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Abstract: The terminal Hosoya polynomial of a graph G is defined as TH(G,\) =

S dr(G,Ek)A* is the number of pairs of pendant vertices of G that are at distance k. In
E>1
this paper we obtain the terminal Hosoya polynomial for caterpillers, thorn stars and thorn

rings. These results generalizes the existing results.
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§1. Introduction

Let G be a connected graph with a vertex set V(G) = {v1,v2, -+ ,v,} and edge set E(G) =
{e1,€2, -+ ,em}, where |V(G)| = n and |E(G)| = m. The degree of a vertex v in G is the
number of edges incident to it and denoted by degg(v). If dega(v) = 1, then v is called a
pendent vertex or a terminal vertexr. The distance between the vertices v; and v; in G is equal
to the length of the shortest path joining them and is denoted by d(v;, v;|G).

The Wiener index W = W(G) of a graph G is defined as the sum of the distances between
all pairs of vertices of GG, that is

W=W(@G) = Y duivlG).

1<i<j<n

This molecular structure descriptor was put forward by Harold Wiener [29] in 1947. Details
on its chemical applications and mathematical properties can be found in [5, 12, 21, 28].

The Hosoya polynomial of a graph was introduced in Hosoya’s seminal paper [16] in 1988
and received a lot of attention afterwards. The polynomial was later independently introduced
and considered by Sagan et al. [22] under the name Wiener polynomial of a graph. Both
names are still used for the polynomial but the term Hosoya polynomial is nowadays used by
the majority of researchers. The main advantage of the Hosoya polynomial is that it contains a
wealth of information about distance based graph invariants. For instance, knowing the Hosoya
polynomial of a graph, it is straight forward to determine the Wiener index of a graph as the
first derivative of the polynomial at the point A = 1. Cash [2] noticed that the hyper-Wiener
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index can be obtained from the Hosoya polynomial in a similar simple manner.

Estrada et al. [6] studied the chemical applications of Hosoya polynomial. The Hosoya
polynomial of a graph is a distance based polynomial introduced by Hosoya [15] in 1988 under
the name Wiener polynomial. However today it is called the Hosoya polynomial [8, 11, 17, 18,
23, 27]. For a connected graph G, the Hosoya polynomial denoted by H (G, \) is defined as

H(G,A) =) _d(G kA = > 2wl (1.1)

k>1 1<i<j<n

where d(G, k) is the number of pairs of vertices of G that are at distance k and A is the

parameter.

The Hosoya polynomial has been obtained for trees, composite graphs, benzenoid graphs,
tori, zig-zag open-ended nano-tubes, certain graph decorations, armchair open-ended nan-
otubes, zigzag polyhex nanotorus, nanotubes, pentachains, polyphenyl chains, the circum-
coronene series, Fibonacci and Lucas cubes, Hanoi graphs, and so forth. These can be found
in [4].

Recently the terminal Wiener index TW (G) was put forward by Gutman et al. [10]. The
terminal Wiener index TW(G) of a connected graph G is defined as the sum of the distances
between all pairs of its pendant vertices. Thus if Vr(G) = v1,ve,...,v; is the number of
pendant vertices of GG, then

TW(G) = > dvi,vlG).
1<i<j<k

The recent work on terminal Wiener index can be found in [3, 9, 14, 20, 24]. In analogy
of (1.1), the terminal Hosoya polynomial TH (G, \) was put forward by Narayankar et al. [19]

and is defined as follows: if v1,va, ..., v, are the pendant vertices of GG, then

H(G,A) =Y dr(G RN = Y adnle),

k>1 1<i<j<n

where dr(G, k) is the number of pairs of pendant vertices of the graph G that are at distance

k. It is easy to check that
d

In [19], the terminal Hosoya polynomial of thorn graph is obtained. In this paper we

TW(G) = < (TH(G, \)|xror.

generalize the results obtained in [19].

§2. Terminal Hosoya Polynomial of Thorn Graphs

Definition 2.1 Let G be a connected n-vertex graph with vertex set V(G) = {v1,va,- -+ ,vn}.
The thorn graph Gp = G(p1,pa, - ,pn : k) is the graph obtained by attaching p; paths of length
k to the vertex v; for i = 1,2,--- ,n of a graph G. The p; paths of length k attached to the

vertex v; will be called the thorns of v;.
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Fig. 1.

A thorn graph Gp = G(2,1,3,2 : 3) obtained from G by attaching paths of length 3 is
shown in Fig.1. Notice that the concept of thorny graph was introduced by Gutman [7] and
eventually found a variety of applications [1, 25, 26, 27].

Theorem 2.2 For a thorn graph Gp = G(p1,p2,-..,Pn : k), the terminal Hosoya polynomial

18
n

TH(GP, )\) _ Z <Z;L>A2k + Z piij2k+d(’Ui,’Uj|G)' (21)

i=1 1<i<j<n

Proof Consider p; path of length k attached to a vertex v;, i = 1,2,--- ,n. Each of these
are at distance 2k. Thus for each v;, there are (g) pairs of vertices which are distance 2k. This
leads to the first term of (2.1).

For the second term of (2.1), consider p; thorns v}, v5,--- , v} attached to the vertex v;
and p; thorns v], v}, - ,vzﬂ;j attached to the vertex v; of G, i # j. In Gp,

d(vfn,vﬂGp)=2k+d(v,vj|G), m=12,---,p; and [ =1,2,--- p;.

Since there are p; X p; pairs of paths of length k of such kind, their contribution to
TH(Gp, ) is equal to p;pj\2k+d(vavsG) i o 5 This leads to the second term of (2.1). O

Corollary 2.3 Let G be a connected graph with n vertices. If p; =p>0,1=1,2,--- ;n. Then

-1
TH(GP,)\) _ np(p2 ))\2]9 +p2/\2k Z /\d(v,vj\G)' (22)

1<i<j<n

Corollary 2.4 Let G be a complete graph on n vertices. If p; =p >0,1=1,2,--- ,n. Then

~1 2n(n — 1
TH(Gp,\) = "p(p2 Lz 2 "(Z )yt

Proof If G is a complete graph then d(v,v;|G) =1 for all v;,v; € V(G), i # j. Therefore
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from (2.2)
-1
TH(Gp,)\) = %)\% 4 p2aZk Z \
1<i<j<n
_ np(p — 1))\% + p*n(n — 1))\2k+1
2 2 '
This completes the proof. O

Corollary 2.5 Let G be a connected graph with n vertices and m edges. If diam(G) < 2 and
p;=p>0,i=1,2,...,n. Then

-1 -1
TH(Gp,\) = nP(P2 )/\21@ T p2AZkHlgy 4 (n(n2 ) m) p2AZRH2,

Proof Since diam(G) < 2, there are m pairs of vertices at distance 1 and (’2’) — m pairs of
vertices are at distance 2 in G. Therefore from (2.2)

TH(Gp,)) = Lw{”ﬁup%% S+

>, ¥
(3)-m

@A% + p? A2k [m/\ + <w — m) )\2]

n(n—1)
2

_ nP(PQ— 1)/\2k I (

_ m) P2AZEF2,
This completes the proof. O

Bonchev and Klein [1] proposed the terminology of thorn trees, where the parent graph is
a tree. In a thorn tree if the parent graph is a path then it is a caterpiller [13].

Definition 2.6 Let P, be path on [ vertices, | > 3 labeled as uy,us,- -+ ,u;, where u; is adjacent
touiy1,1=1,2,---,(I1—=1). Let Tp =T (p1,p2,--- ,pi : k) be a thorn tree obtained from P; by
attaching p; > 0 path of length k to u;, i =1,2,--- ,[.

Py e g g

Tp : & & r'y
Fig. 2

A thorn graph Tp = T(2,1,0,3 : 2) obtained from T by attaching paths of length 2 is
shown in Fig.2.
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Theorem 2.7 For a thorn tree Tp = T (p1,p2,- -+ ,p1 : k) of order n > 3, the terminal Hosoya
polynomial is
Th(Tp, /\) =ai A+ ag)\2 + ...+ &2k+1)\2k+1,

where

ay = 0
l .
e = 3 (%)
i=1
J
agpii-j = Y pipiri—y  J=1,2...,(=1).
i=1

Proof Notice that there is no pair of pendant vertices which are at distance 1 and there

are (”2) pairs of pendant vertices of which are at distance 2k in T'. Therefore a; = 0 and

=3 (1)

i=1

For ay, 2 < k <1, d(u,v|T) = 2k + | — j, where u and v are the vertices of Tp. There are

D; X Diyi1—; pairs of pendant vertices which are at distance 2k +1 — j, where j =1,2,--- ,n—1.
Therefore
J
A2k41—j = Zpipzﬁrlfj- |
i=1
Definition 2.8 Let S, = Kin—1 be the star on n-vertices and let ui,ug, - ,un—1 be the

pendant vertices of the star S, and u, be the central vertex. Let Sp = S(p1,p2, ** ,Pn-1 : k)
be the thorn star obtained from S, by attaching p; paths of length k to the verter u;, i =
1,2,---,(n—1) and p; > 0.

Theorem 2.9 The terminal Hosoya polynomial of thorn star Sp defined in Definition 2.8 is
TH(SP, A) = CLl)\ =+ a2A2 + CL3A3 + ...+ CLQk)\Qk + a2k+2)\2k+2,

where

a1 = 0
i
i=1
A2k+2 = Z DiDj-
1<i<j<n

Proof There are no pair of pendant vertices which are at odd distance. Therefore, agr+1 = 0
and the further proof follows from Theorem 2.7. O
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Definition 2.10 Let C,, be the n-vertex cycle labeled consecutively as uy,us, -« ,Un, n > 3.
and let Cp = C(p1,p2,- - ,pn : k) be the thorn ring obtained from C, by attaching p; paths of
length k to the vertex u;, 1t =1,2,--- ,n.

Theorem 2.11 The terminal Hosoya polynomial of thorn ring Cp defined in Definition 2.10
18

TH(C,\) = ai A4 aa)® + ... 4 agpA®* + agp A2

where
a; = 0
_ & Y2
o = > (%)
=1
agpir = Y _(2k+ d(vi,v;|G))pip;.
i=1
Proof The proof is analogous to that of Theorem 2.7. |
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