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Abstract: It is proved in the paper that if a function is M-harmonic in a polydisk , then the function is M-

o f(z

subharmonic. In addition, the caseis Af = Af* = 0(a # 0,a # 1,a € R) proved to ( ) be a 1 -harmonic function. Moreover,
if the function is harmonic on the unit ball and f™(z) is M-harmonic, then it is proved that f™(z) is pluriharmonic. At the same
time, if the function is harmonic and M-harmonic in the polydisk U? c €2, then it is proved that it is n-harmonic..
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INTRODUCTION.

Suppose an B open unit ball in C™ with center at the origin
B, a ¢a(2) " linear fractional biholomoric mapping of the

ball (B={z€ C™|z| <1}, 9B ={w € C™: |w| = 1}) onto
itself of the following form:

a-P,(2) —(1—|a|2)2(z ~P,(2))
1-(z,a)

@, (2) =

At aeB a0 @a(o):a7 (Da(a):O
%(Z):_Z, where the angle brackets denote the

(W)=Y 23,
Hermitian  dot  product  of i=1
Pa(z):<z’a>a
(aa)  ax0
0.(0)=a p,(a)=0

If G ={z€C™(za)=+ 1}, then P holomorphically
|a| <1

1
2d=(z2)2

PO (Z) =0 . Obviously

maps G to C™. Itis clear that GoB , since

The invariant Laplace operator A of functions on doubly
smooth functions in B is defined as follows:

Af(2) = A(f 2 9,)(0)
where Z€ B , A —are the usual Laplacian [3: 54].

The operator A s called invariant because it commutes
with automorphisms of the ball B in the following sense:

A(fop)=(Af)op ... T<C*(G)GB

), and »- is any biholomorphic automorphism of the ball B

For an arbitrary A € C, let us denote by Xi the space of

2 2 n
all functions feC (B)(f €C (U )
equation

Af(z)=2-1(z)

), satisfying the

Case A=0 is the most interesting. We will call elements
of the space XO M _harmonic functions.

Definition 1.1. Let B be the unit ball in C™. The function

2
feC (B) is called M -harmonic (|VI -subharmonic)

. Af =0 (Af > 0)' where
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n 0° f
AT =(-|z[)(Af -4 77,
( |Z| )( i,j=1ZIZJ 6287)

) is the
invariant Laplacian in B [3: 55].

n n
For the polycircle U'cll a similar definition holds.

n
Definition 1.2. Let U™ - be the unit polydisk in C™. The

2 n
function feC (U ) is called M -harmonic (|V| -
N ~
subharmonic) in U if jf = (A f2 O) , Where
Af=2 (— )
Z ‘ ‘ 0z, 6‘ _ o
is the invariant

n

[4: 24].

U. Rudin in [3] obtained the following result: if the
function f(z) is harmonic and M-harmonic in B, then f(z) is
pluriharmonic in B.

R.M. Madrakhimov and M.D. Vaisov in [7] proved the
following theorem: if the function f(z) is harmonic and M-
subharmonic in B, then f(z) is pluriharmonic in B.

Laplacian in

1:isM-

n
is M -subharmonic in U .

2
, the invariant Laplacian has

2. Main results. Theorem 2.1. If a function
2

n
harmonic in U , then

Proof. For the function
the following form:

ZZX_“)aur H
R Y \)2

=

By the conditions of the theorem,
n 2 2 a f
Af=2)[1-[z ] -0
= 07,0Z; f
) andif ~ isareal
of o
. 0z .
function, then ) ). From the following two

equalities

=y (i) £ =l |

ZjeB (i=1..,n)
o 2

2\2 =1 >0
1-|z. ) >0 1 g2
( ‘ J‘ and 821 , then Af ZO.This
2

isa M -subharmonic function.
Theorem 2.2. Suppose that Af = Af* =0 (a #0,a #

it follows that for with

means that the function

n
1, € R)isinU™ c C™, then f (Z) is N -harmonic in U

a

Proof. For the function , the invariant of the Laplace
operator has the form:

n
~ 2 2 ra
ire=2y (1-1) %%=”25 (1-
j=1
|I)@W—D“2§£' af "t 57 0s) = 2a(a -
n
nreey (1-lal) ik ey (1-

2 a2%f _
|ZJ| ) aZjaZ_j_O

From the conditions of the theorem
Af—ZZX—‘ )

52 6‘ and AE 0 7

L2 f a@ Ii follows that

ﬂ\z\ e
j:‘Z( ‘ ‘fzﬁfa_ﬁf . It is known that if f isa

_:I:_J'_
_ OZ.
real function, then ~ J J ,
2\2 of of 2 of of
Sf) 55 =2(-1f) 55
= j j j=1
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Vz,eB(j=1..,n)

For Then
of [ _of of X _,
0Z. 07, OZ. 7.

) b . It follows that J or
of 2
; =0 ot =0
7. OZ.

J Then, GZJGZJ . This means that the function
fn

-harmonic.

Theorem 2.3. Let B be the unit ball in C™ and U(Z)
satisfy the following conditions:

a) Function u ( Z) is harmonic in B ;
b) Function u™(z) is M-harmonic in B.

Then u™(z) is pluriharmonic in B.

m
. u(z . -
Proof. Since the ( ) M-harmonic function is real-
analytic in B, it can be expanded into a series of homogeneous
polynomials:

u™(z

Zk=1 Pk (Z)

where Pi(z) is a homogeneous polynomial in
Z4yeeerZny21,---,Zn OF degree k. The series converges
uniformly on compact subsets of B, and successive derivatives

m
Z . . . .

of ( ) can be obtained by differentiation along the series.

Each polynomial in (2.1) can be written as
(2.2) Pc(2) = Zp+q=k fp,q

where f,, are polynomials in which the total order in
Z4,..., 2y 1S p and the total order in z,,..., z,, is q. Each term
of the polynomial f,, has the form M(z)=

Cz™.. 27 2P i+ ta, =, Bt +Bn = 4.
From the conditions of the theorem,

;u™(z) = (1 —|z|>)(Au™(z) —

n
E _ 9%2uM(z)
4 - Zl]azazj)_o
i,j=1

and

n
m — —_
Au 421 162 aZL B Zi:lm(m

Ou du 9%u
Du™2 + 4 mu™ ! —— = 4m(m —
) 6zl 621 i=1 0z;0z; (

2
u

m-2 " oudu m-2 "
Du ——=4m(m - 1Du —
i=19%i 9z, i=1

azi
Let us prove the theorem for the following cases:

a) Let M  pe an even number. Then

2
n
‘Zza—u >0
=2 . It is easy to see that
n aZum
m _ =
Au —4_2 7,7, >0

=) . From this we obtain the

inequality

n zZ o —i pgf . >0
= I Jaziazj k=2 p+q=k P

Consequently, at pq # 0 all polynomials f,, , vanish, since
in this case Zp+q=kqup,q(0) = 0, and from the minimum
principle we obtain that Zp+q:k Pqfyq = 0, it follows that
Pqfp,q = 0 forall p and q. Hence f,, = 0orp =0orq = 0.
This means that expansion (2.8) consists only of terms of the
form f,0 and fo 4, i.e. P(2) is a pluriharmonic polynomial,
and the sum of series (2.1), i.e. u(z) is a pluriharmonic
function and the theorem is proven.

2
um_zzn: a_u
i |OZ
b) Let m be an odd number, then =3[

2
‘ZZS—ZU <0

i=1

or i . We have proved the case of
2
n
Ty
—'|0z. _ _
! in a). Let us prove it for the case of
2
| ou
u™?y — <0
i=1 aZi

It was proved above that
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2
Au™ =4 A [Th
u™ =4m(m- ;az

Therefore,

. From this we obtain that

n 2,.m 0
z.Z.8u => > paf,, <0

p.g —

Consequently, at pq # 0 all polynomials f,, , vanish, since
in this case qu:k Pqf,,4(0) = 0, and from the maximum

principle we obtain that Zp+q:k Pqfpq = 0, it follows that

pqfpq = 0 forall p and q. Hence f,, =0 orp =0o0rq = 0.
This means that expansion (2.2) consists only of terms of the
form f,0 and fo 4, .. Pi(2) is a pluriharmonic polynomial,
and the sum of series (2.1), i.e. u(z) is a pluriharmonic
function and the theorem is proven.

Note. If the function U(Z) is harmonic in B, then is

2
u (Z) harmonic.

The answer to this question is negative, as the following
example shows function

u(z) = 212, + 7,2, zZ€B cC?

= 8(2171 + 2272)’ if

uz(z) is not

Since Au=0 in B, and Au
L # 0, L0 # O, the function
harmonic in a {Zl #0, 2 0} .

It is known that the sphere and the polycircle are
biholomorphically inequivalent. If we consider the question in
the polycircle in a similar way, then we get a weaker result.

It is known that the ball and the polydisk are
biholomorphically nonequivalent. If we consider a similar
question in the polydisk, we obtain a weaker result.

Note that if a function u@) is Au; =0 (for all

j=1..,n

n
), thenitis M — harmonic in u" Now we give an

. .. A U=
example of a function satisfying Y , but not N—

harmonic on Un,forUn, COET.By

P(z,(o):—(l_|2|z)

1-zaf

2
we denote the Poisson kernel on U .
As we see, forafixed €T  a>0

AP (Z,a)): Za(a—l) P“(Z,a))

31‘*'; /i,z+—
Thus, if F(Zl’ZZ)ZP 2(21'5‘)1)P (Zz,a)z),

AUZF(zl,zz):Z(/if + A7 _%jF(ZPZZ),

2 2
Ay, A A+ =
Therefore, for any 72 satisfying ,
1

ZO. If 4 and 4, are not equal to 2 , then

F(z

N |-

2
the function 1 22) is not M— harmonic in U .

It is quite clear that every N — harmonic function U(Z) in
. ~
U" satisfies AU=AU=0For N=2 e will prove the
opposite of this proposition.

.Utz .
Theorem 2.4. Let U? c €2 and function ( ) satisfy the
following conditions:

uiz 2
a) function ( ) is harmonic in Y ;
. utlz). .. 2
b) function ( ) is harmonic in U .
ulz 2
Then ( )iSZ—harmonic inU”.

Proof. If u (Z) is a harmonic and M-harmonic function in

o’u . o'u
Uz, we obtain equalities 821571 822872 and
2\2 2
(1-]zf ) v ( ~|5,f ) 828‘

. From
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2 2 [71[7]1 Madrakhimov R.M., Vaisova M.D. Criteria of
ou o°u pluriharmonicity of harmonic functions / Dan RUzyu
Tashkent, 2008, No. 5. Pp. 19-20.

01,07, 01,07, - e o
i itiac i 2V&s 1V [8] [8] Madrakhimov R.M. Some criteria of pluriharmonicity.
gﬁ]%%séa;?ﬁisgﬁg';LE%LQWS that Izvestiya AN UzSSR. Ser. Phys. Mat. Nauk No. 3. 1986.

0 0
23) (1= 12a?) 55— (= |zl 55 - =
0
5205 (221 = 121D @2 = |21* = |z, 1*) = 0.
ou
02,07,

From equation (2.3) follow the relations
2] =]
Similarly, expressing the first term through the second, i.e.
ou _ du
02,07, or,0t,

or

we arrive at the equation

_ 22 _Ou 2y2_ 0w _
@ (1= |7 5 = (1 = |y ) 5 0 =
u
92,07, (|Z1|2 - |Zz|2)(2 - |Z1|2 - |Zz|2) =0 (2).
ou
= -0
07,0z,

From equation (2.4) follow the relations or

|Zl| - |22| . This means that the function U(Z) satisfies the
ou ou 0

—/ -0 _
conditions 822672 and 622872
z|=[z,|  , ueC?(U?)

outside the line

, L.e. it is an 2-harmonic
2
function in U .

If in the previous theorem we consider U™ (n>2) instead of

2
U , then the question remains open..
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