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Abstract. In this paper, we propose the concept of fuzzy equivalence on
standard neutrosophic sets and rough standard neutrosophic sets. We also pro-
vide some formulas for fuzzy equivalence on standard neutrosophic sets and
rough standard neutrosophic sets. We also apply these formulas for cluster
analysis. Numerical examples are illustrated.
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1 Introduction

In 1998, Smarandache introduced neutrosophic set [1]; NS is the generalization of
fuzzy set [2] and intuitionistic fuzzy set [3]. Over time, the subclass of the neutrosophic
set [4–6] was proposed to capture more advantages in practical applications. In 2014,
Bui Cong Cuong introduced the concept of the picture fuzzy set [7]. After that, Son
gave the applications of the picture fuzzy set in clustering problems in [8–19]. It is to be
noted that the picture fuzzy set was regarded as a standard neutrosophic set.

Rough set theory [20] is a useful mathematical tool for data mining, especially for
redundant and uncertain data [21]. On the first time, rough set is established on
equivalence relation. The set of equivalence classes of the universal set, obtained by an
equivalence relation, is the basis for the construction of upper and lower approximation
of the subset of the universal set. Recently, rough set has been developed into the fuzzy
environment and obtained several interesting results [22, 23].
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It has been realized that the combination of the neutrosophic set and rough set
achieved more uncertainty in the analysis of sophisticated events in real applications
[24–26]. Bui Cong Cuong et al. [27] firstly introduced some results of the standard
neutrosophic soft theory. Later, Nguyen Xuan Thao et al. [28, 29] proposed the rough
picture fuzzy set and the rough standard neutrosophic set which are the results of
approximation of the picture fuzzy set and standard neutrosophic set, respectively, with
respect to a crisp approximation space. However, the previous researches have not
defined fuzzy equivalence, a basic component in the standard neutrosophic set for the
approximation and inference processes.

In this paper, we introduce the concept of fuzzy equivalence for the standard
neutrosophic set and the rough standard neutrosophic set. Some examples of the fuzzy
equivalence for those sets and application on clustering analysis are also given. The rest
of the paper is organized as follows: The rough standard neutrosophic set and fuzzy
equivalence are recalled in Sect. 3. Sections 3 and 4 propose the concept of fuzzy
equivalence for two standard neutrosophic sets. In Sect. 5, we give an application of
clustering and Sect. 6 draws the conclusion.

2 Preliminary

Definition 1 [27]. Let U be a universal set. A standard neutrosophic set (SNS) A on
the U is A ¼ u; lA uð Þ; gA uð Þ; cA uð Þð Þju 2 Uf g, where lA uð Þ is called the “degree of
positive membership of u in A,” gA uð Þ is called the “degree of indeterminate/neutral
membership of u in A,” and cA uð ÞcA uð Þ is called the “degree of negative membership of
u in A,” where lA uð Þ; gA uð Þ cA uð Þ 2 0; 1½ � satisfy the following condition:

0� lA uð Þþ gA uð Þþ cA uð Þ� 1; 8u 2 U:

The family of all standard neutrosophic sets in U is denoted by SNS Uð Þ.
Definition 2 [28, 29]. For a given A 2 SNS Uð Þ, the mappings
RP;RP : SNS Uð Þ ! SNS Uð Þ, in which

RP Að Þ ¼ f u; lRP Að Þ uð Þ; gRP Að Þ uð Þ; cRP Að Þ uð Þ
� �

ju 2 Ug;
RP Að Þ ¼ fðu; lRP Að Þ uð Þ; gRP Að Þ uð Þ; cRP Að Þ uð Þju 2 Ug;

where

lRP Að Þ uð Þ ¼ _v2RS uð Þ lA vð Þ; gRP Að Þ uð Þ ¼ ^v2RS uð Þ gA vð Þ;
cRP Að Þ uð Þ ¼ ^v2RS uð Þ cA vð Þ

and
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lRP Að Þ uð Þ ¼ ^v2RS uð Þ lA uð Þ; gRP Að Þ uð Þ ¼ ^v2RS uð Þ gA vð Þ;
cRP Að Þ uð Þ ¼ _v2RS uð Þ cA vð Þ

are called to the upper and lower standard neutrosophic approximation operators,
respectively, and the pair RP Að Þ ¼ RP Að Þ;RP Að Þ� �

is referred as the rough standard
neutrosophic set of A w.r.t the approximation space U;Rð Þ, or A is called roughly
defined on the approximation space U;Rð Þ. The collection of all rough standard neu-
trosophic sets defined on the approximation space U;Rð Þ is denoted by RSNS Uð Þ.
Definition 3 [21] A mapping e : 0; 1½ �2! 0; 1½ � is a fuzzy equivalence if it satisfies the
following conditions:

(e1) e a; bð Þ ¼ e b; að Þ; 8a; b in 0; 1½ �;
(e2) e 1; 0ð Þ ¼ 0;
(e3) e b; bð Þ ¼ 1; 8b in 0; 1½ �;
(e4) If a� a0 � b0 � b, then e a; bð Þ� e a0; b0ð Þ:
Note that (e4) satisfies iff e a; cð Þ�min e a; bð Þ; e b; cð Þf g; for all a� b� c and

a; b; c 2 0; 1½ �:

3 Fuzzy Equivalence on Standard Neutrosophic Set

Definition 4 A mapping E : SNS Uð Þ � SNS Uð Þ ! 0; 1½ � is a fuzzy equivalence if it
satisfies the following conditions:

(E1) E A;Bð Þ ¼ E B;Að Þ for all A;B 2 SNS Uð Þ;
(E2) E A;Bð Þ ¼ 0 iff A ¼ 1U and B ¼ 0U ;
(E3) E A;Að Þ ¼ 1; 8A 2 SNS Uð Þ,
(E4) E A;Cð Þ�min E A;Bð Þ;E B;Cð Þf g for all 8A;B;C 2 SNS Uð Þ satisfy
A � B � C.

Example 1 Let U ¼ x1; x2; . . .; xnf g be a universal set and A;B 2 SNS Uð Þ. A mapping
E : SNS Uð Þ � SNS Uð Þ ! 0; 1½ �, where

E A;Bð Þ ¼
1
n

Pn
i¼1

min lA xið Þ;lB xið Þf gþmin gA xið Þ;gB xið Þf gþ 1�max cA xið Þ;cB xið Þf gð Þ
2 iff A 6¼ B

1 iff A ¼ B

8<
:

is a fuzzy equivalence of A and B.
Indeed, conditions (E1), (E2), (E3), and (E4) are obvious.
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Theorem 1 Let U ¼ x1; x2; . . .; xnf g be a universal set and A;B 2 SNS Uð Þ. Let a
mapping E : PFS Uð Þ � PFS Uð Þ ! 0; 1½ � is defined by

E A;Bð Þ ¼
1
n

Pn
i¼1

t1 lA xið Þ;lB xið Þð Þþ t2 gA xið Þ;gB xið Þð Þþ 1�s cA xið Þ;cB xið Þð Þð Þ
2 iff A 6¼ B

1 iff A ¼ B

8<
:

where t1; t2 are t-norm on [0, 1] and s is a t-conorm on [0, 1]; then, E A;Bð Þ is a fuzzy
equivalence of A and B.

4 Fuzzy Equivalence on Rough Standard Neutrosophic Set

Here, we propose a fuzzy equivalence of the rough standard neutrosophic sets. Let
U ¼ x1; x2; . . .; xnf g, A;B 2 SNS Uð Þ, and RP Að Þ ¼ RPA;RPA

� �
, RP Bð Þ ¼

RPB;RPB
� �

. For all xi 2 U, denote

lEA xið Þ ¼ lRPA xið Þ � lRPA xið Þ
��� ���;

gEA xið Þ ¼ gRPA xið Þ � gRPA xið Þ
��� ���;

cEA xið Þ ¼ cRPA xið Þ � cRPA xið Þ
��� ���;

lAE xið Þ ¼
lRPA xið Þþ lRPA xið Þ
��� ���

2
;

gAE xið Þ ¼
gRPA xið Þþ gRPA xið Þ
��� ���

2
;

cAE xið Þ ¼
cRPA xið Þþ cRPA xið Þ
��� ���

2
;

lE ¼ 1
n

Xn
i¼1

1�
lRPA xið Þ � lRPB xið Þ�� ��þ lRPA xið Þ � lRPB xið Þ

��� ���þ lEA xið Þ � lEB xið Þj j
4

� lAE xið Þ � lBE xið Þj j
2

8>>><
>>>:

9>>>=
>>>;
;

gE ¼ 1
n

Xn
i¼1

1�
gRPA xið Þ � gRPB xið Þ�� ��þ gRPA xið Þ � gRPB xið Þ

��� ���þ gEA xið Þ � gEB xið Þj j
4

� gAE xið Þ � gBE xið Þj j
2

8>>><
>>>:

9>>>=
>>>;
;

cE ¼ 1
n

Xn
i¼1

1�
cRPA xið Þ � cRPB xið Þ�� ��þ cRPA xið Þ � cRPB xið Þ

��� ���þ cEA xið Þ � cEB xið Þj j
4

� cAE xið Þ � cBE xið Þj j
2

8>>><
>>>:

9>>>=
>>>;
:
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Theorem 2 The mapping E : SNS Uð Þ � SNS Uð Þ ! 0; 1½ � is defined by

E A;Bð Þ ¼ lE þ gE þ cE
3

is a fuzzy equivalence:

Proof We verify the conditions for E A;Bð Þ
(E1) is obvious.
(E2) A ¼ 1U ;B ¼ 0U . Then,

lEA xið Þ ¼ 0; gEA xið Þ ¼ 0; cEA xið Þ ¼ 0;

lAE xið Þ ¼ 1; gAE xið Þ ¼ 0; gAE xið Þ ¼ 0;

lEB xið Þ ¼ 0; gEB xið Þ ¼ 0; cEB xið Þ ¼ 0;

lBE xið Þ ¼ 0; gBE xið Þ ¼ 0; gBE xið Þ ¼ 1;

So that lE ¼ gE ¼ cE ¼ 0 and E A;Bð Þ ¼ lE þ gE þ cE
3 ¼ 0

(E3) is obvious.
(E4) Note that, if 0� a� b� c� 1, then a� cj j � a� bj j and 1
� a� cj j � c� bj j � 0 so that 0� 1� a� cj j � 1� a� bj j � 1 and
0� 1� a� cj j � 1� c� bj j � 1. Because A	B	C, then RPA	RPB, RPA	
RPB, and RPB	RPC, RPB	RPC. Hence, E A;Cð Þ� min E A;Cð Þ;E B;Cð Þf g. ⧠
Now, let U ¼ x1; x2; . . .; xnf g, A;B 2 SNS Uð Þ, and RP Að Þ ¼ RPA;RPA

� �
,

RP Bð Þ ¼ RPB;RPB
� �

. For all xi 2 U, denote

�E A;Bð Þ xið Þ ¼ lRPA xið Þ � lRPA xið Þ þj jgRPA xið Þ � gRPB xið Þ�� ��þ jcRPA xið Þ � cRPB xið Þ�� ��;
E A;Bð Þ xið Þ ¼ lRPA xið Þ � lRPB xið Þ

��� ���þ gRPA xið Þ � gRPB xið Þ
��� ���þ cRPA xið Þ � cRPB xið Þ

��� ���:

Theorem 3 The mapping E : SNS Uð Þ � SNS Uð Þ ! 0; 1½ � is defined by

E A;Bð Þ ¼ 1
n

Xn
i¼1

1�
�E A;Bð Þ xið ÞþE A;Bð Þ xið Þ

2

� �

is a fuzzy equivalence.

Proof Similar to proof of Theorem 2.

5 An Application to Clustering Analysis

Example 2 Suppose there are three types of products D ¼ D1;D2D3f g and ten regular
customers U ¼ u1; u2; . . .; u10f g. R is an equivalence and U=R ¼ X1 ¼ u1; u3; u9f g;f
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X2 ¼ u2; u7; u10f g;X3 ¼ u4f g;X4 ¼ u5; u8f g;X5 ¼ u10f gg. This division can be based
on age or income. We consider that each customer evaluates the product by the linguistic
labels {Good, Not-Rated, Not-Good}. Thus, each customer is a neutrosophic set on the
products set (Table 1). Now, we can look at similar levels of customer groups in order to
strategically sell products. Therefore, one can consider the sets of equivalence classes of
customers for the three product categories above. In Table 2, we obtain a rough neutro-
sophic information system, inwhich for eachXi, the upper line isRPXi and the lower line is
RP Xi i ¼ 1; ::; 5ð Þ.

We calculate the similarity relations on X1;X2;X3;X4;X5f g (based on Theorem 2) as
follows:

Table 1. A neutrosophic information system

U D1 D2 D3

u1 (0.2, 0.3, 0.5) (0.15, 0.6, 0.2) (0.4, 0.05, 0.5)
u2 (0.3, 0.1, 0.5) (0.3, 0.3, 0.3) (0.35, 0.1, 0.4)
u3 (0.6, 0, 0.4) (0.3, 0.05, 0.6) (0.1, 0.45, 0.4)
u4 (0.15, 0.1, 0.7) (0.1, 0.05, 0.8) (0.2, 0.4, 0.3)
u5 (0.05, 0,2, 0.7) (0.2, 0.4, 0.3) (0.05, 0.4, 0.5)
u6 (0.1, 0.3, 0.5) (0.2, 0.3, 0.4) (1, 0, 0)
u7 (0.25, 0.3, 0.4) (1, 0, 0) (0.3, 0.3, 0.4)
u8 (0.1, 0.6, 0.2) (0.25, 0.3, 0.4) (0.4, 0, 0.6)
u9 (0.45, 0,1, 0.45) (0.25, 0.4, 0.3) (0.2, 0.5, 0.3)
u10 (0.05, 0.05, 0.9) (0.4, 0.2, 0.3) (0.05, 0.7, 0.2)

Table 2. A rough neutrosophic information system

D1 D2 D3

X1 (0.6, 0, 0.4) (0.3, 0.05, 0.2) (0.4,0.05,0.3)
(0.2, 0, 0.5) (0.15, 0.05, 0.6) (0.1,0.05,0.5)

X2 (0.3, 0.05, 0.4) (1, 0, 0) (0.35, 0.1, 0.2)
(0.05, 0.05, 0.9) (0.3, 0.1, 0.3) (0.05, 0.1, 0.4)

X3 (0.15, 0.1, 0.7) (0.1, 0.05, 0.8) (0.2, 0.4, 0.3)
(0.15, 0.1, 0.7) (0.1, 0.05, 0.8) (0.2, 0.4, 0.3)

X4 (0.1, 0.2, 0.2) (0.25, 0.3, 0.3) (0.4, 0, 0.5)
(0.05, 0.2, 0.7) (0.2, 0.3, 0.4) (0.05, 0, 0.6)

X5 (0.1, 0.3, 0.5) (0.2, 0.3, 0.4) (1, 0, 0)
(0.1, 0.3, 0.5) (0.2, 0.3, 0.4) (1, 0, 0)
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R1 ¼

1:0000
0:8111 1:0000
0:7708 0:7208 1:0000
0:8278 0:7750 0:7458 1:0000
0:7069 0:6347 0:7000 0:7819 1:0000

2
66664

3
77775

Use the maximum tree method for fuzzy clustering analysis. Firstly, the Kruskal
method is used to draw the largest tree:

3 !
0:7458

4 !
0:775

2 !
0:7819

1 !
0:8278

5

The tree implies that for a 2 0; 1½ �, we can classify the U=R ¼ X1;X2;X3;X4;X5f g
by fuzzy equivalence E Xi;Xj

� �� a; where Xi;Xj 2 U=R as follows:

þ If 0� a� 0:7458 then it has a cluster X1;X2;X3;X4;X5f g:
þ If 0:7458\a� 0:775 thenwe have two clusters X3f g; X1;X2;X4;X5f g:
þ If 0:775\a� 0:7819 thenwe have three clusters X3f g; fX4g; X1;X2;X5f g:
þ If 0:7819\a� 0:8278 thenwe have four clusters X3f g; fX4g; X2f g; X1;X5f g:
þ If 0:8278\a� 1 thenwe have five clusters X3f g; fX4g; X2f g; X1f g; X5f g:

Now, we calculate the similarity relations on X1;X2;X3;X4;X5f g (based on The-
orem 3) as follows:

R2 ¼

1:0000
0:8792 1:0000
0:8542 0:8167 1:0000
0:8813 0:8563 0:85 1:0000
0:85 0:7667 0:775 0:8521 1:0000

2
66664

3
77775

Use the maximum tree method for fuzzy clustering analysis. Firstly, the Kruskal
method is used to draw the largest tree:

3 !
0:85

4 !
0:8521

2 !
0:8563

1 !
0:8813

5

The tree implies that for a 2 0; 1½ �, we can classify the U=R ¼ X1;X2;X3;X4;X5f g
by fuzzy equivalence E Xi;Xj

� �� a;, where Xi;Xj 2 U=R as follows:

þ If 0� a� 0:85 then it has a cluster X1;X2;X3;X4;X5f g:
þ If 0:85\a� 0:8521 thenwe have two clusters X3f g; X1;X2;X4;X5f g:
þ If 0:8521\a� 0:8563 thenwe have three clusters X3f g; fX4g; X1;X2;X5f g:
þ If 0:8563\a� 0:8813 thenwe have four clusters X3f g; fX4g; X2f g; X1;X5f g:
þ If 0:8813\a� 1\a� 1 thenwe have five clusters X3f g; fX4g; X2f g; X1f g; X5f g:
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The clustering analysis on the rough standard neutrosophic set is analogously done.
We find that the clustering result by Theorems 2 and 3 is giving the same clustering
results. But theoretically, computation using Theorem 3 is simpler than Theorem 2.

6 Conclusions

We have introduced the preliminary results of the fuzzy equivalences on the standard
neutrosophic set and the rough standard neutrosophic set. Using these definitions, we
can perform clustering analysis on the datasets of neutrosophic sets.

Further studies regarding this research can be expanded of fuzzy equivalence of
topological spaces and metrics. With that, we can also build fuzzy equivalent matrix
models for clustering problems for real applications.
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