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Hence, at a considerable distance from the centre amplitude

VIAKS

is -

» this being where L i3 small.

Kr
Now returning to equation (25), if plate extends to infinity
V must be zero when « is infinite,

i.e. V=A{(y—log2)J,(pn/KLz) + Y, (pv/KLz)}.
Hence, when @ is large, but not infinite,

- Aym . (m
Ve e SIn(4-\/(KL)M). . (31)

Hence, comparing (30) and (31), we see that at large
distances from the origin on the elementary theory, the
amplitude of the oscillation is inversely proportional to the
square root of the distance, and when radiation is taken into
account, inversely proportional to the distance.

In conclusion I must express my thanks to Prof. Howe,
of the City and Guilds (Eng.) College, to whom I am
indebted, both for the suggestion of the original problem
which led to the deductions in the paper, and also for many
helpful criticisms in the course of the work.

XXXIV. On Plane Waves of Sound. By J. R. WILTON,
M.A., B.Sc., Assistant Lecturer in Mathematics in the
University of Sheffield*.

1. IT is well known that the exact equation for plane waves

of sound leads to a result which cannot hold beyond a
certain time, owing to the fact that the motion becomes dis-
continuous t. The proof given in the text-books depends on

Barnshaw’s solution of the equation of motion, which assumes

a relation between the velocity and the rate of variation of the

displacement with the position. There does not seem to be

any reason for this relation, and the fact of discontinuity does
not depend upon it. The following paper was undertaken
with a view to discovering when discontinuity sets in in
any given case, the initial displacement and velocity being
arbitrarily assigned. Incidentally it will be shown that the
ordinary approximate solution, in which the displacement is
regarded as a small quantity whose square may be neglected,
does not begin to depart widely from the truth until the

* Communicated by the Author.
1 See, for example, Lord Rayleigh's ¢ Sound,’ 2nd edit. vol. ii. p. 36.
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motion approaches the stage in which it becomes dis-
continuous.

2. We take the equation of motion in Earnshaw’s form,
using the notation of equation (4), paragraph 249, of Lord
Rayleigh’s ¢ Sound,” namely,

I\ _ 0%

dx) ot T “aa?
where a*=pyy/po, and v is the ratio of the specific heats.
The general solution of equation (1) may be put in various

forms, of which one is the envelope of the plane (x,t,y being
the current coordinates):

P . 2na _Y—_l>
2 R p 2

(1)

-1

+BnJ__l_<’?—1 P~ L2)} cos (ng+c,),
y=INTT

where p and ¢ are considered as variable parameters, and
A., B,, ¢, are constants.

The form of this solution shows that when 1/(y—1) is the
half of an odd integer, e. g. y=14, the solution will be
expressible in finite terms.

We proceed to derive the solution, in the particular case
mentioned, in a form which will be more immediately useful.
First, by Legendre’s transformation (The Principle of
Duality), we obtain

1+lgi‘ = azggjf
p2

=% o, -
p_a_,cp q—at’ u.—])[c-i—gt Y-

where

Putting v =pv, the equation becomes

y+10% 70T _ 20%
p ap2+2p dp a 3

and, finally, putting

2¢ v71 2a _7%1
§=,;:"1P 2 +q, 7)=7Y‘_T1P -
we have
v, 3
o™ 3—y 9& on

SEan = y=1) Eiq - - - B
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3. In the particular case when y=1'4, its approximate
value, equation (2) becomes

dv  ov
o _ 2(3—E+§71) (3)
o&on E+n 7 0 0 N

and in this form it may be solved by Darboux’ method, and
—though with so much labour as to make it impracticable—
the solution corresponding to any initial conditions may be
obtained. Kach set of characteristics, with the above value
of v, has two integrable combinations, namely,

dg =0, dn =0,
da = 2ady/(E+n), d8 =28 dn/(E+7);

whence

a=(E+TE), - . . . . ()
S=(E+)N ), . . . . . (5)

where ¢ and 4 are arbitrary functions of their arguments,
and «, B, vy, 8 are the partial derivatives of the third order.
¢V, ¥V denote the fifth differential coefficients of their
arguments. The general solution of equation (3) is therefore

v = (E4+1)%¢"(E)—6(E+n)P'(E) +12¢(8)
+ (E4+ )" () —6(E+n)Y'(n) + 124(n). . (6)

We have to choose the arbitrary functions ¢ and 4 s0 as
to satisfy given initial conditions. These conditions may be
satisfied by making the surface (6) pass through a given
curve, and touch a given developable all along that curve.

We may take, that is to say, £, 9, v, %Z_, g—z, to be, on this

curve, given functions of a single variable A, subject to the
condition

dv _dvdE  dvdn
AN dEMT A
say
E=6H0). n=nl), v=u(), D=pi). L=gn)
=¢&o « 7 To ’ o\ BE Po . a,’? FolA),

where ,
v’ = poky’ + qume’.

These equations will give us the values of », s, ¢, «, B, v, &,
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2 2 2
on the curve, where r, s, ¢ denote gé; Ba’g%;’ %;0%, SAY 79, So Loy
a9, Bo, Yo, Oo- For
8§, = 2P0 Qo + 90’
’ Eo+m0

- 7o 2 Pot+ 4o =9 to Potqo
Bo 250‘}"’70 (EO‘*"’IO)” Yo fo+"}o (Eo""?o)"”

pd = mk +smd, ¢ = sofo' + 14705
rg = aofy +Bomy’s  t)' = yyEy + Sy’

To determine the forms of ¢ and 4, we have then, from
equations (4) and (5),

&y 80

¢V(‘§0) =m, ‘]f‘v(ﬂo) =m. . (7)

¢ and +r are thus to be determined by quadratures, and the
results when substituted in equation (6) give the solution
required. '
4. The initial conditions are given in terms of the ,y, and ¢
of equation (1), say,
9y _.

y = f(2), 5t = (¢), whent=0"*,

These conditions necessitate
oy
Ny = f'(#) when t=0.

When the initial conditions are transformed so as to apply
to equation (3), they become

fo= 2L/} +FO) = 5al SO +E ),
Moo= L) T - F) = Bal ()} =FQy),
o= A )
o =AT )

Po=qo= —%j(x){f’(x)}‘%l =~ if(x){f'(l)}ﬂm,
where A is the # of equation (1).

* Earnshaw’s solution (which is the same as Poisson’s integral) of
y-1

equation {1) assumes F(x) =_;,g_a—1{f(a:) } T 7 ie, F(2) =5a{f'(z-)}“l/5

in this case. There does not seem to be any reason for this relation
between the initial displacement and the velocity.
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These equations give
s0 = 2(po+ q0)/Eo+n0) = —2f )52 { /' (M)},

The integration of equations (7) cannot, evidently, be
completed except when fand I are specified functions ; and
even in the simplest case the labour of determining a solution
is considerable.

5. Tt is, however, for our present purpose, unnecessary to
go through this labour. Equation (2) reduces to

[l

se=—=0 . . . . ..

dEan ®
when y=3; and although this is widely different from its
actual value, yet it will appear that, owing to the fact that

97 is very nearly unit , the solution so obtained represents
S y y ¥ P

the facts with a fair degree of accuracy, and we shall be led
to a second order approximation to the solution of equation (1)
which, it so happens, holds for all values of ».

In this case we may take the conditions to be satisfied in a
rather more general form ; e. g, we may take

y=7\+Y(7\)=§(PX'+QT’)d7\., t=TH), z=XM),
b =P()"): ngO\')a

where p and ¢ stand for g‘z and »g‘;/ respectively. IFrom

Lo

these equations we find, using the notation of the second
paragraph, that

=5+Q 1=p-Q
dv_ T QI-a—Y Ov T QT-A-Y
=Pt 0 T TPt
The solution of equation (8) under these conditions is*
given by eliminating € and T between the equations

o= J { szg?g)_Qw)T(e)z—;e_Y(o)} {Q’(@ﬂ%%@ L
oy SR - )

5=ng¥ +Q{), r,=l%0)-—Q(9)-

* See, for example, Goursat’s ¢ Le¢ons sur I'Intégration des Equations
aux dérivées Partielles du Second Ordre,” toni. i. p. 61 or 121
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Moreover,
a_v__ T(7) +Q(T)T(T)—TfY(T)
& 2P(7) 2a ’
v T(8) +Q(€)T(€)—-0—Y(ﬂ) )
o~ 2P(6) 2a ’
whence we find the solution of equation (1), when y=3, . .,
3.’/)4 0% _ 2 0%
(a_x W=adl ...

subject to the couditions (9), in the form

a aT \
(E4Q2) Fl" "Q111+0+Y1)

a a’l, 1 1
~(5-9) (Gt Q=) [{ep +p ) -t @},
aTl ’ a’PI,
;{y(ﬁ-QlTl'i‘e‘*'Yl)(Ql +’P’lg)d‘9
+ (v @i —r- )/ - 5 )ar
P, P,
1 1, 1 aTy aT, 1
+a[a( ) -0+ Q] (55 ~QT- QLA+ Vit 1)
&+@"Q1T1+Q2T2+9—T+Y1_Yz {“(i"'*l“)—Ql'*‘Qz},
P, P,

P, P

where the subscript 1 means that the variable is 8, and the
subscript 2 that the variable is 7. We also have

%Z-Ep: Qu/{a(%—i-})l:’)"Ql“l‘Qé}:

e =He(f-H)-a-al:

The solution evidently satisfies the conditions (9) when we
put @=7 (=\). We obtain the solution corresponding to
given initial values of the displacement and velocity by
putting T=0. Or we may obhtain the solution corresponding

to given values of y and %Z when 2=0, by putting X=0.

The conditions might be given in other forms ; for instance,
one might wish to find the solution such that the displace-
ment was a given function of @ when t=0, and a given

Plil. Mag. 8. 6. Vol. 26. No. 153, Sept. 1913. 2 H
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function of ¢ when #=0. Such solutions may be obtained
fairly straightforwardly, but their importance is not such
as to warrant our delaying to investigate them in this
connexion.

Patting Q=aZ’, T=0, and therefore P=1+Y’, we find
after a slight reduction that the solation of equation (10),
subject to the conditions’

y=ax+Y(x), ¢q=all(z), when t=0,
is given by
{(L_z Nr+Y )+(—~~-1—~+z ')(9+Y)}
1+Y, ™ Pr\L+ YT !

= T T ; g
Ty tiryy At
z=30+7) 4L ~Z;)—% Y(anzlrdg"'yzlzzld")

1 1 )
—£(0_7+Y1*Y2)(W~WMZ1'_Z2 ),

1 1
at = (6—7+Y1‘Y2)/(11T?+m;—z1,+ZZ,).

This solution cannot always represent the motion, for it
becomes discontinuous after a certain time. We shall return
to this point in paragraph 7.

6. To compare this with the ordinary approximute solution,
namely,

y = x+4Y(@+at) + 1Y (2 —at) + tZ(x+ at) — L Z(z—at),

we must expand y in terms of functions of z+at and of
#—at. To do this we make use of the fact that y is nearly
equal to 2—i. e., Y is small.

The reduction is long, but it is a good deal simplified by
taking it in two stages. We consider first the case where
7Z=0, and retain only terms of the second order in the
values of @, y, aud t. We find

¥y =#0+7)+{@— (Y=Y H[1-4Y,/+Y,)]
+ (Y1 +Yo) + 3 (Y =Y ) (Y =Y,
ztat=0+1(Y,—Y,)+ (Y, ~Y,)Y/
+H 0= Y) -3V - Y H(BY, +Y.)],
z—at = 7—4(Y;—~Y,) - (Y, ~Y,)Y,
~— (0 —7) [Y, + 1 (Y -~ Y (Y, +3Yy)].
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And after reduction we find, as a second order approximation
to the solution of equation (10), such that

=a2+Y(z), ¢=0, whent=0,
y=2z+4[Y(e+at)+Y(z—at)]
— i Y@+at)—Y(e—at][Y(z+at) =Y (2—at)]
—3at[Y? (@ +at) - Y3 (2—at)].

The solution in this form is very easily verified. And in
the process of verification we see that the second-order
approximation corresponding to the conditions

. y=2, g¢=aZ/(x), when =0,
is
y =z+4[Z(x+at) —Z(x—at)]
+ 3 Z(xe+at)—Z(x—at)} [ Z' (z+ at) = Z'(x—at)]
—tat[ 2z +at) ~Z*(x—at)].
This solution might, of course, have heen obtained in the

saine way as the other by assuming Y =0.

We note that the last two results are true for the general
equation (1), provided that we substitute Y—l-%l for } in the
four places in which it occurs. This follows by verification.

We proceed to obtain the second order approximation to
that solution of equation (1), which is such that

y=a+Y(z), ¢g=al'(x), whent=0.
We write Y, for Y(a+at), Y, for Y(w#—at), &c., and

assume

v= o3+ )= v Yy -Y) AR PR &

16
1 ' ’ ! r
HHG-T) + N (=B (@~ L) =T 222
+¢(x+at, x—at).

F 2
The first-order terms in %Z and gTE/ are

W (V4 V) 3~ Z)

327/_ 1,2/ 17 7" 1.9(7 11 "y .

'é‘t‘z— 12 (V)" + Y, )+ 4*(Z)" — Z,")
2H2
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y+1 9
wherefore %Z contributes to (g%_) gﬁl ) a second crder
term

7+1a“' Y+ YY) +(Z/ %, ’)][(Yl',+Y2,I)+(ZII’_Z 1

of which only the parts LeL R a"’(Y +Y )Y,/ +Y,), and
')’_‘i'_l 2(Z'_Z2)(Z1”——Z2”), are accounted for without

mvokmg the aid of the function ¢. This function must
therefore be such that

2
(}5_3_%6?—’74-1 [(Y ‘+Y2 (Zlu__z n)+ (YIH—I-Y?”)(Z 7 f):l (11

with the conditions that <I> , and B(i) atreall zero when ¢=0.

Put »tat=06, 2~ at—'r, so that Yl and Z; are functions
of 6, Y; and Z; are functions of 7. Equation (11) then

JHpg 2016

&
»®

becomes
1 ! 1 " " '
a?,g "’+ LY+ Y2 =2, )+ (Y + Y )2 - 25)],
with the condltxona
gg a¢ =0, when 8 =r.

The solution is
1
S atS NORTTON LARES ANS S ANS SANE &/ A

wbere the function + is to be determined by the conditions

9b_09_ 0, when 8 =1,

00 or
which reduce to one. 'We find
V(O) =2(Y,2/d0—0Y,2~Y,Z/+Y,'Z;
and, finally, we obtain as the second order approximation to
the solution of equation (1)
y=2+3(Y;+Y,) +%(Z1—Z2)—7+ 1 X =Y )Y, =Y, +at (Y +Yy)

xz4-at

+"’+1(z1 L) [Ty —Zy—at(Zy +Z ')]+"+1 {2 Y/(6)Z/(6) d

Downloaded by [\(gilfrid Laurier University] at 08:35 23

—2at(Yy'Zy' + Yo'Z) + (V) +Y,) (B — o) — (Y, — Vo) (2 +zz)}
oL . q
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7. We have now to determine when the motion becomes
discontinuous. For this purpose we must return to the
exact equations at the end of paragraph 5. These equations
assume that =3, but it is evident that they give a very fair
representation of what actually happens in a plane wave of
sound,~—assuming, of course, that the equation (1) takes
account of all the facts. The form of the second order
approximation, for example, in the case when y=3 is
exactly the same as when v has its general value.

The motion becomes discontinuous when one of the three
oy O oY
0z¥ dzot’ o
becomes infinite. It is evident, however, that they all
become infinite together, so that we need consider only
one of them.

partial derivatives of the second order,

We have
% _ (B_P a,é__ai@f) 9z 9t _d« ot
o#* \OT 00 0odoT /(BT 960 96 o7/’
where p=: gi ; so that g;?{, becomes infinite when
3w dr_2edt
9T 98 dfor 7

which after reduction leads to

A+ Y@+ Y + V) — U+ Vi) 1+ Y ) (% - Z,)]
=(1+Y)(0—7+ Y —Y)[ Y, —Z,"(1+Yy)?], (18)

or
A+ YPIC+HYY + Y-+ Y) A+ Ys) (2 —2,)]
+ L+ Y )0 —7+ Y=Y [ Vi + 2" (1+ Y] =0. (14)

To find the time corresponding to these equations, we

" have

1 1
at = (0—T+Y1—Y2)/{1+Y1/+1+Y21 Z1I+Z2’} ;
i.e.,

at = (L+ Y/ [Y, =2 L+ Y, .« . (15)
or

at = —(1+ Y P[[Y "+ Z,"A+Y/)]. . (16)

The time required is the smallest positive value of ¢
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given by equation (15) or (16) when 8 and T are given by
equation (13) or (14) and

z =40+ § (L+Y,)Z/d0+14 [ (1+Y,)ZJdr

1 1 , '
—}(0—7+Y,—Yy) {ﬁY’Y—W_Zl —Zy }

If we retain only the terms of lowest order,

at = %(0_7) = 1/(Y2”'—Z2”)’ } .. (17)
X = %(0-'—7) + %(Y]”"Ygl + Z1/+ Z2’) (6—7),
or
at = %(0—7') = —1/(Y1”+Z1”), 9 .
with the same value of @ as in equation (17).}

. (18)

8. A glance at equation (12) shows that the first order
approximation

y=a+i[Y(z+at)+Y(z—at) + Z(z+at) — L(z—at)]

ceases to hold when
x+4at

at(Y,? =Y, +Z,*— 2, +2Y,'Z,' + 2Y,'Z,") —2f Y,'Z,'dé
z—at
ceases to be small compared with

Y+ Yo+ 2, -7,

where Y, and Z, are functions of #+at, Y,, Z; of —at.

It is evident that ¢ is in general of the order of magnitude
of the least value of the reciprocal of Y, which is the same
order as that given by equation (17) or (18).

In the particular case when Y +Z = 0, which, in the
ordinary approximate solution, represents a single pro-
gressive wave,

y=z+Y(x—at),

the second order approximation is
z+at

y= w+Y(.z~—at)+%i l:QatY’2 +§ Y'?(6)dd |,
—at
which ceases to hold after a time ¢ whose order of magnitude
is given by -
at = Yg/Y2,2 3

i.e., at is of the order of the reciprocal of the amplitude
of the wave.
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The motion becomes discontinuous after time ¢;, where
at, =1/2Y," = L(6—r),
6 and 7 being connected by the relation
2= 404 )—1Yy(0—7) = L0+~ Y27y,
To take a simple numerical example, suppose

Y(z—at) = Asin [w(e—at)/c].

Here
at = A[w?A, at, = —c*/(2n°A sin wr/c),
where
—7 = _ cosec ™.
7 A ¢’
¢ 7T
O+7= 20— ‘cot—;
T ¢
so that
0
¢? o TT
'r-—-z'+ cosec — — —cot —.
wiA ¢ 2w ¢

For a low note, just audible, we may take ¢=200 em.,
it.e. a frequency of 80, and A=10"¢cm.*; so that the
equation for T is

100 |, =+
= o42.10° 209 ot T
T =2a+2.10%cosec -~ 200 - 001:2OO
whence, for moderate distances, 7=—(2.10°+100) is the
smallest negative root, and

at, = $(0—7) — x—v=2.10°%,
i.e.,
t; = 10° sec. nearly ;

while ¢ is of the same order of magnitude. The motion
of the air due to a low, barely audible note is therefore
such that viscosity and other influences will cause the
motion to cease long before discontinuity sets in.

But a high, lond note, on the other hand, gives rise to a
motion which instantly becomes discontinuous. Let us
take, for instance, ¢=2 cm., i. e. a frequency of 8500,
and A=10"? cm.§ In this case the equation for = is

T

ar 1
T = 2+ 20 cosec ~2~—;cot R

* This is well within the range of audibility. See Rayleigh’s
¢ Sound,’ vol. ii. § 334, p. 439.
+ This is the amphtude of the sound-wave, at a distance of 1 em.

from the source, in the experiment deseribed on pp. 4384 & 435 of
Lord Rayleigh’s ¢ Sound’ (vol. ii.).
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Whatever the value of #, the smallest negative root of this
equation lies between 7= —20 and 7=—22; so that

at, = 3(0—7) = a—7;

. €. a+20

L€ 4= 'Jm = 1073 sec. nearly,

if #is not greater than about 20 em., and ¢ is of the same
order.

It is evident that the value of ¢; cannot greatly vary with .
The reason for the appearance of 2 in this equation is that
$(0—7) was treated as large in forming the approximate
values of x and ¢ in equations (17).

The result ¢{,=107% lends weight to the hypothesis that a
very shrill note, e. g. a hiss, is not propagated in the same
manner as an ordirary sound-wave.

When conductivity of beat and viscosity are taken into
account, it bas been shown by G. I. Taylor * that the motion
in an ordinary sound-wuave does not become discontinuous.
The present paper is to be taken merely as an attempt to
follow out the motion, before discontinuity ensues, on the
assumption that equation (1) takes nccount of all the facts.
With what happens in the neighbourhood of a discontinuity,
when viscosity and conduectivity are both zero, we are not
here concerned, and the problem is one of little physical
importance, though from a purely mathematical point of
view it possesses a certain interest.

XXXV. Tke Ions from Hot Salts. By O. W. RICEARDSON,
M.A., D.Sec., F.RS., Professor of Physics, Princeton
University .

Vl‘HIS paper describes the results of experiments which

form a continuation of earlier work carried out in this
laboratory, partly by the writer.} and partly by Dr. C.
J. Davisson §. Some of the main points bave already been
briefly indicated ||. The chiet object of the investigation
has been the measurement of the specific charge or the
electric molecular weight of the emitted ions ; but in certain
cases other points which secmed to be of interest or importance

% Proceedings of the Royal Society, A. vol. Ixxxiv. 1910, pp. 871-7.
¥ Communicated by the Author.

1 Phil. Mag. vol. xx. pp. 981, 999 (1910) ; vol. xxii. p. 669 (1911).
§ Phil. Mag. vol. xxin. pp. 121, 139 (1912).

ii Phys. Rev. vol. xxxiv. p. 386 (1912).



