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XVII.—Theorems relating to a Generalization of Bessel's Function. |l.
3v the Rev. F. H. Jackson, R.N.  Conunicated by Dr W, PrpDIE.

(M8, received I'clirnary 6. 1905, Read February 2o, 1905, [ssued separately April 12 1905.)

CONTIENTS,

PAGE | PAGE
§ 1. Introduetion . . . 300 84000 ) . . . . . 405
3 2. Function Ej(+) . . .. 400 §5. Various series . . . ., 107
§ 3. Expressions for Jacosrs Functims 103
1.

INTRODUCTION.

The theory of the functions commonly known as ¢ functions might perhaps be
areatly developed, if investicators were to work on lines suscested hv the functional
notation of well-known analvtic functions.  For instance, the analyvsis connected with
the circular functions sin ., cos.we, . . . micht be regarded as the theory of certain
infinite  products without using any special funetional notation. It need not be
explained however, how vrent was the cain to elementary algebra hy the introduction
of the exponential function (rewarded as the limit of a certain infinite product, or as
the limit of a certain infinite series) denoted ¢, with certain chavacteristic properties,
enabline the worker to make transtformations easily and quicklﬁ*. Of course. the vast
store of interesting and in many cases useful vesults eonnected with the elementary
functions of analysis micht have been obtained without the introduction of any
notation capable of rapid and casy transformations, but T think it unlikely that they
would have been ohtained.

In chapter xi. of Caviey’s Ellipn'«- Founetions the identity
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is used in order to express Jacorr’s O function, in the well-known form
1- '_fr/ cos 2o 4+ ‘_Br/‘ cos b — ;’«/" cos b+
The likeness of the series (1) to BrssEL's series is verv obvious. It ix a very special
case of the series which I have denoted J,; in previous papers, and in itself might have
suggested a theory of ¢ functions analogous to Brs<iL’s functions. Iu the discussion
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of ¢ functions a great variety of notations has been used. [ propose in this paper to
bring before the Society « series of formule relating firstly to a function E,(r) analogous
to exp (z). These formulse are supplementary to those given in Traus. Roy. Soc.
Edin., vol. xli. pp. 105-118, and will lead to one or two interesting properties of
function JZ, (), which may be termed a gencralized Bessel-function of doublc order,
and to various novel expressions of elliptic functions in terms of the generalized Bessel-
function. For example, JocoBr's © function is expressed by the form
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It is noteworthy that » (the order of the J functions) is in (A) an arbitrary number.

It appears only in the expression on the right side of that equation. A definite integral
expression for the functions J will also be given.

2.

ni £y
Funcrion E ().
The series

£ a2

1+ +p——=_
p—=1 pp—1~p2—1

+ .
and its equivalent product
(L—a)(l—pa)(1=p2x) .. . ...

are well known: we derive « function analogous to the exponential function.
(Cf. Trans. RS.E., xli. p. 116; and Proc. LS., series 2, vol. ii. p. 194.)
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(Pl=G"=-Djp-1)

The function E,(«) may be regarded, like the exponential function, either as the

limit of a certauin infinite series or a certain infinite product. The results numbered
(2) . . . (26) arc either easily obtained or are known in other forms,
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B
2 ol
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which reduce, when p=1, to exp () x exp (r)=1,

)L( ) G ) . (5)
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- E,,,(-]’._,’f 0o : : : . (6)
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The product is absolutely convergent if | p | > 1. The series are convergent, however,
if | p | > 1,and also for | p | < 1 provided « <y—
[t follows that
E(02)E,( - wn)E (ot Ey( = o) . . . . . i wx)Ey( - o) = Eyu (ﬁ‘j . _“l" . S
if |p]>1 m=(—1)7"

The corresponding theorem in case p < | is easily obtained by inversion of the base p.
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On putting @ = €*, the series on the right becomes Jacosr's function
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p<l, ‘r<—1 , ¥ unrestricted
1-p
(Cf. Proc. Edwn. Math. Soc., vol. xxii. (8).) or p>1,y< 1 K x unrestricted.
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From this we derive

E(; fp).El (pL__lT> ~1+ [n],r+[n]%;]+! Ueo oo, N )
=f @ . : : .oan

E,(l%p) E%)<p]:_f1>=1+m+12+ o o T

-4 (z<1) . . (9)

In this expression we notice that inversion of the base p simply interchanges the E
functions in the product on the left side of the equation (18).

<h":c )E}<‘J;—>: 1-[n]x+pMF2L]—_!l]12-b3Mma+ ceee o (20)

E
1-p 1-p N

“»

=¢" (=) . . . : : . (@)

f:<.,-)= f:(p"x) . . . . .92
Jrox fl(-0= f:ﬂ(x?). : : . . (93)

Hence

B (@) x (- 7) = Pe?) . . . . L (28
f:(x)x¢>:(—x)=l . . . . . (25)
The equations
e&.emi=1
E,x) - E (-2)=1

are special cases of (25).
If n be infinite

/:"(')=E;L(Z%l> . . . ) (26)

Funcrion I,(r).

It is well known in the theory of BEsseL’s function that

n 23 9
=1, 2*_2:__! _‘ In+3 2 .4//+5ﬁ 3
L) T T g T 2 3T T
() =0 (i)

In a paper on Basic numbers applied to BrsskL’s function (roe. Lond. Math. Soc.,
series 2, vol. ii1., 1903), I have extended this theorem in the form
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B, (= 1) l(x)
=, (- )ln®)

] 2 _ [2n+5] 4 |

CIE R A b

I[n](x) =1 "']Iu](i'r)
Il'l)('r) = T‘Anj'ln]( ’.J.)

the conditions for convergence being as follows :

Case |1 |» | >1 E,(x) and I,,() are absolutely convergent for all values of z.
E(x) and [, (.r) are absolutely convergent if < P 1"
|3 r-
Case ii lp| <1 Ey(x) and Iy, (x) are absolutely convergent for all values of «.
p

E,(x) and I,,(x) are absolutely convergent if #<7 b
-

The series (27) is convergent for all values of ;.

It is easily deduced that
Jmfe) = Ep(i) E,( = im) )
Al )—Eu(“ 1‘4’( wr)(x) .

1
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(27)

From these relations some interesting expressions for various elliptic functions may be

found.

3.
ReLaTioNs witH ELLipric FuNcTIONS.
By means of equation (29) we are able to write

(@) Pt ™) _ iy Gt =UEs (= 1rf-1
Tt ) hp(zxt)E:_'( za‘t)E%(wt )]:,1;( ity

Replacing x by w, (v =/ir/pf(p—1)), we obtain by means of result (11)

1||n|(/lt)1|lnl(uf 1)
Sl )] nfud™ 1) m

ii[ { (1 =2t p2=1)(1 — 2EpImly }

Using result (12), the right side of this equation may be written

E <];_u"’f~' >E <})l~2‘ )
,% 1 —]):" 1 —/1
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#\[2] T-p/ 7 R[E] 1-p

or

(1)

(33)
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This expression, when expanded in a LaAURENT series of ascending and descending
powers of ¢, takes the form ( 7rans. R.S.E., vol. xh. p. 117 (»)),

Wl

In case x =1, the product H {(I—Lf R (O RE Ay v 1)}

) Z( 1™ + tﬂ"‘)ﬁmltml(;i—z—l) . . . (34)

may be expressed as

?!_,
(Cf. CavieY's Elliptic Functions, p. 297, ed. 1876.)
We see incidentally that

W{ PERFED) +pltirtd - L L ! . : . (35)

1

H(ll Im(pl 1) : : . . . (36)

for all positive integral values of n. Denoting the nature of the base by an index, we write
m}(pl )= 1[111&};}_1) =1[;’]<p‘11> - . .31

I[%l< IL—JE)) =y 15)1(1—5?7) =p™ l[%](l }—) p) Tt ' ’ - (38)

which is the expression in generalized Bessel-function-notation of the well-known result

1 I R il } -m_ 1
T-g2-1—gt o L=y (1=¢3(1 - ¢**%) el -gm)
On replacing ¢ by ”, the equation (31) becomes
1et0 & -1
l’(n}( i ) [1.1( p——l> w - f Bt 4 4 dmeg
#—— Vo, = 1 (1 = 247 cos 26p?™~! + xtpt™=2) . . (39)
y <ixp Y (;xp e ) me1
< n) - [n]
r-1 p-1
Using now Jacosr's notation, and writing u="~2 (/P 'Jp e gy = v (1—-¢™)
’

1 o —1
q = p, we obtain I !

93:::‘:33'::3233 () o
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We notice that in the expressions for sn. ci, dn, two arbitrary constants (orders
of the functions) 1, m appear:

I3

) . - i) . .
Jacos’s function Z(r)= o "_) is related to the J functions as follows,
BI{,(" _1).%('-'1(#‘):,,.;{ %; (0,001 rr”{ ) o ) . (45)
mdp . "lul(") Jer) f halv) 1(”) f

[t is plain that WEIBRSTRASN'S functions o, {, &, may be expressed by similar formulz.
For convenience of printing, the order of the functions will sometimes be expressed
by n instead of [#]. The known formule of Jacosr's functions will, it is evident,
give rise to corresponding forms in the case of the J functions : for example
snZ4rnti=1
gives rise to
N Qf,.(i/'u V(i) g 3iwd(o)

****** + % cos vy 46
J (p’u)J (1) J (1[»*1()J (z/f’n) tpJ: (u)] Hv) (46)
/3y Ly L K
= p_\_%e"‘,v= \—/l T op=y=e K .

Using (11) and (12) it is easily found by the method of § 10, p. 116, vol. xli., Trans.
t.S.E., that

@

o : 1 - 2ap?™1 cos . + adpn 4} - I|f>l< > Z ™ cos n.r/[,,,<p f 1).

m=1

By Fourier’s theorem we write therefore

p"‘][nl<"‘a”1'> =L [ { (1= 2ap™" cos »+ a?p'™" ‘) - €os n + ol . . (4T)
p - 1

S
.

In case « =1, this reduces to

2m .
27”’1[,.]< 7;1) =, 1 ] COS T 9(5—" >«7.r' . . . - (4Y)
'l KLETH N T

4.
Fuxcrion J2 ().

Forming in a sertes, according to powers of ¢, the product

ity X Jp (et
we obtain

J (x) + Z( )m th t—zm)J’i’m(_x) . . . ) (49)

in which

"mz) Z(_ ) c?m+"n+47 ) . ' (50)

{Zm+‘.’ﬁ+ PR 2 2 P 20+ 20 P 20 L

{2rpt=[2]04] . . . . [27]
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In the same way if we take

® P
x?m+2n+4r

Lol = % (= 1)7{ Im+ 2n+ 2} 2m + 2 {20 + 2 }1{ 27'}!?*’(""“'”‘*"1 ) - G
which is related to J,,, by inversion of the base p, since
JF ()= o i ()
Taking the product of two § series we find
() X Bt 1) = B0 () + St 1ympmmenggn e (@) . : . 2)

m=1

In a previous paper (Trans. R.S.E., vol. xli. p. 106) it has been shown that

) - 2n+ 2v + 40! ” .
; I 1(t) = — 1y { Aty ) .
Jonia) x ) Zo( b {2n+2v+ 2"}!{2n+27‘}!{2v+27‘}!{27‘}!* (33)

There is a certain similarity of form among the series (50), (51), (53).
Consider now the product of four J functions
Tm(@t) - Tput) - palet™) - Yy (2t™") . . . . (54)
This cxpression may be written in two other forms. Firstly, by (49) and (52) we

write it

A e G L B R S T N E i G E O SR G

Secondly, by means of (53) we express (54) as

3

r=0

(-1) {2n + 2v+ 4r}! () } .
{204 2v 4 20} {30+ 20 H{2v + 27 [ {21}

SV {27+ 2v + dr}! (1 ,,+,+._,,}
{,Zzo( 1){2n+2r+2V}1{znizr}!{zy+2r}1{2r}!"f ) s (59

Equating coefficients of powers of 7 in (55) and (56), we find from the terms
independent of ¢

o {2n+ 2V+47'}I >.‘,.‘2n+'!u+4r‘=JP 7 D] S gyimimebr) Tp o 4 p -
2<{i’n+2v+21'}5{2n+27‘}!{2v+27'}!{27'}1 ‘ SRS -0

The terms in the series on the left side of (57) are the squares of the terms in (53).
Generally

i ) {20+ 20 + 4r} 20 + 2 + din + 4} It inl
€= 12m+ 2n 4 20 4+ 20 P 2m 4+ 2v -+ 20} 2004+ 204 20 V{20 4 2v 4 20V 200 4 20 1 20 4 2r} 12 + 27} {27 )

> by \ (58)
y : ot 9(r P 4
. = Zplm(m+m { Jﬂ,m+1 3‘;’,1/1 +p e ”7+")Jn,mr¥v.m+r f
r=1
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5.

In this seetion of the paper | propose to state briefly some results which may
he deduced by means of (53), (28), (29).

(o) ( - i) I

=1- 1- I L=py - ... .. 59
i _/’“( pr+ I i /‘4( ) J (59)

=Julre)d o) + 200 (pe)d @) + 2p 0 (pae) T o) + 0o

[ndicating the nature of the hase of each fuuction by an index, we write

I o v 2 Je ” » o
ll"1<p+1>' §'[‘”<p2+1>+7z FATh m<p+1) : : . (60)

whence by (29)

]1»( £\ o ) 5 i Je g =l‘:,:< ‘1',:"-' >E,2(— ’:"‘i, 7p< -
1) ]’+1 |n|</l_'+1 + Z {2m] ][m] 1 p'_:+1 ’5 [,'_:+ 1>r‘ (0] ])+1

m=1
PN o )E ,(- @ A\ <L E _ﬂ>,]“ V’) . §1)
by (29) "'(p?+1 - p'-’+1) i p+1) 117( p+1 ["’(p+] (1)
; ; l'—jl:> < =1 < "
Y = at T ]‘, : \v]
by (4) and 12) E,,.< e ) P @y ol 1)

From (19) we tind
1 _ I Y
(T=2%2)(1 - 22) {[“"1 2+ )I‘"'<1 p))
{ m( 2 ) # Sz (LS L (e

1-p

1ot Lyl + 22( = 1Yp" Ll . . . . (63)

B 2 )E (Lf>
L-p/ \p-1 u 2
I = I[01<l >I[.,] ]j p) 2,( =Ly I[r](l Y >[[r]<1jip> - (69

Eu<;174(1+/'):>

*1 et =Ito]<*i)l[u1(—/wi> Z(‘ 1)y” Im( >l ( P \‘ : (65)
1-at 1-p 1-p 1-p/
. = g 205200+ UL g = 2pcos 261, + (61)

T om0 | T =5 R A T O e U A )
{ J[U ; -=% %][O]JI ]+"% % []]J[q]'l‘ “ e . +/’r”—“r]l,»_ljv][,.*_]]‘l' ..... . . (67)

1 81, . . .
{ “IJ =[— I4‘ 1‘ o+ P l%1‘“”3‘[3]4‘ PR +j)’“ 3'|,H] Dr=1)e o v v o . . (6‘5)

et
E, (i0)B,( - ir)= { oy } 2"'&] { Iy } g ”F—J { Jiq } I . By
] ]
) ]

Ey(@)BL(~ i) = { 4 |+ 1 '{;«"‘4.. LG
r P ’ .
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lﬁ !2 4 2 _ _ »r ;l'.—'/‘ _ 2y
{J[D] I —2P{Jm i +2j) {J[gj} ...... = { z( ]) (1 —1)2)(1 —1}4) - (1 ,_p?r)(p 1) }
(A4+p)1+p% . .o (L4 ™ b 1) 7
{Z T=pA-pH) - - . (1-p¥) (-1 } 1)
{Jml}?—%% { Jm}2 + oo + “[[ Hjm [t

_ al
D e R (L

_1+> Y1=pY .. 1+p¥ ) 7+ A+ AP e, e 79
{Z ) 1{(1 ) B TR T S 2?(p-1) } (72)
{Cf. Trans. R.S.E., p. 110 (26).)
Jlln(-")'][ol(?/)"2PJ[1](5")J[1](y)+21'4'1[21(95);[[2](?!) - .
_ oy g e 1@kl Cekp)etin? ] 73
= {1 e v e 0 - {1-C o
_ 1 f a 2 S | -
T eom+ Jrond 1= -l‘I‘],e([n])I‘pz([l—n]) RIS [T+ 50, + i , Y
BB =) o B0 =Tt Bt
ppdn s o)tk 2llbn s d] L [k 22 g (75)

and a similar form for «*. (Cf. Proc. Lond. Muath. Soc., sevies 2, vol. iil.)

- ,[—1/'+ L’] I 2
S VAR IR A o
Z-h [z =17 BF TG F Z< Vaaa o aem e }

{ 22‘(1—-”] . (1+p‘;“l?-'-_(1l];i-p) Lo (1 +p~r-1)r._,,._l} (76)

(Cf. Proc. Edin. Math. Soc., Theorem of LoMMEL, vol. xxii.)

It is plain that ureat numbers of such theorems may he found and expressed in
various forms by means of the transformations belonging to E,(.r), but the examples
given above will suffice to illustrate the notation.





