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LXX. Figures of Equilibrium of Rotating Fluid under the
restriction that the Figure is to be a Surface of Revolution.
By J. R. Wirton, M. A., .D.Sc., Assistant Lecturer in
Mathematics at the University of Sheffield *.

HE following paper was begun rather more than a year
ago. It was then put aside until a more convenient
season, and now, owing to other work which 1 have under-
taken, its completion has been rendered impossible for a long
time to come. I believe, however, that there is some interest
in the paper as it stands, and T venture to publish it in its un-
finished state. There is a great deal of heavy, but straight-
forward, arithmetic required to complete it. It will be seen
that the whole paper presents very striking analogies with
that of Mr. J. H. Jeans on the * Kquilibrium of Rotating
Liquid Cylinders ”’+.

In the case of a surface of revolution the potential can be
very simply written down without a knowledge of the form
of the surface. For the potential of a uniform circular disk
at a point on its axis is

V=2mpd¢ ( Na*+2~2),
where d§ is the thickness, « the radius, p the density of the
disk, and z is the distance of the point where the potential
is measured from the plane of the disk;—if z is negative its
sign must be changed in the above expression. Whence it
follows that the potential of a surface of revolution at a
point on its axis, within the surface, is

V=‘)7rp{ f e+ (=0~ (—nldt
+ W e e-0] i},

[%

@ being a function of ¢; and the potential at any point
within the surface is therefore, by a well-known theorem,

V:QPJV r{f[w2+(z——§+LR cos\)? ]} dgﬁfz (z4+ R cosA—§)dE

+j: (24 R cosA—¢) dE} dn,

z; R being the cylindrical coordiniates of the point.

# Communicated by the Author.

1 Phil. Trans. A. cc. (1902) pp. 67-104.



Downloaded by [University of California, San Diego] at 14:58 21 June 2016

672 Dr. J. R. Wilton on Figures of

Excluding the case where the surface extends to infinity,
we may cbange the order of integration in this result, and
obtain, after a slight reduction,

V=2pj dt( A%+ (z — L+ iR cos A2 —2mp(a? + 22),
- « 0

where it is assumed that the origin is the middle point of
the axis, and that =0 when {=+a.

The equation which has to be satisfied on the surfacs,
namely

V + $w?R?*=constant,

o being the angular velocity, is thus

lfadé‘ fwdh\/ 4 (e—&+1Rcosn)2=C+272— —1—92—R"'

ar o T +ih cosA) =0 22mp

-a

or in spherical polar coordinates,

1t T d
- j- dwj‘ AN — (re) A/r* (1 —a?)+ (¢ + R cos A —rz)?
4 Y 0 d.‘l}

2 2
=41 24 @ Y @
-—(/+ 27'2{(2+ 27]'P)x 27rp}’

where » is the distance from the origin of a point on the
surface, and « is the cosine of the angle which  makes with
the axis,

If we put 2+ R cosA=§, we have | £ | = ¥ 22+ R?cos’A,
which is less than o/Z2+ RS2, 7. e. less than r, since z, Risa
point on the surface. Hence we may expand the left-hand
side in powers of £/». We have then, putting

1 »?

3 (1_ %p)=v’

C+vr?+(1—v)r?Py(2) = jr fimj de‘; (raw/ rP—2réz+
—-1%0

i md o [ Ep a1 &
_wj‘-(f;’('j‘fxf‘l;’(’/‘-l)il—; P1+§m(Pn_l P,,Z’) r

_ 1 d 1 T 1 d
= f fﬁfv {re) de— *jo gd)\s:lw%(m) dz

[V

o 147" o1 d de
e 1 el .
% W)O E dhj——l TL+1 (Pn_l wP”) dx (T.ZI) " ’

where P, denotes the nth zonal harmonic, the argument
being .
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Since 2, R is on the surface,

E=r(z+icosh ¥/ 1—2?),

1 w
'E'j:, Edra=rP,(z).

and

Whence
2 ? "4 de—rP r d (rz) d
CHvri+ (1—v)r"Py= _lrd—m(m) z—7 3 _Ix% rz) de

® AL | d dz
} 5 pntl ' [ p—1— ) — — .
i F +1j_1n +1 (Pa-1—aP )dz (2) ™

We might, owing to a result of Poincaré’s*, assume at once
that » is an even function of «, since there must be a plane
of symmetry perpendicular to the axis of rotation. It will,
however, add but little complexity to the work if we do not
make this assumption ; we shall thus obtain an independent
proof of the theorem in this particular case.

By integration by parts it is readily seen that

1 d dz . | da
f_lm (Pa-a—aP) o2 tre) 5= — f—_I Periass
unless n=1, in which case
11 d de 2 (1
J‘—l 2~(P0—.Z’P1>ﬁ (7 .Z) 7 ='3+jv_1P2 lOg rdaz.

Hence the equation which must be satisfied on the surface
may be put into the form?

C' 412+ (—v)r?P,

0 7 7 1
+ 3T 28— ( Pulograe=0, ()
-1 -1

0 TL-—-2
where the accent attached to the 3 means that the term for
which n=2 is to be omitted. If we suppose that the equa-

tion of the surface of equilibrium may be expressed in the
form

P=ay+eyrPrta®Pot e Put..., . (2)

* Acta Mathematica, vii, p. 331,

t The equation in this form may be obtained more directly and more
elegantly by forming the potential of a circular ring, and expanding
before integration with regard to ®. The'only advantage of the pro-
cedure adopted above is that it avoids the discussion of a nice, though
not at all difficult, question which arises in the course of the direct
method.
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we have, on substituting for v»* in equation (1), and equating
the coefficients of the various zonal harmonics to zero, the
system of equations

1
%5 rde=C+va, )
-1
1
f 7P de=vay,
-1
! 2
P2log"'d'”=”°‘2'*'(%f—”)=1ﬂ"2'*'%§(:f)r77’> - @

—1
and, if n> 2,

»

1 dz
, P. ) +(n—2) va,=0.

The first of these equations merely determines the value
of the constant in the equation V +1lw?R?=const., and may
be discarded. The others determiue the form of the surface
of equilibrium.

2. We know beforehand that a particular solution of
equations (A) will be the series of Maclaurin spheroids, for
which ay=ag=a,=a;= ... =0, and it is easy to verify that
these values do, in fact, satisfy the equations. The value of a, is
not, however, arbitrary, but is connected with that of w’/2mp
by the equation

1 1 w?
f~1P210g1'dw=ya2+g—2—7;—p.. N ¢))

It will be convenient to put
ap= (—2k*+3a,)[(8+ k%), and
an=3anl(3+k2), (n5£2)
so that equation (2} takes the form -
(14 =ap+ayrPi+agPy+ . ayPu+..., (2)

where in the case of Maclaurin’s spheroid a.=0, if ns£0.

Equation (3) then becomes (since for the spheroid a;=0)
! 1 o 28
--le 1og rde= 3 27;; ~ 3
or, if K=v/(1+14?),

1 o 2 L) r ! 2 0
32’&}5‘3’“1{_ j; P, log (14422 de
1 1+
=5 — 7 (k—tan~' ),
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whence k—tan~'%k
K=~—~F——, N € 3
or o 3+E 3
%z?tan k*?c‘?j,

which is the familiar result for the spheroids*®.
Incidentally we see that we may re-write equations (A)
in the, for subsequent purposes, rather more convenient

form
-~

1
"q TPI dx: Kal,

—1
1

;:f P, log [*(1+ #et))de=Kas+ (1+#)(Ko—K), | (B)
-1

and, n > 2,

1 dx . _
LP,, 22t (=2 Kan=0, ]

where K, is the value of K for the spheroid.

3. To determine points of bifurcation on the series of
spheroids we need retain only the first powers of ay, a,, &e.
in equations (B), which we shall suppose, for the moment,
to be denoted by

Ka,=f,(ay, ag, a5 ...... ) [n=1, 2, ...... .

Points of bifurcation will then be determined by the equation

¥Bi_g i 2h4 =0. (5)
S oo S

/e odfi _g Ofr

da, Oag Qas T

3/ 3/ 0h_ g

Oay Odg Baa )

Putting a,=1, as we may with no loss of generality, re-
taining only the first powers of aj, a;..., and denoting

Po/(1+ Ka?)ir

% If k= tan «, the eccentricity of the spheroid is sin .
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by the single letter Rn, equations (B) become

1
Kao=\ Ri[1+3@R+aR+ ...aaR,+ ...)] da,
1

) 1
Ka+ 1+ B)(Ky—K) = %j‘ Py(a;Ri+aRy+ ... @R, + ... ) da,
-1

and, n> 2,

1 ’
Ka,= lj Pn(1+/c2.z”)%"-1(_—g—- +aRi+ ... R, + ...)dz'.
2) n—2
In these equations every integral containing an odd power
of (14 £%2?) vanishes, and they plainly reduce to

1
Kal =5‘ Rl(alRl + a3R3 -+ a5R5 + ... )d.Z',

0
1
Kas + (1 +4%) (Ko~ K) = f Py(asRy + aRy +agRe + ...)da,
4]
and, n > 2,

1

Ka,, =f Pn(l +lcgmg)%”‘l(aan+an+2Rn+2+ ‘e ) d{b’.

0

It follows that the Hessian (equation 5) reduces to the

product of the terms of the leading diagonal, and the points
of bifurcation are given by the system of equations

P2 da
(nqﬁ2) KO_&O W’ . . e s (6)

in which K, has been written for K, because the points of
bifurcation belong to the series of spheroids.

We proceed to show that equation (6), considered as an
equation to determine %, has one and only one solution if »
is even, and no solution if n is odd, unless n=1, in which
case it is an identity.

Putting z=1/k% and remembering equation (4), we see
that equation (6) may be put into the form

- - 1P 2
1—4/2cot™ ! Az= Pl do

2 .
Jo &tz

(M)
To solve this equation in = we consider the two curves

y:l—»\/,; cot™1 4/;', L (8)

1P.2da
y=f TSN ¢
0 w2+~ ( )

in which y is the ordinate, z the abscissa.
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Both curves plainly asymptote the z axis, and when z is
large the curve (9) is below the curve (8) unless n=1, for
when 2 is large the equations are

-7 1 1 1

rP?d 1
Jo » ')::(271-!—1)3'

and
y=

Wi

Moreover, hoth curves continually descend from z=
to w0, and both are convex to the axis of z, for in both

dy . . dy .. ..
= is negative, and 5+ positive, for all positive values of z.
dz dz y d2y

Since, further, both 7. and 7. are continuous functions

of z from z=0 to «, it follows that there cannot be more
than one real solution of equation (7) between 0 and .
Again, when z=0, y=1 on curve (8), and on curve (9) y is
infinite if » is even, but is unity if » is odd, for

™ dx 1™ . 1
2 ez 2 -
JO P2n—l z°? - 2u_lP2"'"1 d(:c)
1 Pgn—l ! 1 ’ d.l'

_PBn-l ! b d Pgn_l
=‘1+[?]—1~£1P2n—13‘$( p )dz
1

=1—-j P;._; x (a rational integral expression
-1 of degree 2n—3) dx

=1.

Hence there is one and only one root of equation (6) if »
is even, and no root if » is odd, unless #=1, in which case it
will be found that (7) is an identity.

The proof further shows that two of the curves (9), for
different values of n, cannot intersect. For when z is small

11
the difference of the ordinates is ‘ (Pim_Pzn)g, which
« 0
is positive (infinite) if n is greater than m ; and when 2 is
large the difference is (.—1—1~§1—1)-1, which also is
positive, 2m + nti/z
We have thus proved that that member of the system of
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equations (6) which has the smallest root* is found by taking
n=4, aund therefore that the first point of bifurcation on the
series of spheroids is given by the positive root of the
equation

(" Pldx
A R 2P

K

or, putting k= tan «, ¢= cot «,

) 9
1—ac :j Pldx

o w2+c27

which on simplification becomes

¢ (1194655 2+ 5%7§ A+1225 %)

—a(l+e)(9+235 @+ 87544 +1225%) =0. (10)

I find that the solution of this equation is
a=80° 8 19"-7
=1'3986858 ., in circular measure,

Whence we obtain for the bifureating spheroid,

a{ = tan a=5-7528,

g: sec a=5'8391,
° = cosa= -17126,
a
e = sina= -985226,
2 17452,
2mp

where ¢ is the length of the semi-axis of rotation, and a is
the radius of the circular section through the centre of the
spheroid. ) ) .
3a. Tt is of interest to compare the bifurcation equations
with those given by Poincaré (Acta Mathematica, vii. pp. 319
and 329, 1885). Poincaré gives no numerical results, but

* It is, at first sight, not quite evident why we should not take n=2,
But if, with this value of K, we assume an expression of the form (1))
for 7, we shall find that all the coefficients vanish, except that of 7°P, ;
i, e. the surface is still a spheroid, Itis in fact the spheroid for which
w 13 a maximum.
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his equations for the bifurcation of the spheroids into sur-
faces of revolution may be stated in the following terms :—

Let R, be a polynomial in ¢ of degree n, satisfying the
equation

d’R dRn
) DL ) Pttt g, =
(1+¢ FE + 2¢ o n(n+1)R,=0,

and such that Ra(¢)=¢". Let S, be a second solution of the
equation, connected with R, by the relation

© de
STL= an: R‘:ﬁ(i’m -
Then the equations of bifurcation * are
RISI = R2nS2n’

and of these the one with the smallest root is that for which
n=2. When written at full length this equation is

(1—uc)c=aR42__cR4 (55 35 2)’

atge
where R,=} [3+30¢°+35 ¢*],

w2 +e)= g (1194655 0+ 200 iy 1995 ),
which reduces to equation (10) above.

4. For the sake of conciseness we shall speak of the series
of figures of equilibrium into which the spheroids pass as
“ pear-shaped figures,” or simply ¢ pears,” although the
original signiticance of the name is here entirely lost,

To determine the form of the pear-shaped figure we
re-write equation (2') in the form

P(l+k?)=a+ 3 ¢ £ 0P . . (D)
=1 n=0

and we also put

i.e.

K=Ko+Ki0+Kp2+ ..., . . . (11)
where @ is a parameter Which vanishes for the particular
pear which is also t}le‘blfhrcating spheroid. Before sub-
stituting this value of 7 in equations (B) put

Ri.=P,/(1+ k2a?)in,
* Comparison of the two forms of the bifurcation equations shows
that ' P2y, dr
J; .Z“—+CT =R2nSzn/c,

a result which it does not seem easy to obtain directly, although it is
immediately reducible to the simpler form,

"
P2nd.l‘ . e
jo 2 4¢t = (—)"Sanfe.
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so that the above equation becomes
r?(1+ k%) =a+ 3 g % Qon [P(14+ 2] Ry,
s=1 a=0
=a+ 3 [(1+#2>)]" Ry S a,, 0"
n=0 s=1

‘Whence, by Lagrange’s expansion, we obtain
1 dn1

F[~(1+ k] =F(a) + 3 = —-{[ 3 aRy, I as,ﬂ"]mF’(a)}’
m= n—=0 =1

s=1

K §, a“mHS—_-_-1 Po(1+ Fa?)ir=1 §
-1

lm! da™1

so that equations (B) become

$§

1 dm—1
2 mey M da?=1
unless n=2, in which case the term (1+4?)(K,—K) must
be added to the left-hand side of the equation.

These equations must be satisfied for all values of §, that
is to say the coefficients of the various powers of # on the
two sides of an equation are to be equated; but it must be
remembered that K is a function of 6 which is determined
by the equation for which n=2. Further, since the middle
point of the axis has been taken as origin, the value of r
when #=1 is equal to its value when #=—1; and it will be
found on substitution that the coefficients of all the odd
harmonics must be zero. We have thus proved the sym-
metry of the pear about a plane perpendicular to the axis of
revolution.

We may assume that the equation of the pear is, using a
slightly different and rather more convenient notation,

7‘2(1 + kz‘Z'?) =a + 0 (alo + a117'2P2+ a12T4P4)
+ 8% a9+ ager* Py + ag375P)
+ 0% {agy + agg* Py + asgr®Pg + a3 7°Py)
+&., . . . o« . ... (1D
where use has been made of the fact that harmonics of order
higher than 2s+2 cannot occur in the coefficient of @
This fact may readily be proved; its truth will appear in the
course of the work of determining the coefficients. We
have also determined @ (except its scale of measurement) by

taking it proportional to the coefficient of 2P,
Equations (B) may now be written

71
(L+7)(K, - K) + Kay,0= j P, log [#%(1 4 %2*)] dz,
0

{ ¥ a**Ry, Ewasp@{,ma,—%"} dz
=0 s=1
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and, n > 1,

w, 1
()’L— 1) K 2 as,ﬂf + 5 P?" d.)}/?'zn_?‘ = O,
0

n—1

whicl, on making use of Lagrange’s expansion, become

© . 1 o 1 Jdn-? S;l m
K E lamg =J1 P2n(1+/f2t’}2)n'l Elﬁy d’a‘m_i{ 2]68 Hoaé‘l’apRp] a-n} dd?,
s=R— 0 m= = p=
(©)

for all positive integral values of n, except that when n=1
the left-hand side is (14 4%) (K, —K) + Kay, 6.

To equations (C) must be added the condition of constant
mass, &, e. of constant volume, which may be expressed by

1
saying that § +° dw must be independent of 8, i. e.
0

1 . - m—1 @ s+1 - m
de g 1d {[E 6° S ay Rpar | a%} =0,

Jo (1 + k)i mym! da™ ™t o1 p=0 |

for all values of 6. AN (%))

5. To determine the stability of the pear we must examine
the expression for the angular momentum, which must be
stationary, and for stability a minimum, when =0. That
is to say, we must retain squares of 6, but need not retain
higher powers in the equations (C) and (C'). They then
hecome

1
(14 ) (oK) + K0 =0 | P f By By 1 6B sy
0

+aypsRe+

];a112R12 + 2(,51161121{1 R2 + :-3?0?122]_{22) } d.’lf, (13)

-

K(a12€ + a2292) = 0 ‘ P4’\1 + ]CQJJ2) { algRg + 6(6(22R2 =+ a23R3
o () -

+aua12R1R2+a122R22)}dd:, L. (14)

Kay 2= eﬂf Py(1 + k%) j(
0

v de
V (T-{-L/:Tuﬁ (d10+(111R1+a12R2) =0, . . e . e e (16)
Jo L7)E

1
a23R3 -+ ;Z’ lllzszg } d:'ﬂ, . . (15)

v de L 1o, .3 5
N (l _; /C2a:2)§— (ago + a22R2 + d23}{3 + 1“10" -+ 2 aloanR1+ 2a10a12R2
aty o . 1 . 9 ) .

+ g;“ll‘Rl‘ + ; andpBi Ry + i alngf) =0. . . (17)

Phil, Mag. 8. 6. Vol. 28. No. 167. Nov. 1914. 2Y
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In these equations we have put a=1, as may be done
without loss of generality.
The moment of inertia is proportional to

1
( 15(1—a?)de,
v 0
t. e., as far as 62, to

R Sl
o (14 K22%):

+apRy+ i(3a102 + 10aga1, Ry + 14aga:2 Ry + T2y, R,2

da { 1+ g 0 (a0 + a B+ asRy) + gm [a20 +azR,

+ 18ana12R1R2+ 11&122R29):| } .
Also w, the angular velocity, is proportional to

3+K ® g, —K)— B

@y
29 "WP b(%p)

The angular velocity will be stationary for =0, so that
(from equation (13)),

an (KO— ( PgRld.’U‘)=(1125‘ P2R2dil’.
0 0

This value of a;; makes the moment of inertia, and there-
fore also the angular momentum, stationary for #=0; for
equation (16) may be written

1+ — (Ko—-K)* +

i % sina au-i-% sin*fa a=0;
and the coefficient of ¢ in the expression for the moment of
inertia is proportional to
Vode
"4 (14 ) s (a+auli+a;Rs),
i e to

cos a(l - %sin2 a)am —_ %cos asina (443 cos®a) ayy

‘ib cos a sinta (6 + 5 cos® «) ays,

i. e, to 6 .,
apn— ‘7‘5111 o A9

where we have divided out by 1— % sin? « and by cos « sin? .
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The coefficient of ¢ in the angular momentum is thus
proportional to

(1

75 PyReda(1+¢%) +6 (j
0 0
But Ky=(1—ac)c?;

PgRldﬂ/‘ - K{)),

‘ PyRyde= J ao{1 436~ 3 (1 + 36);
w0 4
P,Rodo= 31.2. [e(—3+396" 43756 +525¢)
0 ve

— cos? a(3+39¢% + 12564 +105¢5) — 180#-420&] .

Therefore the coefficient of @ is proportional to
ac{l + c*) (94 235624 875644+ 1225¢5)

.
—119¢2 - 655¢*— '5—051'1 8 —=1225¢8
=0,

by equation (10); whence it follows that the angular
momentum is stationary when 8=0.

Added September 18th, 1914.

It is but right to point out that while correcting the
proofs of this paper I have met with a difficulty which I am
at present unable to solve.

We know that o, and therefore K, must be stationary
when #=0, so that X, in equation (11) must be zero. In
fact it is by varying the total energy, while & remains con-
stant, that Poincaré derives the bifurcation equations. Or,
since the angular momentum and therefore the moment of
inertia are stationary for =0, we might have begun by
making the coefficient of 8 in the moment of inertia vanish.
This, since the volume is constant, would lead us to the
equation

7@11= Gam Sin2 o,

and on substituting in (13), remembering that K;=0, we
should again find the bifurcation equation, in the form given
in § 3a. But the vanishing of K, requires a certain relation
between the coefficients of ay, @y, &ec. in equations (13),
(14), and (15), and this relation (which 1 had before
assumed to hold) I have beenYunable to obtain.

2Y 2
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It is not difficult to prove that

] 1
PP.dz _ 15, Pede
. m_ -_— '1—1 SIn” a (Ko"‘ , 1—'——-'_*_ ](:2JJ2>‘

From the coefficient of 8 in (13) we have
— 6 in2
a5 = 7 a1 SIN“ &1,
and substituting in (14) this value of ay and the value of

ay3 derived from (13), we find, on account of the relation
above, that the coefficient of 6% leads to the equation

1 . ~ 1 1
. Plde | ., (o 5‘ P,P2de 15" PePlda )W
iz {j; draey T 7)), (1+fc2';e'~')'2“22j0 @ raaryi) |
=0

I find that the coefficient of ay,? is
0043482 + sin®a(—-0060458 +-0025975)=+00100.

Each of the three constants has been evaluated by three
distinct processes,and there is substantial agreement between
the different results, so that it is not easy to believe that it
is merely an arithmetical error which causes this coefficient
not to vanish. We thus apparently arrive at the con-
clusion * that K;5£0. I am unable to see where there can
be any mistake in equations (C), and must for the present
content myself with merely noting the difficulty. It is
important that it should be cleared up, because further
progress is impossible until it can be shown either that
K;=0 is in reality a consequence of the equations to deter-
mine the coeflicients in equation (12), or that the reverse is
true. The direct disagreement with the work of Poincaré
and Darwin makes one hesitate to say definitely that K50,
but it may be remarked that the whole difficulty arises from
the second order terms in equation (14), and that these terms
are not considered at all in Poincaré’s paper ; they do not in
fact affect the form of the bifurcation equations, and so long
as we restrict ourselves to the consideration of first order
terms we are not led to any inconsistency in supposing that
K,=0. Ttis, however, to be remembered that Darwin, in
his papers on The Stability of the Pear-shaped Figure of

* It is easy to assure oneself that it will not do to suppose that
a,,=a,,=a,,=0, and so to avoid this conclusion. For, if all the first
order terms disappear, the bifureation equations become illusory.

Itis, further, to be observed that if K50 the angular momentum is
not stationary.
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Equilibriom *, and Mr. Jeans, in the paper cited in § 1,
consider second (and higher) order terms, and that they
are led to no inconsistency in supposing that @ (i. e. K) is
stationary. TIf it is true that the case of surfaces of revolu-
tion is exceptional and that for them K;%:0, then there will be
considerable difficulty in the examination of the stability of
these figures of equilibrium.

In conclusion I desire to express my indebtedness to the
kindness of my colleague, Mr. G. H. Livens, for a careful
reading of the proofs of this paper.

LXXI. On Concentration Cells in Tonized Gases.
By W. H. Jexginsox, B.Se.(London & Sheffield)t .

YI‘HE cause of the characteristic potential difference which
. exists between a metal and air with which it is in
contact is not known with any certainty. It has been
supposed to be connected with incipient oxidation of the
metal, with the occlusion of gas in its surface, and also with
the corpuscular pressure in the interior of the metal. Apart
from any of these theories we may, however, draw conclusions
with regard to the potential step if we may assume that the
passage of electricity from metal to air is a phenomenon
which can be treated as reversible in a thermodynamic
scheme. Let us suppose that if a net transfer of Q units
of + electrieity is made from a metal to air by sending an
infinitely small current for an infinitely long time through the
surface, then when it has been effected, £() units of 4 elec-
tricity have passed from metal to air and (1—) Q units of
— electricity have passed from air to metal; and that the
effect is reversible in the sense that it will be exactly annulled
if now ( units of — electricity are passed. We may also
make the further supposition that + and — electricity, both
in the air and in the metal, exist as entities exerting pressures
which are theoretically separately measurable. Then the
thermodynamical scheme which follows is exactly the same
as that originally worked out by Nernst in his theory of
electrolytic solution pressure for the P.D. between a metal
and an electrolyte, and it will follow in the same way in the
metal-air case that the potential step from metal up to air
must be given by the formula
RT . P
V= < (22 l)logp,
# Phil. Trans. A. ce. (1902), pp. 251-314; and A. ccviii. (1908),

pp- 1-19.  Collected Works, vol. iii. Paper 12.
+ Communicated by Dr. S, R. Milner.



