
Conceptual Design of PETSc Time Stepper for Flow and Transport
The generalized partial differential equation for groundwater flow is

∂

∂t
ϕρ+∇·ρu = S , (1)

with u given by Darcy’s law

u = −κ
µ
∇(

p −W ρg z
)
, (2)

with permeability κ, viscosity µ, molar fluid density ρ, formula weight of water W , accelera-
tion of gravity g , and source/sink term S . For reactive solute transport, the generalized partial
differential equation takes the form

∂A

∂t
+∇·F = S , (3)

with accumulation term A, source/sink term S , and flux term F of the form

F = uρX −φDρ∇X . (4)

Although these two equations are coupled through the Darcy flow velocity u, and could be
solved simultaneously, the equations are usually loosely-coupled and solved sequentially since
the flow time scales are generally larger than transport time scales. With both flow or transport,
time steps are generally small at the beginning of a simulation and grow to some maximum
time step size, which is governed by either convergence or stability/accuracy criterion. Dur-
ing a flow or transport simulation, time steps are often cut due to (1) a lack of convergence, (2)
transient boundary conditions or source/sinks, (3) reporting criteria (print data X at time T ).
Therefore, time stepping within PFLOTRAN must be extremely flexible based on any of the 3
criterion above.

One way to view time stepping is to take a waypoint approach such as that used in au-
tonomous flight. The pilot programs waypoints into the flight plan. The aircraft flies to each
waypoint, increments its instruction set, and flies to the next waypoint. With numerical mod-
eling, waypoints can be set based on transient boundary conditions and source/sinks and re-
porting requirements. Upon model initialization, a linked list of waypoints is constructed for
all time varied phenomenon within the simulation (e.g. transient sources, I/O, etc.). During the
simulation, the model then traverses that list updating processes and performing I/O as nec-
essary. In order to traverse such a waypoint list, time stepping must be flexible. For instance,
suppose that the simulation time and time step are 9.8 and 0.5, respectively, and waypoints
exist at 10.0 (e.g. change in boundary condition) and 10.25 (e.g. I/O). The time stepper must
reduce the time step to 0.2 to hit the waypoint at 10.0, and then increase the time step to 0.25
for I/O, as shown in Figure 1. Assuming no other waypoints exist between 10.25 and 10.75, the
time stepper would ideally set the time step back to 0.5 after passing the waypoint at 10.25.

Another complication is the alignment of flow and transport. Although not always the case,
transport time steps are generally smaller than flow time steps due to Courant criteria. A simple
approach to synchronizing flow and transport times steps would be setting the time step for
both flow and transport equal to the limiting time step size, most often transport. For instance,
suppose in the case of mineral dissolution that the transport model exits quasi-stationary state
due to the depletion of mineral within a cell. For large time steps sizes, this somewhat drastic
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Figure 1: Adjustment of time step size to accommodate waypoints in simulation.

change in the state of the model results in an inability to converge unless step step size is re-
duced. Thus, the transport solver would cut the time step size for both flow and transport and
both solutions would be recomputed at the new time step size. Clearly, this approach would
result in excessive computation, since the model may continue to cut the time step until it is
sufficiently small for convergence, and all this time the flow solution is being recomputed.

Perhaps a better approach is to allow the larger flow time steps to proceed on their own, and
within each flow time step take multiple transport time steps as shown in Figure 2. A transport
waypoint is then set at the end of flow time step, simply to align the time steps.
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Figure 2: Adjustment of time step size to accommodate waypoints in simulation.
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