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EXERCISE 2

• Consider the continuous-time population balance equation described by the  

𝑑𝑁

𝑑𝑡
= 𝑟 𝑁

• Suppose  𝑁(0) = 0.1 

• Integrate the equation in the time interval [0,10] with 50 steps.

Growth functions
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Exponential growth

• r=0.5
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• r=-0.5  A negative growth provides a decrease

Exponential growth
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EXERCISE 3

• Consider the continuous-time population balance equation described by the  

𝑑𝑁

𝑑𝑡
= 𝑟 𝑁 1 −

𝑁

𝐾
 

• Suppose  𝑟 = 0.5, 𝐾 = 10. 

• Suppose 𝑁 0 = 0.1 

• Integrate the equation in the time interval [0,10] with 50 steps.

• Integrate the equation in the time interval [0,50] with 250 steps.

Logistic growth
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Logistic growth

Integrate the equation in the time interval [0,10] with 50 steps.

Integrate the equation in the time interval [0,50] with 250 steps
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EXERCISE 4

Consider the continuous-time population balance equation described by the  

𝑑𝑁

𝑑𝑡
= 𝑟 𝑁 1 −

𝑁

𝑘

𝑁

𝐴
− 1  

• Suppose  𝑟 = 0.5, 𝑘 = 10, 𝐴 = 2.

• Integrate the equation in the time interval [0,10] with 50 steps.

Allee effect
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• 𝑁 0 = 0       𝑁 0 = 3

𝑁 0 = 1 𝑁 0 = 10 

Allee effect



Grant Agreement 952111,  H2020 WIDESPREAD-05-2020 (Twinning)

SOC dynamics: a two pools model

Consider the two pools soil organic carbon model 

𝑑𝐶𝑠

𝑑𝑡
= 𝐼 −

𝑉𝑚𝑎𝑥,𝑈 𝐶𝑏 𝐶𝑠

𝐾𝑀,𝑈 + 𝐶𝑠
+ 𝑘𝑏𝐶𝑏

𝑑𝐶𝑏

𝑑𝑡
= Ԑ

𝑉𝑚𝑎𝑥,𝑈 𝐶𝑏 𝐶𝑠

𝐾𝑀,𝑈 + 𝐶𝑠
− 𝑘𝑏𝐶𝑏
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Temporal evolution and phase plane
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• Two populations 𝑁1 and 𝑁2  competing for a resource : for each species the 
presence of a competitor reduce its growth.

𝑑𝑁1

𝑑𝑡
 =  𝑟1  𝑁1 1 −

 𝑁1

 𝐾1
 −

𝑟1 𝛽12

𝐾1
𝑁1𝑁2

𝑑𝑁2

𝑑𝑡
 =  𝑟2  𝑁2 1 −

 𝑁2

 𝐾2
 −

𝑟2 𝛽21

𝐾2
 𝑁1𝑁2

Lotka-Volterra competition model



Grant Agreement 952111,  H2020 WIDESPREAD-05-2020 (Twinning)

LV competition model : scenario 1

Parameters 

𝑟1 = 1.3824; 𝛽12 = 0.2; 𝐾1 = 1;

𝑟2 = 0.1; 𝛽21 = 2; 𝐾2 = 10;
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LV competition model : scenario 2

Parameters 

𝑟1 = 1.3824; 𝛽12 = 0.2; 𝐾1 = 1;

𝑟2 = 0.1; 𝛽21 = 2; 𝐾2 = 0.1;
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LV competition model : scenario 3

Parameters 

𝑟1 = 1.3824; 𝛽12 = 0.2; 𝐾1 = 1;

𝑟2 = 0.1; 𝛽21 = 10; 𝐾2 = 7;
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LV competition model : scenario 4

Parameters 

𝑟1 = 1.3824; 𝛽12 = 0.2; 𝐾1 = 1;

𝑟2 = 0.1; 𝛽21 = 2; 𝐾2 = 3;

r1 = 1.3824; beta12 = 0.2; K1 = 1;r2 = 0.1; beta21 = 2; K2 = 3;
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• Two populations: P predator and N prey 

𝑑𝑁

𝑑𝑡
 =  𝑟 𝑁 −  𝑎 𝑁 𝑃

𝑑𝑃

𝑑𝑡
 =  Ԑ 𝑎 𝑁 𝑃 −  µ 𝑃

Lotka - Volterra predator-prey model
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Temporal evolution and phase-plane
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