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On Certain Problems of Two-Dimensional Physics. 761

electron or even a positive ion (of smaller radius so as to
possess greater mass) could rotate and something like a
magneton would be the result, even if the elastic constants
were not supposed to be infinite. Actually, however, the
electromagnetic * potential ” energy will produce effects
analogous to those due to a mass density varying from the
centre to the circumference. By supposing A and p to
be infinite, the * semirigid ” rotating electron (electron-
magneton) could still be used as an bypothesis consistent
with the Principle of Relativity.

LXXXII. On the Solution of Certain Problems of Two-
Dimenstonal Physics. By J. R. Wiurox, M. A., D.Sc.,
Assistant Lecturer in Mathematics at the University of
Sheffield *.

1. A GENERAL method of solution of certain types of

physical problem, in which the boundary considered

consists of a single analytical curve, may be founded on the
obvious remark t that the transformation
z+y=X(1)+:Y(7),

in which 7=%—f, and X and Y are real when = is real,

makes the real axis in the 7 plane correspond to the curve

2=X(n), v=Y(), . . . . . {1
in the ¢+« plane. We may therefore take the equation
of any analytical boundary in the form

E=0,. . . . . . . .(a

or, if d=n+ €, we have
=T.

For the sake of brevity, we shall denote X (%) by X, X(7)
by X;, and X () by X,, with a similar notation in the case
of Y.

In the simplest type of problem we are required to deter-
mine a function v from

V=0,

together with the conditions =7 (), M:F 7) on the
g ¥ 3n (

boundary, where dn is an element of the outward drawn
normal. The solution is

V=HIO+ 7@+ | (X4 Y By,

#* Communicated by the Author.
+ Cf. Forsyth, ¢ Theory of Functions,” § 265, p. 624 (2nd edition) ; also
Jeans, ¢ Electricity,” p. 264.

Phil. Mag. 8. 6. Vol. 30. No. 180. Dec. 1915. 3D
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But, in general, the boundary conditions are not alone
sufficient to determine 4, and we have to resort to other
means in order to obtain the final form of the solution.

In the examples that follow the endeavour has been to
give a consistent exposition of the mode of attack on the
problems of most frequent occurrence; hence the inclusion
of a number of well-known results.

Hydrodynamical Problems.

2. If in hydrodynamical steady motion under forces whose
potential is Q(«, y) the curve (1) is a free surface, we obtain
the stream function (Harnshaw’s) 4 by means of the
boundary conditions y»=0,

3+ @) =ovsmen

where (! is constant, together with /%Jr=0. The result is

]
\,,=2£J (X2+ Y23 {C+20(X, )} dn.
T
The theory of plane progressive waves may be based on
this result, but the work is practically identical with that
of the well-known method due to Stokes.

3. The motion of a cylinder of any form in perfect fluid
at rest at infinity may be obtained with equal ease.

Let the cylinder be moving with a velocity whose com-
ponents parallel to the axes are U and V, and let it be
rotating with angular velocity w. Then we have V=0,
and on the cylinder

oY _y9y _y9_ (0%, Oy
3. =Ug -~ Vg, —o(=5,+v5))

i. e Y=Uy—Ve—Liw(z?+y?)

when §=7. And thus

1
Y= % {FO)—-TF(@)}+1U0(Y1+Y,) - V(X + X))
'—;]iw (X12 + X22 + Y12 + Y22) N
where the function F is to be determined from the fact that
4 is nowhere infinite and vanishes at infinity.

As an illustration we take the familiar case of the elliptic
cylinder, for which

X=ccoshAcosn, Y=csinhAsiny.
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So that
¥r= 5 {B(8) ~ F(r)} + $DU(sin 0+ sin ) —aV (cos 6+ cos )

—3wc?(2 cosh 2N + cos 26 + cos 27),

where a=ccoshA, b=¢sinhX,
Hoence, finally, omitting a constant,

YU=¢"¢(bU sinn—aV cos n) —1wc® ¢7% cos 21).

4. TIn the case of a vortex filament bounded by the curve

(1), we have, within the vortex V% Jn=2¢, and without the

vortex V=0, where &, supposed constant, is the vorticity.
And on the boundary we have

Y 9
a_‘l’n = —B}% v Yo=vYi=lo(2®+y°),

where it is assumed that the vortex rotates with constant
angular velocity w. At infinity 4, must take the same form
as the gravitational potential of a cylinder of the same form
and of density —2#{. Further, in order to avoid infinite
Oy oY
OY: and OY°
9F " am

of the transformation

z=x+y=X(1)+cY(7),

velocities, must vanish at the singular points

o~

namely, the points where jll—; =0, ¢. e.
X!(r) = —eY'(n),
and therefore X'(0)=:Y'(0).
We easily find
ri=4¢(a*+ y*) — é_'z_w XP2+X2+HY2+Y D)+ %}{F(T)—F(G)},

[}
ro=10(X?+ X2+ Y+ Y,?) + g—bj‘ (XY'~X'Y)dn+ ;TL {F(7) —F(6)]

where I is to be determined by the conditions given above.
The case of variable vorticity may be treated in the same
way. Itis evident, however, that the problem is precisely
the same as that of determining figures of equilibrium of
rotating fluid, where @ is put for —w? and ¢ for —2p.
(See §§ 10 and 11 infra.)
3D2
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We take, by way of illustration, the hypotrochoid of »
oscillations,

&)

This includes the ellipse when n=2, and when b is not too
large—the greatest possible value for & is 1f(n—1)—it
represents a circle disturbed by an harmonic inequality with
n maxima. Wae have, in fact,

z2=a cos n+ b cos (n—1)n,
y=asing—>bsin (n—L)n.§

7%= a%+ b% + 2ab cos ny,
and if b is so small that squares of &/a may be neglected,
r=a+ b cos ny,

and 7 differs from 8 by a multiple of b/a, where » and 8 are
polar coordinates.
In general, we have

iy =a 4 p e =DE+m)
a?+yP=a? % 4 b2 e 2P DE 1 24h ¢~ ("= 2K oo
X+ X2+ Y24 Y,?) =a? + 62+ 2ab cosh nE cos ny,
;—Lj‘:(XY' —X'"Y)dn={a*—(n—1)b*}E— (1—2/n)ab sinh nE cos n.
And therefore, provided that the boundary does not cross
itself, ¢. e. provided that b 3 1/(n 1),
Vri=1{(a® + v — a®* — b2 — 2ab cosh nf cos ny)
+ wab e eos ny+ (1—2/n)&ab sinh 2 cos ny
Yro=wab e~ cosnn + {a?— (n— 1)b?} EE.
The singular points of the transformation are given by
nE=log {(n—1)bla}, ny=2km,

where £ is an integer or zero. Thus  is determined by the
condition that 9vyr/0E=0 at these points. We have

@ 1 (n—=1)*8

e =1—=.. .
¢ n n a?’

and
W= B + 4= 07) — Llab) [0 + (n— 1o e~} cos m,
Vo=¢{a?— (n— 1) HE+ [ (n—1)b/na] e~ cos ny}.
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In the case of the ellipse, n=2, we have the well-known
result

o/f=4(a’+b%)[a’
where a+5, a—b are the semi-axes. And in the case of the
n-cusped hypocycloid, for which b=a/(n—1),
oft=1—2/n.
As a corollary to the general case we notice that
Yv=1¢{a? + 42 —2[a?— (n—1)b*] E—2ab[e " + (4/n) sinh n£] cos ny)

satisfies the equation Vr=2¢, which is a particular form
of V=7 (¥), and is such that the velocity vanishes on
the cylinder (2). It therefore represents a possible motion
of viscous fluid within this eylinder.

5. In the case of viscous fluid motions so slow that the
squares of the velocities may be neglected, we have

ou 1op 2 2
oY G T .
3¢ Pa&”+yv 45 3y vV
And in the case of steady motions this leads at once to

V=0, . . « . . . . (3

with the conditions u=v=0 on the boundary.
The general solution of (3) subject to these conditions is
easily seen to be

o R/
yr= ;.L { F@) —F(T)—xj; b %

together with a similar term, with y, Y in place of «, X,
which may be written down by symmetry.
In the case of the ellipse, for which

&+ ==¢ cosh (A +E4m),
we have

1
¥=5,{ Flo-+18)=F(n—eb) N
7+t
—sech A cos 5 cosh (A + f)jv F/(n) sec ﬂd"l} -+ &e.
n—i

TIn accordance with a result first given by Stokes, it appears
to be impossible to determine a solution corresponding to the
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case of the elliptic cylinder in a steady stream. Consider,
however, the stream function

VB3
1 A B
v=(A+B)¢E— Z‘f (—; secn+ —b'lcosec ’Y)d'ﬂ
n—i
_ Az _, /sinh 4 By, _,(sinh ‘g‘)
=(A+B)E- o e 1( cos 07>_T tan (sinn :

We obtain the velocity at any point from the formule
_DYDE YR, DUDE DL
of 9y ' on oz’ of ox " on oy’

And we have immediately

u

F =8+B—2% L cinh (r-+.£) cosptan(

sinh f) cosh £cosh (A + )
cosn It (sinh® E/cos? n)
sinh f) cosh Esinh (A + £)

sin g 1T (sinh® &/-1n%9) §’

34 = % cosh (A +£) sin n{tan‘l(Sinh E) sinh £ cos 9 }

K cosn / sinh?E+cos?y

_ Ebc sinh (M+8) cosn {tan“(smh E) sinh £sin g } .

sinn /™ sinh? E+4sin® g

—%ﬁ{cosb (A+E)sing tan‘l(

At infinity we have

g%: — %Ce""'f(é cos n+ ;)Di sin q;),

a
ST‘P =7—:{e"+5 aé sin 2 — ]; cos 77)-
And therefore
we—TB _TA
267 T 2a

Further, on the ellipse £=0 we have u=v=0, provided
that neither cos  nor sin % vanishes.
In the neighbourhood of the extremities of the minor axis
put
sinh £= tan $u cos 7.
Then, at these points,

A . A - B
u= Q—b(,u,— sin p), v= 2—b(l+ cos u) + 5o

where —m < pu <, but u is otherwise arbitrary,
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Similarly, in the neighbourhood of the extremities of the
major axis, put
sinh £= tan v sin 9,

Then at these points,

u=+ ? — 2a(1+ cosv), v=— QB-a (v— sinw),
where, again, —m <v <, but v is otherwise arbitrary.
And in each case the upper sign corresponds to the positive
end of the axis, the lower to the negative.

The velocity is thus indeterminate, and it is easy to verify
that the vorticity is infinite, at the extremities of the axes.
In other words, eddies are formed at these points. The eddies
do not disappear when the ellipse becomes a circle. And
this appears to be the true explanation of the result obtained
by Stokes in attempting to find a slow steady motion of an
infinite cylinder in viscous fluidl—namely, that such a motion
is impossible.

If the cylinder is moving, with a velocity whose com-
ponents parallel to the axes are U and V, in fluid at rest at
infinity, we have

¥ =Uy—Vat 26U—aV)E

2V (sinhE 2U . _(sinh§
+?.ﬂ,tan (—)—- Wytan (———

. Cos 7 sinng /'

In the case of a circular cylinder moving with velocity V
parallel to the axis of y this becomes

2 2_ 2 2 2

Y= —V.z'(1+ 2 tan-1% Y = )_ﬂ log u :2'2/ .

T Qa2

m

6. For a cylinder slowly rotating with angular velocity o
in viscous fluid at rest at infinity, we have

= ;7 {F(e)—F(T) —wf%de } —lo(a*+37).

In the case of the ellipse it is easy to verify that the stream
function is

Y= —Jwc*{2€ cosh 2n+ e~ 2E+N) 1 cos 29},
which, in the case of the circle, reduces to the obvious result,

Y= —twa? log .
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6a. In the case of a problem somewhat similar to that of
motion in a viscous fluid, which it may sometimes be taken
to replace, namely, motion (not irrotational) in a perfect
fluid, with the condition that the velocity should vanish on
the boundary, the solution may be written down.

Let V21;r=22:= Vi, say.

And let the cylinder bounded by the curve (1) be moving
with velocity components U and V, and rotating with
angular velocity o. Then, when =7, we have

¥=Uy—Ve—{o(a+y7),
oY/dz=~V—wz, 3V/0y=U—oy.

Thus, after reduction, we find

18
=) =4 { X% V) 4% Yo - 1 (1 5% -x'X)ay

¥
+Uy—Vx—%w(X12+X22+Y12+Y22)_2%’ XY ~X'Y)dy.

Remembering that

Pe) 0 1
we may write down the velocity in the form

BX1

w— = OX 1, OX _ 20 SR+ U=V —a(Y, +.X)),

oy ' oz oY,
where y;=x(X;, Y,).

-1

If it is possible to choose y so that this expression vanishes
at infinity, we obtain a solution for the case in which the
cylinder moves through the fluid at rest at infinity., (Cf.
§§ 5 and 6.)

If in addition to making 4 vanish at infinity y satisfies
the equation V*y=0, we have V*»=0, and the analytical
form of the solution is precisely the same as in the case
of slow motion of viscous fluid with the same boundar
conditions. In the problem under consideration in the
present paragraph we are not limited to the case of slow
motions, but it must not therefore be supposed that the
solution may be applied to problems of viscous fluid motion
in which the velocities contemplated are not small. It is
only in exceptional cases that this is true.
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Electrical Problems.

7. The potential of a {freely electrified cylinder is
evidently

$=V+ 5 {FO-F() },
where F is so chosen that, at infinity
¢=—2Elogr,

E being ihe charge per unit length.
Take, for instance, the case of the cylinder

X=acos"yp, Y=bsin*n, . . . . (4
in which » must be a positive integer.
We have &+ wy=a cos” (n —E) + b sin® (n—i£);
and at £= -+,
ZtHy= (f-;;i) S,
80 that log r=n§,

approximately.

Thus the potential of the cylinder bounded by the curve
1) is

¢=V —2zrEE,
provided that the singular points of the transformation do
not fall within the field of variation of ¢. If n > 1 there
2

are singular points at £=0, 7)=0,7§T, o, %r ; i. e. the electric
density is infinite at these points.

8. The potential of a cylinder magnetized transversely
may be determined in the same way.

For simplicity we shall assume that the components of
the intensity of magnetization are derivatives of a single
function J, so that

=9 g__23
A=—g0, B=—3.

V2Qy=0, V?(Q;+4nd)=0,
and on the boundary

—0, 9% _0
D=0, G = 5 (@it drd),

where € is the external, {; the internal magnetic potential.

‘Woe then have
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In addition we bave Q,=0 at infinity, and
00:/08=00:/0n=0

at the singular points of the transformation.
We have immediately

Q,=1 { F(D) =4I (Xy, V) 4 £ (@) =4I (X, Yz)}

+ %{ F(G)"F(T)},
2=4{ /) 47O } ~4mI@ v+ 5, { FO-F@ },

where F and f are to be determined by the conditions stated
above.

As a very simple illustration take the case of an elliptic
cylinder uniformly magnetized. We have, in this case,

J=—Az—By.
And it immediately follows that
Qy=e"¢ {(E+4mal)cosn+ (F+4mbB) sin 5},
0,;=Q,—4m sinh £(bA cosn+aB sin 5).

In this result E and F are constants to be determined from
the values of 90 /O£ and JQ:/d7 at the singular points.
‘We have
00
of

— et {‘(E+47raA) cos 7+ (F + 4=0B) sin'l]}

~— 4 cosh E(bA cosn+aBsiny),
%%i =e—5{ — (B+47aA) sinn+ (F + 4w5B) cos ,,}
+ 47 sinh £(DA sin p—aB cos ).

And these must both vanish when £= —X, sinn=0. Thus
we have

E=—4nA(a+be*cosh\)=—4maA(a+25)/(a +b),
F=—4nB(b+ae*sinhN)=—4mbB(2a +b)/(a+b).
And, finally,
Q,=—Am{ab/(a+b)}e~¢(A cos n+ Bsin g),
Q= —4m sinh £(bA cos n+aB sin 9) + Q..
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9. In the case of a cylinder of dielectric material, we have
directly

Vo=1 { f(® +f(7)} + 5 {F © —F(T)},
Vst { 7@ +7 0 )+ 2 {FO-F@ |,

where V,, K, are the external, V;, K; the internal potential
and specific inductive capacity, and f and F are to be deter-
mined from the usual conditions of finiteness, &e. For the
boundary conditions are

V0=Vi) K avo av

na—g % ag
when 8=r1.

If, however, the boundary be charged to surface-density o,

we must add to V; the term
Qm (9 o rang

Let us consider the simple case of an uncharged elliptic
cylinder of radius a and specific inductive capacity K,
surrounded by air, and in the presence of a line charge, E
per unit length, cutting the @y plane at the point whose
coordinates are zy, y,. Let

rH= {(x—xu)2+ (y - y(;)z}%’

be the distance of the point @,y from the line charge. Then
in the neighbourhood of =0 we have

Vo= —2Llog r.
But, putting
2, +1o=c cosh (A + &+ 1,),
we lhave

= (& —20)" + (y —y0)’
=c?{cosh (A + £+ in) —cosh (A + &+ i) }?
=c*{cosh (§—§&) —cos (n—mnp)} {cosh (2A + £ + £o) —cos (n+7) }.
And therefore, in the neighbourhood of the point &, 7y,
log 7=} log {cosh (§—&) —cos (1—7,)}
=4} log {2 sin (67 ,— &) sin HT—mno+e£0) }
=4 log { [cosh (£ — &) —cos (n—no) ][ cosh (£ + &) — cos (—n0) 1}

1 Jog COSH (E—E) —cos (9 =7) .
* " cosh (§+ &) —cos (=)’
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and to get the corresponding term of V; we have to divide
the coefficient of the second logarithm in the expression last
printed by K. Hence a term of V, is

— B log {cosh (§—&) —cos (n—n0)},
and the corresponding term of V; is
—3E(+1/K) log {cosh (§— &) —cos (1—n,) }
—4B(1—1/K) log {cosh (§+ &) —cos (n—1)}.

But we must remove the second logarithm, since (if £ < )
it becomes infinite at —§y, 7,. By precisely the same
analysis as that just used we thus find a term of V;in the
fOI'lIl

—3E(1+1/K) log {cosh (E—&))—cos (7 —73,)},
and the corresponding term of V is
— {(K+1)*/4K}E log {cosh (§— &) —cos (n—1,)}
4+ {(K*—~1)/4K}E log {eosh (£ + &) —cos (1—0)}-

In order that this last term should take the correct form
at &, 7, we must divide through by (K +1)%/4K; and we
thus obtain a term of V, equal to

—E log {cosh (§—§£;)—cos (n—n)}
+{(K~1)/(K+1)}E log {cosh (§+ &)—cos (n—mn)},
and the corresponding term of V;

—{2E/(K+1)} log {cosh (§— &) —cos (n—mny) }.

At the singular points E=-—N\, 7=0 or m, the part of
O Vi/OE arising from the logarithm in this term is

—sinh (A + &) /{cosh (A + &) = cos 7.},
and the part of 9V,/09 is
+ sinn,/{cosh (A + &) F cosq)}.
Exactly the same terms arise from the expression
—log {cosh (2N + E)+ E)—cos (n+m0)}. . . (6)
Hence a possible term for the internal potential is
—{4BJ(K+1)} log r 3

and we have to determine the effect on V, of the addition of
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the proper multiple of the term (6) to V., This term is
equal to

—{2E/(K+1)} log {2sin [0 +5,+1(2No + )] sind [7+np—o(2A + &)1}
=—{E/(K+1)}log {4sin (¢ + ta) sin (¢ — @) sin (Y~ ea) sin (Y + 1) }
__E log 2 si.n (p+e2) si.n (Y —12)
K+1 2 sin (¢ — i) sin (Yr+ta)’
wheve  ¢=3(0+m,), ¥=%r+mn), a=\+ik.

The term to be added to V,is found by multiplying the
coefficient of the second logarithm by K. Hence

V,=—Elog {cosh (§—&)—cos (n—1,)}

+{(E—1)/(K+ 1) }E log {cosh (£ + &) —cos (n—m)}

—E log {cosh (2A+&,+ &) —cos (p+7,)}

+{(K—=1)/(K +1)}T log {cosh (2A + & —E) —cos (n +1,) }
And we have Vi=—{4E/(K+1)} log r,.

This, however, is not the solution of the problem we set
out to solve, for there is a line charge of strength

—{(K=1)/(B+1)}IE at E=2n+E, 7=2m—7,.

In the case of the circle A is infinite (¢ 0 in such a way
that Lcer=a, the radius of the circle) and the terms given
are sufficient for the complete solution. In the more general
case we superimpose the solution for a charge

{EK-D/E+DIE at 2a+§, 27—7,
thus obtaining the solution of a problem involving a charge
—{E=D/K+DPE at 4r+E&,

And proceeding in this way we have, finally,
Vi=—{4B/(K+1)} §30; (K—1)/(K+1)}"

X {log [cosh (2nA+ & — &) —cos {n—(—)"7]
+ log [cosh {(2n+2)N + &+ E} —cosin+ (=)o} ] },
Vo= —Elog{cosh (§,— &) —cos(n,—n)}

+{E-1D/(K+1)IE log {cosh (&+ &) —cos (y,—n)}
—{4KE (K+1)7}

3 H(R—1)/(K + 1)}~ log [eosh 2t £+ 6
—cos {77— (=) 7041,
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provided that these series converge,—as they evidently do,
for all finite values of &, except that at £=§;, n=mny V,
becomes infinite like —2K logr;. And when £ is infinite we
have

Vo= —{2B/(K+ 1)} — (4KB/(K+ 1%} 3 (K—1)/(K+1)}~¢

=—2B log .

So that all the necessary conditions are satisfied.

There is little interest in the case of the circular cylinder,
as the solution can immediately be derived by the method of
images. But there is some interest in the case of the thin
plate of dielectric, A=0, for the series for V, and V; can
then be summed. For all points outside the plate (which
cuts the zy plane in the line y =0, —¢'< & < ¢) we have

V=—Elog {cosh (§— &) —cos (go—n)}
—E log {cosh (&+ &)—cos (no+m)},
where x+wy=c cosh (§+un).

Gravitational Potential.

10. If V, and V; be respectively the external and internal
potentials of a gravitating cylinder bounded by the curve (1),
we have

ViVi= —dmp, VIV,=0,
and when f=r1,

Vi=V,, 09V./0£=0V,/0¢.
Also Vo> —Alogr asr—w,

where A is a constant, which in the case of constant density
is 2p X the area of cross-section of the cylinder.
Let 4 be determined so that

—4mp =V,
Then

Vimd(e, 9)+31/ 0) +7 (1)} + 5, (FO—-FG)L,
Vo=1{4(6) +9()} + 3, {G(O) ~G(x) .
And we have immediately
.9=f+‘1'(X7 Y),

(1D 3\,
G'=} (\XB—Y Y S )X, V).
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Thus with the previous value of V; we have

f (Y' oY x'a"’)dn,

where / and F are functions to be determined by the form of
V, at infinity, and by the conditions that 9V,;/0E=09V./9n=0
at the singular points of the transtormation, where

Yl = le ) Y2I= “'l/Xg’.
But

5% {‘P(Xl, Y,) + (X, Y2)_,j:9 (Y’ o ’g%!g }

R AT A A

=o,

at the singular points. In the same way the differential
coefficient of the same function with regard to T vanishes at
these points. And it is obvious that the differential co-
efficients of y(2,y) with regard to £ and % also vanish at
the singular points. Hence dV,/d& and QV,[dn vanish
at these points.

This result greatly simplifies the work of obtaining the
potential of a cylinder of any given form. For example,
let p be constant and let

zty=acttm b o Etm b= Aetm) g | 4 e~nlEtom).
Then

WEP+XA4 Y4 YY) and o f (XY —X'Y)dy
contain ¢ only through multiples of cosy, cos2y,

..yc08 (n+1)n. And therefore V, is of the form

—2wp(a2—-bl —2b2 ... —nb2){E+ Aje—Ecosn+ .

+Anpre” D3 cog (n+ 1)77},

and both 9Vy/0€ and 9V,/dn must vanish when

adtin_p o= Etm _9p o ~Aetm) | _pp p—nE+m)_

—F(0)} + 3y Xy, V) +9(X;, Vo))
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Thus

15,
2a

Vo= — 2mp(a?—byf—2bg? ... —nb,2) { E4 o 22005 9y

25y s 7 bn (it 1
+3ae 00537’+"'+n+156 cos(n+1)n‘,

and V; may be written down by means of the general
formula.

The form taken by V, at infinity assumes that the curve
does not cross itself. This, of course, restricts the variability
of the coefficients b,, b,, ... bn

The value of V, may bhe similarly written down in the
rather more general case of the transformation

st y=a,e"Erm g, - DETM L g Et g

+h e EFm e~ HErm g pp,emmETw),
But in this case we have, at infinity,

log r» n§,

and therefore the coefficient of £in V,is —2mwpn x the area
of cross-section, so that a term in £ alone occurs in V. For
example, for the evolute of the ellipse, we have

2+ =a cos® (n—i§) + b sin® (n—i)
=c¢{3 cosh (A+ £+ ) -+ cosh (A—3E—3in) },
on putting
a=4ccoshA, b=d4esinh\.
At the singular points
1+ PN =2 __ —4E—duy _ e2k-—6€—6m=0.

Hence we obtain, by integration,

Vo= —2mpab{E—3e22 9 cos 2n 4 1o~ cos 4y + 3% 239 cos 69},

and therefore
Vi= —mp(a®+y?) + fmpabf + Vo— Fgmpab sinh 4£ cos 47
+ 4mpc?(15 cosh 2£ cos 2y + cosh 6£ cos 67)
+ 3mpc? cosh 2A cosh 4£ cos 4.

It is not possible to pass to the case of the four-cusped
hypocloid by making A > o, 2ce* >0, for the transformations
take different forms at iPMinity.
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Figures of Equilibrium of Eotating Fluid.
11. If the gravitational potential of a cylinder take the
form* C—10?{(2—k)? +4°} on the surface £=0, . e. if it is
possible (in the case of constant density) to have

Vi=—mp{(2—F)* + 9"} +1(2mp— ") (X" + X+ Y P + Y,?)
+5.{F(6) ~F()},
Vo= =1 (X2 + X+ Y2+ Yo%) + $0?k (X + Xy)
+vrpbf (XY'—X'Y)dn + ;t {F(@)—F ()},

then the cylinder is a possible form of equilibrium of liquid
rotating, under the influence of its own attraction, with
angular velocity e.
In particular, the hypotrochoids of equation (2), § 4, are
possible figures of equilibrium if £=0 and
2 ne— b?
o _n—l {1—(11—1)&5}.

2mp T n

Thus for any given positive integral value of n, and for

values of e varying from 0 to 1, the hypotrochoids

2r/ 1(n—e¥) = c(n cos 7+ € cos ny),

ya/ n(n—e*)=c(n sin n—e sin ny),

[with @*27p=(n—e)/(n+1)]
form a linear series of figures of equilibrium (unstable if
n > 1) passing out of the circle of radius ¢. The case of
n=1 is that of the elliptic eylinders, which are stable if
€ < %, the bifurcating ellipse being that for which e=}.
The case of n > 1 is that of the hypotrochoid which passes,
as e increases to umity, into the n+ l-cusped hypocycloid,
after which fluid escapes at the cusps, as is easily verified in
any particular case.

For example, take
z+wy=a & 4 p o—Etm) 4 o g—‘Z(E‘Hn),

and therefore
X2+ X+ Y 2+ Yo?) =a?+ b+ ¢? 4 2be cosh Ecos g
+ 2ab cosh 2£ cos 29 + 2¢ca cosh 3£ cos 39,

1]
:;-LJ" (XY'—X'Y)dn =(a®—b*—2¢%)E— 3bc sinh £ cos n—Lcasinh 3Ecos 3y

* By taking the surface-condition in this form we are really making
use of Poincaré’s theorem that there is a plane of symmetry (y=0)
through the axis,

Phil. Mag. S. 6. Vol. 30. No. 180. Dec. 1915. 3 E
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Thus
Vo=—2mp(a?—b*—2¢*)E— w*(bce ¥ cos n+ ab e~ % cos 29
+ cae~% cos 3n) + ko*{{a + b)e~f cosp+ ¢ e~ cos 29},
Hence

%%_,a_vo = — 2mp(a? b7~ 26%) — ¥ [bo—k(a + B) e~ E+m)

o +2(ab—ke) e~ 2EFM 4 30y o~ HEF MY,
and this must vanish at the singular points, where
a—be2Em) _9, = 3E+m) .
Consequently we have
k=bc[(a+b), 4c’=a(a+Dd),

0?/2mp=(a+0)(a—2b)/3a% . . . . (7)
Thus the curve

&= (a+0b) cos g +4a A (1+0ja) cos 29,
y=(a—b)sinn—4a /(1 +0/a) sin 2,

which is the three-cusped hypocyecloid when b=0, is a
possible form of rotating figure of equilibrium, provided that
® is given by (7). But if 6 >0 the curve possesses loops,
and it is therefore not a proper solution, but must be regarded
as indicating that as the angular velocity diminishes the
fluid escapes at the cusps of the hypocycloid.

More general cases of figures of equilibrium of this type
may be found without difficulty, but there is no great interest
in carrying on the investigation as all the figures so obtain-
able are, with the exception of the ellipse, unstable.

Problems of Elastic Equilibrium.

12. Ttisalso possible to obtain solutions of certain problems
of elastic equilibrium, namely, the torsion problem *, the
flexure problem f, the problem of plane strain for a cylinder
bent by its own weight {, and the approximate theory of the
equilibrium of a plane plate clamped or supported at the
edge§. But, except in those cases in which the solution is
well known, the analysis is tedious, and the results do not
appear to be of sufficient interest to repay the labour of
investigation.

* Love, ‘Elasticity ’ (second edition) p. 301, §§ 217-8. Thisis merely
the hydrodynamical problem of fluid in a rotating cylinder (with w= —1).

T Loe. est. p. 817, § 229, 3 Loc. cit. p. 347, § 244,
§ Loc. cit. p. 465, § 313,
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Using the notation of the section last quoted, consider as
an example the problem of the bending of a plate by its own
weight, the edge being clamped in a horizontal plane. We
have, in this case,

Viw=27'/D=W[AD=064Q, say,
where W is the weight and A is the area of the plate, with

the conditions
wW=0Ww/9f=0
at the edge £=0. The general solution is

w=0{ (42— § (Ko Y2 — (K4 Yy
+2] " (XYY - XYy }

—%{f [XF(r)+ Y G ) Jdn +2[F(6) —F ()] +y[G(0)—G(D)] }

where F and G are functions to be determined from the
conditions of finiteness, &c.

A sufficient illustration will be furnished by the considera-
tion of the case of the elliptic boundary, for which we may
evidently take

F(6) =Q(A sin 6+ Bsin 30), G(0)=—0(Ccosf+ Ecos30),

where A, B, O, & & are constants which may be determined
by equatlng to zero the coefficient of E—since £ becomes
infinite at the centre when the ellipse is a circle—and the
value of OwW/Qf when £=—A. The equations thus obtained
lead to

A=2b(a?+8?), C=2a(a+1?),
W(Ba> + V) (=1, o 2a(a?+30)(a*—
30"+ 2220 + 31 T T3a4 4 2a% + 36

On substituting these values in the expression for w, we
obtain after reduction the—otherwise obvious—result,

B=

- (W/SwD)a3b3(1— v _ -3) | (Bt + 2074 349).

The solution of the problem here given is, of course, to be
regarded merely as an illustrative example of the general
process.



