20:38 25 June 2016

Highest Wave in Deep Water. 1057

We may write the equation for z in the form

g'; =0+ ¢—1e?.
¢

s 93
Then il—b="c A2 cos9—1 (30.63(—9ﬁ
dz g 2dz

— o/ I,

- Ldw |2
This gives = %Z;U

=¢%(2 cos 8—1), when 6 is real,

Z. e. ¢*=c*—2gy on the surface.

Further, the bottom of the liquid corresponds to 8 = — 0
(y=—w, Y= —w ), which makes
dw
dz — "7
as it should be.
Hence equations (3), where it 1s understood that
T<cosf 1,

and that, when € does not lie between

‘_51 and %, the
appropriate constant is to be added to @ in order to make
the arcs of the various cycloids “ fit on,” represent a possible
form of the “ highest wave ” in deep water.

The necessity of *fitting on” the different arcs of the
cycloid leads to a difficulty which cannot satisfactorily be
overcome. There is a discontinuity in the motion across the
vertical lines through the crests of the wave, for the vertical
velocity does not vanish on these lines, except at the crest of
the wave and at the bottom of the fluid; and, moreover, its
direction, but not its magnitude, is changed in passing across
these lines. This necessitates a constant change of momentum
in passing across these lines, which change, it will be seen,
is vertically upwards, so that it can be supplied, and the above
equations will therefore represent an exact solution of the
problem, if we suppose that the bottom of the fluid is a rigid
horizontal plane.

The solution is, however, more interesting when regarded
as an approximation to the actual physical solution of the
problem of determining the form of the highest wave in
deep water. That it can be so regarded is due to the fact
ihat along the vertical lines through the crests v is small.
I find, for @:3(? + g§), the following table connecting
u and v with y:—
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9y % v
0‘2' . E. Z -
—0 1 0
—4-82 ‘912 —024
—2-43 ‘869 —-039
-— 59 747 —034
— 18 658 —023
+ 18 505 —+010
+ 5 0 0

The negative sign shows that the direction of » is downward.

XCVIIIL. Intelligence and Miscellaneous Articles.
ON THE EXISTENCE OF URANIUM Y.
T'o the Editors of the Philosophical Magazine.
GENTLEMEN,—
TWO years ago I gave an account in this Journal (Phil. Mag. xxii.
p- 419, 1911) of experiments which indicated the presence of
a new product in uranium of half period of transformation 1'5
days, which T called uranium Y. KEvidence was given that this
new radioactive substance must be regarded as a branch produet
of the main uranium series. In the May number of this Journal
Mr. A. Fleck described some experiments in which he was unable
to separate this new product, and concluded that the results
obtained by me were possibly to be ascribed not to a new product
but to the presence of thortum in my uranium preparations. In my
reply (Phil. Mag. Aug.1913) I gave reasons for doubting the cor-
rectness of Mr. Fleck’s conclusions, and expressed the view that
it was impossible to explain my results by the presence of thorium
products, as the radioactive constants of uranium Y were quite
different from those to be expected for the products of thorium.

In his experiments Mr. Fleck employed a highly purified
uranium salt which had been prepared some years before by Mr.
F.Soddy, F.R.S. It seems possible that the inability of Mr. Fleck
to find evidence of uranium Y might be due to the removal of its
parent substance in the methods of purification. In order to throw
light on this point, Mr. Soddy kindly loaned to me about 60
grammes of his pure uranium nitrate. 1 repeated my original
experiments with this material, and was at once able to separate
uranium Y from it.

Since Mr. Fleck was unable to repeat my work, I am intending
to publish shortly a paper giving a more detailed account of my
experimental methods. I trust that other investigators will then
find no difficulty in repeating my original experiments.

T am at present making further investigations to determine more
accurately the ratios of the activities of uranium X and uranium
Y, comparing the penetrating rays of uranium X with the most
penetrating rays from uranium Y. I have found that the activity
of the latter must be more than 2 per cent. of the former. This
ratio is of the order of magnitude to be expected if the actinium
series branched off at this point. G. N. ANTONOFF.

Chemical Laboratory of the Academy of Sciences,
St. Petersburg.



